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- ABSTRACT

'”'Amdetailed derivation of "the computable.discréte-équations
fqr_parameter‘eﬂtimation are developed in a geometrical vector-
space setting for the state-space novice., Classical least.

‘squares curve fitting when approached with Kalman's sequential

prediction-correction techniques look.like state-vector feed

" “bBaek control problems.  It'is hoped that this paper will . help

bridge the gap between some of the modern and classical theory
of systems analysis.




PREFACE

Kalman states that recent developments in optimal control system
theory are based on vector differential equations as models of physical
gsystems. In the older literature on control theory, however the sSame
systems are modeled by transfer functions (i.e., by the LaPlace trans-
forms of “the. differential equations relating the inputs to the outputs).
Two different languages have arisen, both of which purport to talk
about the szme problem. In the new approach, we talk about state variables,
transition.matrices, ete., and make constent use of absﬁract linear algebra.
In the old:approach, the key words are. frequency respense, pole-zero
patterns, ete., and the main mathematical tool is complex function- theory.
(See Ref. 12)¢ - oo .. 7. mwhoam 200 LT it L AT heso c@e A

Paul Horst states that all adequate models and methods of multi-
variate statistical anelysis are special cases of matrix factoring tech-
nigques. (See Ref. 8) -

Mahalanobis says that R. A. Fisher in a 1914 paper introduced for the
first time the brilliant technigue of representing a sample of size n by
a point in a space of n-dimensions. (See Ref. 4, page 268.)

Thls report is a tutorial introductory paper on the modern approach
to real time {on-line) optimal computer control of stochastic dynamical
systems (processes).

By amical systems we mean continuously and/or discretely changing
(time-varying) processes in the presence of uncertainty (sto:hastlcs)

By stochastic systems we mean resl-world processes changing in the
presence of process-noise and measurement-noise.

By modern we mean with respect to the mid 1960's with respect to
modern mathematical methods: state—vectors in Eucleadean p-space, pxn
state-transition matrices, orthogonal projections in Hilbert spaces, etc.,
in the mathematical spirit of the recent deluge of engineering papers in
the IEEE, Siam, etc., by Kalman, Bellman, and many others; Papexs which
‘are intelligible perhaps to approximately 20% of our englneerlng people
worklng throughout the aero-space lndustry.

By "real-time" or on-line we have in mind the "computable decision-
theoretic” aspects of process analysis and control. If man is to intelli-
gently control any process he must make decisions based on information.
The extraction of information about a process must be bagsed on both obser-
vations and & computer model depicting the dynam;cal structure of the
source of the information.

The multiple decisions ~ in the presence of process uncertainty and
observaticnal uncertainty - with respect to various criterion of optimality
must be programmed onto the machines. Thus we are dealing with an on-line
sutomated analytical system for the association of theory and observation.

vi



The realization of "optimal test or experimental design" appears very
promising today. The combination of ‘the newly emerging mathematical theory
of optimization with highly relisble computers is paving the way for this
realizaticn., Such systems are called computer-referenced optimal estima-
tion, prediction, and control systems.

Man with his mechanisms seeks to control the states of a process (the
trajeéctory, in state-space of the process). We have not yet developed
gensors that will measure =11 of the states of interest.- Hence we must.
attempt to control the states based on the observation of-a subset of the
‘states, that is observable space is always {(for complex systems) a subspace
of state=space, BSuch systems are said to be not-completely observable.

‘The states of a process are always being perturbed by process noises.
Our instruments used to measure the states of the process are "noisy" or
sensor noises are always present.

In order to control a process we must control (or design into the
system) the processing of the outputs of the sensors. ~We-must control the
information extraction process.

The information contained in these observables is more easily extracted
when we know the dynamics {change characteristics) of the sensors and the
~dynamics- of the states {thet source of the information).

The Buropesn editor of "Electroniecs" magazine in & recent articlé
"Control Theory: Burgeoning but Baffling", states that control theorists
concede that supersophisticated mathematics is outdistancing hardware-
oriented engineers. He says that hardware-designing practitioners
mansge to keep abreast of the theorists working in their field; but that
in automatic controls, a freightning gap has opened up between theory and
practice. Barlow states that during the last decade, control theory had
burgeoned-~to the dismay of many a working engineer)the theorists have
soared into the rarified atmosphere of higher mathematics - that all to
often, a venture into the realm of advanced control theory leaves the
‘hardware~oriented engineer feeling that he's in a strange country with
a new language - that even the theorists recognize they've lost touch
with the peopleylioybranslate concepts into hardware - that at the third
Congress of the International Federation of Automatic Coritrol held in
London, Cambridge University professor John Coales summed up the senti~
ment. S=aid Coeles, president of the Congress, '"Theory has outstripped
its application and it almest always takes one or more decades to leasrn
to apply new mathematical techniques (see Ref. 3)}.

Kalman estimation and predication has recently been and is continu-

ing to be applied to range testing of missile systems at White Sands
Missile Range with most promising results. (See Ref. 16 and 17.)
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INTRODUCTION

This report is a detalled derivation of the modern data prdbessing
math-ware for utilization with on-line computers to sequentially compute
"best estimates" of process parameters.

Detailed derivations are presented in an effort to make the matrix
methods understandable to the multitude of professional people in the -
industry and government who are not "too" familiar with matrix methods.

Y. E. Ho at the Rand Corporsation showed in his paper that the
discrete data version of the Kalman filter is a lesst squares type of
filter and leads one to a consideration of the Householder Matrix In-
version Lemma. Ho points out that the Househclder-Lemms was knowi ~to ..
numerical analysts but not- to control enginéers. (See Ref. 9.)

_ The application of the Kalman theory of opfimal state-vector esti-
mation and prediction to the optimal parameter estimation problem may
be viewed as a special case with nlcely deflnable constralnts.

The continuous state_vector formulatlon of Kalman con31ders the N
system.of equations iy CR AT TR SoorRlm sl sratno o

and

where g) is a p-dimensional column state-vedtor*(the variables of the
procesg of interest), A is a time varying pxp matrix (the dynamics of
the process)j§> is any deterministic féreing vector, E>-is-the process

uncertainty vector,‘g> is an m dimensional observatlon vector mis
generally less than p, H is the time-varying matrix descrlblng the
sensor dynamics and or geometry and v is the instrumentation noise
vectpr paﬂpgasurement uncertainty.

s Y e, s

- T

The discrete version equations are = =~ = T T oot e

x> =@l + 1,10 x> +c{1(15> Y Tl L
S R S R e T YT T ST« 3 LB e o

-y
i
L3

where @ is the sta.te tra.ns:.t:.on matrlx whlch maps the system state

1



~0r‘as a'column vector,transposzng

vector to successive states.

The constraint that there is no process noise, that is
. uu}- =>

where I 1s the 1dentiﬁy matrlx states tham

‘K(}> = x(l> fc;r all k

‘hence we ' can v1ew the system as P P - S

3N
!W—
il

' x(> |

where x(l)l is a constant vector to be estlmated

N
3-8
\'5/
1

CIf we change the size of the matrlx H such that m.is. greater than
P, we can interpret the problem as the vectorized version of the
classical unweighted leasst squares problem. fFOr'éx&mplejif we are
estimating the parameters of a polynomial ' T

Ve T8 TR X Tt By T Ty

P R

for k=1...n samples we obtaln using standard véctor spécé'ﬁéthods

(g ey prn Q

end F as H etc. we see the analogy.

ity
Ry EE A A S St e

If we interpret the p-dimensional column vector of parameters
E;>as x(1)

The predict, observe, correct method allows one to sequentlally
up-date the estimates of the parameters as the data is fed into the
computer. Naturally one desires the sensors measuring the data to
automatically feed the computers. The computer can provide a running
estimate of the parameters based on all of the past data.

The beauty of the theory is that it does not requlre the computer
to store the past data thus elemlnatlng congestlve storage requlrements

o el CUILHD Gaur LD Tl o LFL .

P X - .-,, s B TR L



The method has resl-time capsbilities when utilized with matrix psuedo-
inverses which handle non-full rank statistical datsa.

The report shows how one sclves the classical leestmsqueres poly—-
nomial. curve fitting problem as a sequentlal error~corrector or dlscrete
feed back control problem. The scalar-case equatlon is _

@) = < 1)+ (3, F) Qk) |

e w thar o GwE:

where <gik—l) is a p-dimen51onal row vector of the parameters of the
curve and is the "best estlmate based on k-1 data poxnts, Ty is the ko>
data point andfgk is our predicted value of what the kEE-dsta point should
be. The dlfference yk y is the "feed back” error term and <w(k) is the
varying fllter or welghtlng matrix"” )ln this case a row vector. ‘3(k) is

the up-dateo estlmate of the perameters.

T~ AL S T

This report presents tne theory for optlmsl parameter estlmatlon.
A follow-up report is in:preparstion which: e SERRETE

~< 1. Extends the Householder inversion scheme to a psuedo—lnversion
scheme so that non«full rank dsta can be processed essily.

2,  Develops the equatlons for tlmewvsrylng parameter or Kalman
state-vector estimation of- dynsmlcal processes. i S o

Kalman showed the duality between the control problem snd.the estima~
tion and prediction problem. It is hoped that this report will heip to
disseminate 1nforme$10n leading to a deeper understanding of this new
theory.

1]
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- NOTATION

. The notatlons used in the report is-an effort to blend the notation
of Friedmsn for inner-products and dyadic products with the current
Jjournal-literature on vcctor—spaces, psuedo-lnverses, stateuvectors ete.

X capital letters ﬁes;gnaﬁe matrices of 3126 B
pxk p rows and k columns. : o

. "-3K§>=' when P = l the matrlx is called a column vector, T
© /" and we use Frlcdmans symbol to dlstlngulsh this B

2 matrix. REE N . LTl o - "
a-_<§i% : when k = 1, the matrix is a row vector of dimension
L " P. P s - P . .0 -

1nncr-producﬁ" or scalar product of two vectors.

B P

"outer- product" or: dyadlc product of two vectors.”

“'of “column vcctors from 8 p-space.

" "_':‘}.'---t-"--- : o "‘.‘»‘—"\-" \._.“.:.., ,(, = e -

Matrix X Partltloned 1nto &. p—column tuple of row .
veetors from a kwspace. e D

X small x is a scalar
i .
X scalar from & column vector
»
xJ scalar from & row vector

Scalar here is a "real field" element.
Perp = perpendicular

0.¥. = ortho-normal
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SECTION 1

INTRODﬁCTORY:VEGTOR‘SPACE METHODS TO
DETERMINISTIC SYSTEMS COF EQUATIONS

Buppose we have a sequence cf k two dlmen51onal observatlon vectors
‘about a process as shown in Figure (1) and - : -

PROCESS

[N !
02,

t—» .a;

A

Figure 1 Process
we format the data as a two-vector

_ z = x
2N '
2 (1)
k4 N B
“and plot the coordinates as shown in Figure (2). 'The first coordinate z+
may be the input’ to n.scalar device and z2 the cutput.

. . X
avics >F -1 = om: 11&:3& EPLIE 33;(1 r AL ety 3G
; : X AR “

X i 203
== e Xal v e
Figure? 2) Two~¥ecfor Data Graph '”_ 'f

If the variables x and y are related by a linear (galn) constant fUnctlon
as shown in Figure' (3) and described in Equationm (2)s 7

S Eg.h

- Pigure (3) Constant Gain-Noise Free Block
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then clearly the graph of the Prccess xs a stralght llne through the

as shown in Figure (U4).

L me bR iw,ﬂ o

The error-free case requires only one data vector (k
since by (2) °

for the parazmeter ay

or

i

W !

Flg. (h) Stralghf Line Error FreenGrﬁph

-
S

(2)

origin

= l) to solve

(3)

(%)

Suppose we have a distrustful customer who reqﬁésﬁs that we take, say,

three observations.of the device of Fig f3)
points to compute the galn al, that is”

B aa

o it

assanoy {ainn)

and use s8ll three of the data

¥y Ty Xy e : o

Yo = 8 X, P (5)
T SN S l

Y3 = 8 X3 I

which is an over-specified system of- equatzons - three equations and one

unknown.

If we package the relations

—‘a “f

(yy v Y_Q

B (a

lxl;'a xe; a

= -r.’

T T 2N

1"3)

6

e () Har xy) (6)



‘'we obtain the vector equation. Since our classical matrix theory books
did not inform us how to inwert theé 1x3 matrix of Equation (6) we must

- face the advancing world and attempt to use our ingenuity. Suppose we
transpose the row vector

R A R E
3 M .
x : e )
and Post-multiply (6) by (7) then R P N R
P = 1<> e “

We now have one sc&n.'ta;:‘ equation in one unknown, hence invert the inner-
product termé: 2>and cbtain T,

I>. ay R 9

<€> | i

:or in. gpAen form e spe o, B N
- EX _1-:" - 2« I8 3*

e (10)

Since Equation (6) is a three dimensional vector equation in ‘one un-
~known a; we could take the inner—product with the sum vector 1{ and map —
down to a single equation hence

> - 314‘ > - (11)

or . Chmne L EHLs lme

. A«,;‘(IZ) .

c e Clearly the result is the same as adding all three equations of (5)
" “'to obtain a single equation, very much like averaging We may also take
the inner~product of (6) with the known data> a_nd‘olbtai_n

_34> = al*éb LB AT nLnoan g “ . TGRSt | (13)

a, =P o (14)




We may now ask the question: given the three dimensional vector

equation 1n .8 scalar unknown a,, that is e e e
E <’Y =-_‘-‘1'<)" T ¢ )

Can we find a right hand multiplicative eleﬁ;nﬁhghaf-acfs liké'ﬁn'
"vector invefgg" or inverse to a 1%3 matrix. Suppose this "thing"
( R TSR THpRoRE TR

 3x1 matrix v(3>, then o
P =aE P o (16)
and we constrain the "inner product" EJ;E e e

or matrlx product to be the 1dent1ty operator in one—space.

b Iy =) LE i . B e

Clearly, by 1nspectlon or guess, if R %ﬁca,
o \ = ‘(‘ s
™ }i (18)

<é§};’ ' qﬁ:j;z

then (18) will do the job. In fact (18) is the generalized inverse of*({
If we designate the generized inverse oy + symbol then we have

o

(<)+ = J>= Q) [ng ':'_:5. e :"‘;' = '5'3{:,3 . (19)

or in matrix form when
------ Nl = B T P

UE

- s 4 - {(20)
S s )
x*exfx w7 LS T (21)

kx1 kxl- (1xk)(kx1) .

The column vector of Eguation (18) acts like a one—side—inyerse.

“Another column vector 2>  ytelds S em ST
in

Even though both vectors yielid the 1dent1ty operator l in one space,
the vector 22 is not a generslized inverse. Among the other requlremﬁnts

<>




to qudlify as the unigue generalized inverse, the commuted product must be:
a projector (idempotent matrix of index 2), that is

“Ppw=»gL =2 (23)
EF>

02 _ op = Ccﬁc =§>< .. (24)
3 £/ &>

SuppoéédﬁeLﬁ§§éffwo parametérs, a biass ay plus the gain parameter al,
or a line displaced from the origin

C> (..
Y <ao+a‘1x K

- The connection between the process varisbles becomes as shown in
Figure (5) Looa Ll

where

(25)

LG ez o wm chenogyae o s - el b’ .
L eiaaia LT =g RS Lot 1 B T T e A
i SRL TITTEY L ey vmd A Iy A T AR TR A RN B T2 sl tarar ax B

~3

or simply ~miy

Y
) g
AW = T
R B L T BT S S " e
. Figure (6) Two Parameter Block



and the graph is

Figure (7) Translated Line Graph

By Equation (25)

Ve = 8 * 8y X o (28)

end separating the parsmeters we can write (26) as a vector inner-product
as .

(27)
or
(28)
where | TR
f( = fi —_ 1 [ ” N )_,,_ U S —— ¥ (29)
e (3 =() =
k */ x

Equation (26) is one scalar equation with two unknowns snd if we have
two readings (k = 2} we have '

vy = 8y *axy = (ay, a)) N\ =&

A (30)
\&/y  F

Yp = 8y t a;x, = (ao, a.l) (% = 4? ' (31)
: x
2.

10



or two.equations in two unknowns a,. and a.. We can,by any classical
methods ,without mentioning & vec.toz;) solve the two simultaneous eq_uations
in two unknowns.

By -a vector.space approach we may package (30} and 31) into the vector
form of (28) as

(Y]_sYg [éb <>1 e - (32)
factoring out<£:

o <: E;;;;>] o .--__ : | D . -

qQr

2x2

which in open-form is

(v, v,) = (s a3) |1 1 | (35)
W, ™
B o B
;;k.-,\ . ';___,

If the two column vectors of F are llnearly independent the inverse
exists and :

Qv F -<€)a RIS e (36)

is the soclution.

Since - _ : :
det ¥
v Cea taya

and the adjoint matrix is oL

adj F = /x, =1 S (39)

-xl 1

then . .

fao, a ) (Yl Ye)' _f&go)

il



“the equations of (43) to obtain

. WE ére not interested in the analytical solution-by conventional =
inversions but by computer mechanizations of iterative- 1nversion or -
iterative psuedo-inversions. T

| We see that the simple problem has been cast into modern véctor-
matrix form in keeping with the current trend to state-vectorize every
math model of a process.

If we factor F of Equation (35) into its row space we have

(}"1, Y2) = (5-0: 31) (1, = a, {1, l) + 2, (x x 3 K (h]_)
o (x 2 o=

or the vector <f is a linesr combination of the vector <§—andw<g, that
is. . '

=™

<r = B.OQ + a.l<cl | ) (h2)

- G 3 2 ot
as shown geometrically in Figure (8)

= .oy O
paewl oolF Joan ey

Figure {8) Two Space Version

clearly the vectordi&_belongsto the two dimensicnal space généféféd 5§ the
two vectors and <X. If F of Equation (34} is invertible, then the data
vector (x X5) is not paraliel to the vector (1, 1) and the row vectors

Of ¥ are said to form a set of basis vectors for the two sPace,

Suppose we compute the two parameters a. and based on all k points

“6n the line, then when k is greater than two we have the over specified

system of equations
_y-_l = a‘g + 8']_ xl 2o owheres oo LRI LS
(43)

Y = 8y + B Xy S

We now have k equations and only two unknowns. ﬁuppqse we add all of

<

Yyt e vy = kao +oay (g #0004 x) (bh)



which in summation form is

k k R - : fy N o B
) Iy T kay + ) X, e (55)
I=1 J=1 | |

or in vector inner-product form is

<>=30<>+a,<> . S (hs.)_._

Equation {44) is one scalar equation in two unknowns. 'If we multiply
the j*B equation of (L3} by say the data point x4 and add all equations we
obtain S . |

Yyxy * yéxg veo ykkk = ao(kl + "'_+'xk)-
+ al(xla + xa,‘2 + o +-xk2) | . (47)
which in tedious summation form is ,
Lygxy= Ex e I o (s8)
25xIn vector space, language (hT} i; ;rlften a8

{b ;36 @ "‘9-1 4_» o

Two equations in the two unknowhs sre (46) and (49) which can be stated
in ma.tr:.x form as

[Q} <= (a.o,a) [}ﬂ T o)

If we use all k points of (h3 .88 & row vector we hawe ‘the analog of

(o)

(34) R
(s woes W) =lmgs 2) K3, - -0 1) ” I o
(X150 ¢ 0 5 X Vi
or by (33) R
(s s 1) = G LD, ey 1] e ()

13



Equation (51) may be written in row space as A T
<@y = (a,, a;) Ql : S (53)

Ly = og K1 +a K. R T

as shown in Flgure (9)

or

Fig. (9) Two Dimensmna.l Pa.rameter Subspa.ce
of k—Space
a2 amlTit AT
Elementary vector-space texts prove tha:t 11‘ the vectors <()l and <@x
are a basis, then the coordinates 2, and a.b_of the vector< are __g.nique.

Hence (53) has' a unique solution. R v
”ETEq_nétib’ii ('51) jg o oo Tuntopen adwesdsmr owd snToal 2w s
<E}Y <2}& :;rm_ _ff:" o . . o (55)

We cannot invert the £xk matrlx in the "sonventional sense' hence we
must use some’ :|.ngenu:|.ty. e — Sl

':‘.n Siafts ofF avsn aw - ol A N I St rdl Y- ST T

Conszder the row space oi‘ the ma.trix F e Car

L - - . " M

2xk | S LT g™ T o

d@x L C e g *{“

and its transpose _ e .

Ten®, x(B1 < N U 0

kx2 B

T

Multiply Equation (55) by (57) then

<€)y F' é)a. FpT (58)

2{k)2

14



If-we look at the 2x2. symmetrix matrix FFT as ..

FFL <€i] [z>; 3>] L L.i . 5w:_J“?_ s5s -

opT Q} <> - | H . | (50)“
é) &P I

we”dffiéetétifhé ﬁat;ii of;Equatién:(éé}'arfivegfatfd;ffereﬁtiy.

We now have a 2x2 matrix which is invertible if the two k dimensional
vectors@ and@ are linearly independent, hence

Ly 7 (FF" ‘féj e e .M“v;! Jil (61)

If we define the generalized inverse of the 2xk matrix of Eguation (55}
as indicated by Equation (61)

F+= FL{FFL) "t (62)
kx2 kx2 2x2 )

then (61) becomes

e (63
' |

The kx2 generized inverse matrix is = one-sided inverse with respect
to F since

PP = rr(rel)t =1 | (64)
(2xk ) (kx2) 2x2
Observe ﬁhat the commuted product
FTRP=P 41 (65)
k(2)k kxk kxk

is a kxk matrix and is not the identity in k-space.

P of Equation {65) is a projecticn operator that is

p2=p (66)

15



Observe that the vector equation in the unknown parameter rector

<:}a of Equation (55), that is

Ky =

yields a solution for<:é if we post multiply by F+,

QF*" = & FF

when (64) is true.

&

(67)

that is

(68)

We shall later be. .interested in stage-wise jterative inversion schemesﬁ

on a computer, for as "6sich ‘nev 'data point packs- into the symmetric matrix

----- \. f - . . .
LT e B e . [, P
LVau ) BULTAMIE IO ZICLIsd My T Lo
P
L3
MR Ln ke S S =0l L D Eeni Iy L
G
¥
!
A - e -
AT T
e [
sl LT

Kx?2 B T T

- TS VN R
N ki
. e
Jlacie S

16

inversion. Clearly FF is a. function of k._
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Tt is clear that the condition of equation (11): impiies that the.<r._
vector of Figure (2) be perpendicular to the sum vector in k-space,
hence the value of aqg which yields a point of symmetry inone-space is the
value of ap which mskes the data vector ¢{ perp" to the one-space spanned
by the vect_pr_g)l as_shown in Flgure (2) S

/// f “ b ity
.-// ‘f
QE . é . é .
dff"// o
6%‘1%1 .
& qh
0]
L . oq
S "Figure (2) ToEe tTo o Ilnil - (?E-:'l:.;?ry real aner

The symbol‘ﬁb'(ham) s before designsates the value of 85 which yields
a point of symmetry in one-space or perpendicularity in k-space.
\ .

If we take the lnner-product of 15) w1thtI> we obtain

and if

then PR e PR
E—r“ -;__;,--_71_-?— Z]> ==18J" , T T weiLrpmeas o Tan e ~ . (18)
x < cnonelay cwr owg LD rodjeuts Lo o. L mriooae adiw

We can alsoc look at the orthogonality condltion from the view polnt of
the minimum magnitude of the’ vector <E.' o . R

Rl

~ 3 e

Solv1ng equation (15) for <E we have

@ PR N,
_ { F F ‘-Nf_| = f"-" 1

DA A

.:.;:'_:‘,', mE% sanl oals

oI R

Transposing {19) 1nto a column vector T

z(>.. > O-r@ ’ . (20)

~ Taking the "inner-product" of (19) and (20) -

éb-—[@ - a0<1][> } 2y ] -Q@- 2<Da..+ a.0<l> . (ZJ)
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Define the scalar valued function ¢ é which is the square of the magni-
tude of the residua.l vector in k-—spa.ce Jr as : o

Hlog) =€ e 2 oy

If we consider the points z. ... z as'known then a"andiiiware variablés,
hence by {{4) <f is a function o% ag ascalar) only. Also (22) is considered
a function of ap. HNow ¢ of eqnatlon.(ZZJ and (21) is a scalar valued qusdratic
function in ag, that is

¢(a0) = ka 24 ba,. + ¢ | .(23)

0 Q
Sk
-2 &> o (24)

Ly

where

)

c

'ﬁﬁgﬁihadfgiighfﬁhéﬁibn-of equation @3) plots as shown in Figure (3)

LD T

»

rinTdn oaw o

Figure (.3)
' We can minimize the square ¢f the maghitude of the residual vector(i:
with respect to ag of equation (21) by two methods:
Yo fmiooowm e b By v .

1, partlal derivatives or gradlent approach ) lf' B .

2. orthogonal projection in k-spa.ce.

o Doy 4
R E LI S 3 P [T
ab = r - e - v

We should keep in mind also that findlng a point of"symmetry in one-
spacethat is finding the geometrical (unweighted in:this case) mean)is
equivglent to finding an orthogonal vector in- k-space.

TN AV alimgeiL s

Method l: Partial Derivative Approach

Taklng the partial derlvatlve of {21) w1th respect to ao we obtain

B e R
[SPy 3&0 F .':“"'"Z:";T-‘;"‘:’ - -‘_‘_'___,I-._i._ - “‘Q - ,\,: R e A _f"““l e :':"' ":
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SECTION II
SCALAR AND VECTOR MEAN

i Scalar Mean

Consider a sequence of points on a line bbservations or what~ever) as
shown in Figure (1) and described by

z4 ) J=1+ + Kk | (1)

A
7

Len)

é o -
3 1 29 zk o i

Figure (;)

Bquation {1) represents k vectors in one-space and following Fisher's

suggestion we can represent the k vectors in one—space as one row vector
(or column vector) in k space by -

(2, 2, =+ * 7)) = <g§z T (2)

BV

. We are always free to "translate” to a new origin say a., hence

z.=a. ‘i'I‘

h 3 3 BT e D i drem wlamy Daa LEmcoe rawmio AL w) ,f( 3:9:1,::‘
j = 1 o+ k R

where r‘j is the positicn vector of the J p01nt with respect to the point

ag.as a'new origin.  We may call rj the "residusl™ vector to use the jargon
of cla331cal curve-fitting.

® i3 P
‘

We can add the k points in one space of equation (3) as

R,

zl + z2 + .. .+ zk = (ao + rl)lf_ao +-r2f ..,“f a0|+-rk (k)
or
e
i BprEp e b = (ag ag vt mg) 4 Ty ny (5)
or CC Y el e 1T pe e cmimr s aes e e e s A o i
VoL Wad S o WD VTUTINETE i DI E ek DT Pl VSR Aw e
_Zl tr, b . otgosaker b L4 (6)
Expressing the sum of equation (6) as an innér-product
k - . - -
z 2y = z,* e +_Zk= (zl?.223 T zk) 1 {1}
3=1 - : L 1
L
- i 1-- -
e - o



o e > .
where—_ . ”_/ ~N RSN

/ ..-.,.T_,.._...,... __..,.__ [, i v [ .

and

will be referred to as the sum vector in k—space.

o ~ R -

If the sum of the re51duals eqnals zero, 1 e.,.:._l\i ; | ;;.A_,;ﬂ%hﬂ_a
Y =<§i% %§3>= 0 . | (11)

A . + Dt S . P T
2y o A e s s men en (12)

then

-l;l.‘(z + ‘v B ) -
kK k

_'-r4-_12"

and ﬁb is the conventlonal arithmetic mean or unweighted p01nt of symmetry
for the k points in the one—space. o :

kw}iﬁ k;;Ph;e éqh;fion (2) becomes e ey it on
<Ei? = (aO’_"' ao) + (rl’ e rk) B s

or factoring outigo\;'

s
or : G

L m-l <)~; = a_; () 1 +.<) r . - x:. + :;, " .:.;: 1 s ) . ._::.: (15)

In k-space we have the geometrical vectors of Figure (2} e

18



since

<> o L (20"

Equation (25) plots as a straight line as.shdﬁn.fnﬁﬁigﬁ}er('4f}

-

/Gbmﬁ — es o %0
0

Figure (4-)

Equating (29) to zero

3 é> + agk | ~ (27)

8& _ L
or - - IR pa
K -
where ao des;gnates the solution to (27)

Observe that equation {(A3F is quadratic in ay apd equation (}7) is
linear. The jinner-product between the data vector <%3z in k-space and the
sum vector <k)1 is

) B '.I! R _vn_.'.-.-‘ - _1., s B T T
SR =ty ALYy = PR
SR P I Nl WA R
1 ¥ e

z:Clearly equation (2R) with (X7} tells us that the mean is = symmetry .
observatlon point (or orlgin) in one space. o
[y i Tl B : “1 'v.! ,‘s :

. Concluding by (2€) an (27) TR e e D EERE T

By =GPzt by | | ©.(30)
- k k R

or the unwelghted averag?)or mearn.

21



Method 2: Orthogonal Projection

By mathematical geometrical- intuition it is clear that if the veector
<‘EIZ is fixed and given, that as ap varies from += to r-m(that-is)“on-the axis
of\,’@l)\ that the 'blosest approach” or smallest magnitude of the residual
vector occurs when the residual vector is perpendicular to the one-space
generated by the single vector él as shown in Figure (5).

1.3@: 0¥

Tag
(R 25 .
o % buge — NS LT

. - fig. ( 5-) Vec-Lto]:.s“Ih_: I‘E-Spa“c-e ) PR )

R |

_ If we select the value of the real variable ajy to be that value such
that the magnitude of the error vector is a minimum, then the residual
vector < is perpendicular (orthogonal) to the sum véctor@_ hence

EP =0 | (30

&hd vector at this particular point.

mrae e E

where é.:a}idm% designate the parameter
s I LoEE O LFTADITTO Mo vt R N el
Using (3)) and teking "imner product” of (/5) with_> we obtain

Ep-saPee> 7 e

Q ao o — e (23)
K.

or.

Crm e e S ere e

R - - a=r R

which is the same result as arrived at via the partial derivative approasch.

22



ii Vector Mean

.Consider a glven sequence of k column vectors in p-space as shown in
Figure ({ ) and represented in equation (7.)

i o (p s j =

: 1.k ey
“d b T

<30

Figure'(j:j k*Vector In p—Space . 335;

Equation (1) represents k vectors in p-space and extending Fisher's
suggestion we can consider p vectors in k-space (k-is the sample size).

Packaging the k vectors as a row-tuple of vectors we have

Jﬁ&IZ(% o Z( TR It T Ay T T owbl (22)

and upon re-partitioning the data-matrix of (22} into 1ts row-space we have

RER & HOOen e (3)

BEquation (Z) represents k column vectors in. p-space and equation
(Z)-represents p rov vectors in k space as shown in Figure (22)

B e
R 2E A Wi o e = e
By LA B G e T

Pigure (2 ) p Row Vectors In k-Space

23



We are always free to translate to e.ny a.rbitrary new- origin say a@
in Fig. (&) vhere S . . _ CEE

z(?=a% +r> | : (49

(
J

\.

Fig (35) Tra.nsla.tion To Arbltra.ry Orlgln‘}in. p-Space

" Puckaging (4) into a row k-tuple  -aiwb e algeisiiviees o oo
% = [a e a1 + ir r>] L . (5)

or factoring out }

’
2 = a> J1 + R SR S (&)
ek :'r'Bx\'k _,“M'%O By A_prk . -,\‘.:..,h N . | o
B - 4 Z- i, S e TN JTEMIT, MV 3 - ’-":C;S-;-“I . _‘b B _,“__-;__ [ .

Lok FLMIET mfomwedn man o
By equa.tion (5) the data matrix Z is expressed ag the sum of ‘a dya,d

plus a pxk matrix.
X

We may consider three related loglcal approaches tc the equations for
the mean: S

&, Point of Symmetry In p-Space “ ‘

If we add the k column vectors of equa.tlon (4] Then

24



or

IS S s ARIUAS SIS

If we translate to a new origin> such ‘b-ha,t. the sums of the
vectors"” is zero, that is 0

1

then designate §> by a "hat" symbol, or
' 0

k 2

Equation (&) may be writtem in pa.ckage form as

P > {},...)]

o . . »Q" M-
1 I‘. - condm L “’*av B __‘::"- e
__\. " ! ‘. i

Likewise equation (8) becomes B
S PI D >4 ;> * [%

or in matrix form as

ZD - ><>+Pw>

(Q)

"residual

(9)

. (£0).

(1}

]
i.;?

(42},

(i3)

Equation (|'3&) may also be obtalned by post—multiplying equa.t:l.on

(6) oﬁ the left by >

The condition of eq_ua.t:.on 9) thé.t } be a.' ?oin‘b of symmetry may

be written as : , b0 ;
> o +> = > , }] Y =R = 0(}, )
1 -k 1 . ko | L pxk ' :
1

25
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In vector space language equation ( |4J sgys that the sum- vector L
lies in the null-space of the matrix R. If we partition R into its row spgace
we see that equation (I4J becomes

R

= OO0
¥
4

ébr' <§}rj?f : J?é' o é W T

o R D _
which states that all p of the k-dimensional row vectorsﬂ(gr are perpendicular
to the vector 1{ Observe that null—space notions and 3imultaneous or-
thogonality are”eguivalent. Aewby {13) and {]4)

} .. .: +§’ =}kd BIocmITIve snocmo JERY an - '5L‘,§l‘i (16)
S T S-S S R

hence

Py iy =2 > @)

k FRmOL U Y - ofiprne dalwanid

whiéh is the unweighted. mean or arithmefic” meen, a point of symmetry.
EE ks - - 5 : .

kh Orthogonal ProJections In k-Space

sy

Consider the row-space partltionzng of equatlon (65)

1 1 T 10 T E
|| | | & |
RS R R e D+ LA Lo e T (R R st ‘
tol= a2 @ 1+ * (-l g);;— _
- .0 - »
T3 e damnore [T Tlop a0 ,.;é o s Doy @ by aima %o poliispon ol
- : i . ' . e PR
P L
“:'é' 4 ‘%2- (_: a-. ‘0'<)1 % r | T = :: = - /§~
I B N T 1 =~ 2

The sequence of row }eétors of equation (1B) is shown in Figure

(4).
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v

Fig. (4—) __Sample-Spa.ce of D1mens:1.on k.

. . The vector condltion of B point of s;mmetry z.n p—spa.ce of‘ equatlon
(9) may be written in matrix form as

e ' = f(} vee + f@ {fg s e f@ ] iw Rkl( (lg;;ﬂﬂ_,;___-
g 1 - oo T px

1 e
AN . .

Partition the matrix of equation {|9) into its row space, then

RD = —%f ~ } = _%? 19 ] - o 20

" L]

e ] &y |- LOJ B

Clearly the outer-product of inner product interpretation of (20}
says that all p of the k-dimensional row vectors é are orthogonal to the sum
vector as shown in Figure (5'-') : U
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Fig {5) Orthogonallty Condltions on k—-Space
_:-__,_____'."-'—“1'_.- ‘“} ._3«-‘-’:_-“._.,._;;;,_,)- g ey S s .g..ﬂi-_.‘_‘_ -

‘The row space partltioning and 1nterpre;“t:!:on of equatlon SE;)‘ L

ERPLI¥ N v
becomes

s I”_--

T A Q‘A~ : RN J‘:r,\ AT
RN SIA TR PN SRSt




From a vec‘bor space standpoint- e can say that-the-sum vectox{%
lies in the null-space of the pxk matrix K when the- orthogonal conditicns Yof
Figure (5 ) are met. Clearly the null-space notiohs-and ®rthogonality of*
systems of vectors are equivalent concepts. In-Figure (4} it-is clear that
all p of the- k-—dimensional vectors - T I

1
& €1, -ty a.l.joél

lie in a one«space. The p row-vectors

%z, ...,%)z

can lie anywhere in the full k-space. A1l <‘vect'o'rs are perpendicular to
the <@1"''w:.vc:t;or'. : R T SU TR DO

““Equation (17 and Equation (A4 are equivalent -statements at the
matrix level since’ '

3% . "'Z 1(> %;_ é’ﬁ : 1;:,::, _“ - (259

and ({7} is the column space partitioning and equation (A4} isthe row-space
pa.rtitionlng interpretation.

_,l' ;.. L N S0
h C Partial Derivative Or Minimum Sample Variance

ri,;

. The da.ta.-ma.trlx sm:n—decomposltlon of equa.tlon (6 ), solving fog .~

WL e Slewm

R, is = B 0y i g
pxk-;pxka@( N - : | =

Transposing (26)

. g l® < oL e > (-1-';5

kamkxp

Form the pxp symmetric matrix product of Qb) a.nd (27)

[,

-::» RRT = [Z —%4} [Z - > g] . _:_,;a_" o ._:":’_;‘ | 28)

Pxp __ - n_\.

Multiplying out the terms of {28)

e oo BRE = 22T oz 1@"{0_ < 7"+ <'£& &q)

“Equation (Jﬁ) is the mul‘tivar:.a.ble ana.log of ‘equation @-‘al) for the
scalar case,, In the scalar case we obtained the sums of the squares of the
residuals <J)r r(B> as ascalar-valued function of asgcalar argument a,;. In
the vector case of eque.tion (Q.,O' we have a matrix-valued function RRT of a
vector argument a

0

29



i - We can . obtain a scalar valued function. of the .vector varisble al
by taklng the trace of equation (‘J..‘l Geometrlcal interpreta,tions and
proyertles of- the trac:e are glven in Appendlx (F\

74

h tr(RR } r(227 ) - 2<1 Z a} ¥k (} (50)
Define the scalar LT "'"'.""’ e

e )
Il ::;-'_:_‘_:}

-~ eyioBguation (3l) is. the. multi-variable a.na.log of the quadra‘clc
expression of equation (3. .

Conventional minimization theory. tells us. that the differential of
s is ; E At et Nt

& O T

R ¥ - e P S,
ST The gradient of ¢ 18 a row veetor T (see Appendix (C) , 7 s

BOLFRIZ W Fro_o ovroogrvoog Memer

{g_ "8 )l Z - 2k<<}a e g giiramieen Jalans o "5(53)

QN T B LATL T Ld

; -‘.{c";} _73"" viog — e : \j\‘ Sttt IR ot e Ve T TEm grwesmmeomne oot LT
Equating the vector e uat:l.on ot (33) to the zero vector and
de31gna.t1ng the solut:.on vectorqﬁ by hat ‘ | R

L e

__<z +k€)

or & A -,

‘ “_-“-' . ._..- \\4 -,4,;-“/:: P J-T - i B
¢ TER g

-

21 Py Ton Froethermgl oo termasr S ieedemmys ARo g oo o
Clea.rly “if we tra.nspose Z5) S
R N R N TR '
S perpy 2 EBAT
0- k s iz T
Bl toammur g TR N4

we obtain equation (17)

T iL u -
d \ -

L

and is "related" to the sample variance.
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SECTION III
'KOISY LINE

Suppose now that we have the equation

which may describe a process shown in Figure (1 ).

Ly
e
)

Equation ( 1) or the gra.p:h of “the. ?focess varisbles of
plot as Fig. (2)

et e T I PP

Y/x

X

ay + a.x + e k

7

s L T e B =
L -
L I T S -
- H J

"Fig. ([ ) Nois

v Process Blocks

Fig. () Noisy Pr_-oéess Graph

= e
-

£
Foae
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Equating second elements of Equation {1 )
A i B T A W ol et T T (2)
and writing as an inner-product ) -

yk = (8'0’- al)' 1 .f‘e.k : ' '.\'_-v_ ) ( 3)

A
\E‘/

then we have the case of the scalar-mean in the prevxous section.

R

g T

Suppose ve decide to add and average ‘all of the equatlons of {2): as we
did in the deterministic case, then

l i P e gy

3

3 i

. . ?
yl_+-...i+ Yy = 8yt alxl et +~a0_f:alxk *e (5)

i

B Y

-

yl + L + Yk

+-co+e

k ao + 8y (x ...+ xk)'+-el

o .
‘4.“-—-\\.)',‘. N-,‘_;

é D = a <> *+ay 4} <\1\ 5w i (7’)

and 1

-

E%;>flon (T) is a scalar equation in three varlables namely 2y, &
~

If, as in the case of the scalar mean we set the sums of the errors
equal toc zero or

o
S

ey b et <;> (8)

/x i bR

then we have one equatlon in two unknowns or (T) becomes

P

L
-

__ T (9)
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. (10)

‘( 11)

It is clear from Equation (9) that we need one a.dd:.tional condition
besides the condition of Equation (8). -

el e e e LTI

Suppose we pa.cka.ge ke i3 equa.tioris o (2) in‘bo 8 row vector

“ (Yl, s yk = a (l . ‘e l) + a (Xl, R }(]“{) Lo (12)
opi’ b mmernn Do tmiieuion UL ot Lbanno Thw TSR L
Lol o s

also

. | ‘ ‘;‘::' ;( = o= ’ '."-_"-:, | N :
()Y =@aeik +<f:- saEn 55 tam _': A Yoo s ioine e ( 2 |

Using the same method of post-—mul‘biplymg (15) by the tra.nsyose of
the known data ma.trix IF as done in Section I, we have

UR @a x (kx2) 4’ T (16)

g

.. If we impose the two conditions tha.té be. perpendlcular 'co the t
" ‘yaetors l@) and x , that is- I N CeF e

Y

% . L

.

t
o

SN ICN

N
e
L
-3

ki
2
NS
Daid
+
&

€D, D = ED, €Dl = (0, 0) e -ij)

-then 4 -

QF « Ll Q o (19)

LT amas Al S Ter i o
PR TAr R E LR N NS B IR TR B

when F FT has an inverse
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We shall show that when the inverse exists and we have no constraints
on the values that ay and a; can take on, that we can adjust 8y and &y
such that the two conditions of Equation (5’4)

<>w B o

L

are sa.tisfied. DL EIT L3 “w

mrrdat L e InsriFdos s oa

Before domg 80, let us observe that the inner-product (scalar)

equation of (210 S e

et {} - ag{;) + a.1<> +<>. . FEAREE ﬁ (22)

and the inner-product equation formed by operating on Equation {21) with.
the dete vector @ is

R AT+ X7 S S

cELE
. and the two scalar equations above can be soll,}red_ to yield th_@é_ltwo unknowns

Cap -

a.o and a.l _if we set f 1: 5 SE L /;:‘.-
i : .

3 EPmo=k> - - i TeBE 403 @

The two equaticns of (22) and {23).

”,u”vié)’: 8-ﬁ<i- ;) al,<u)i
<>

8 <> + 8 <>
become,in row vector form

SAF o ome koL P TT cmpenr % :---"f' - -
EXTar SRR LGS ot 'j)kaaf"{' Zh CLoTTI

G ] = ("é”o, "’)

_QFT=@FFT"'_I | | ) (27)

R e
Pom ok B o o= leE s
or - '

Pt e s Lo

G- - “(28)

vhich is Equation (19) showing that many a.rguments lea.d to the seme results.

P '~ v o _f T . -ivv
CAET BT Ar o3 E{,‘,. - P

3



Consider the matrix

= /(D> I (29)

end its inverse

(FF 4 BT (30)
&) mrE

where the determlnent is

b= et (FF) =<E D - 4}4‘9 S ¢ 3§
- €pr- (D) . B

hence
(33)

<> ks

L Lt

or

4-%&><>14},,<> R
. <> x

- LIEPEY - - TP @)
Equating elements of the two element row vectors

<}<> > (36) -
Lk - I3 |

T &S W} o (31)

The above equatlons are called the Normal Equatlons

H
RIS SR |

For those readers who are used to the say it wlth sipgma summatlon :
sign of the ancient Greeks equation (36) can be written as

. 2
a = Zyj ﬁxj -(Eyj ;J) Ixy (38)

o

k Exje - (L xj)z
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gpd
"a.l = kzyj X, = (Eyj)(}:xj) o ' {39)
5 T '

>
k:zxJ - (ij)

At this point, I draw upon the invitation of Edgar lorch in his
chapter on "The Spectral Theorem" who invites the reader to show dis-
couragment over the complexity of his calculations and to long for a
development freeing the reader of too many subscripts, tco many repeated
indices, and other instruments of mental torture. (R C. Buck, page 9&)

) i
. Equations (38) and (39)are called the normal form of the least
Sguares equations. Clearly ‘the two sealar equations of (36) and (37) are
the inner-product version of the normal equations.

GEOMETRY IN THE TWO DIMENSIONAL PARAMETER SUBSPACE OF k-SPACE. T

The single vector equatlon of (13)”/ . N
Dy = 8 <O + 4O Qe (10)

has the geometrlc nodel of Figure (3} g
. ;/{.x

11_ Y e

o

Figure (3) Vector In k-Space :

The two conditions of orthogonallty of Equatlons (20} and (21)
require the<(§ vector to be perpendlcular to the two dimensional sub-

space spanned by. the two base vectors cand <X {so long as <X. is not
parallel to the “vector). ThHe least squares geometry is shown in
Figure- (&) P, 5 oam s s me e




FiL 8

Fig. (h)_ Orthogonal Vectors in k—Space
The previous resuilts are 1ntu1t1ve paper-talk. we shall show by two
methods that the parameters (ag, al) are the "best" with respect to un-
welghted least squares

‘Method 1. Algebralc Approach via Orthogonal Projectlons in
Sample-Size Space. = e . e

Method 2. Minimum V&éignce'Giathadieht Appfoach.

Method 1. Algebraic Approach via Orthogonai Projects in Sample-Size

{_S_'P‘afce. T w3 ; + ﬁ 5 - 7 »,,;*.f'--» » SRR
N ... Jhe error vector ( )e # <§; in k-sPace has mlnlmum.magn1tude
when it is perpendlcular to-th& sub-space generated by <% and <x. The

truth of the statement is shown in appendix {B) on orthogonal projections.
The picture is that shown in Figure (4} ¢

By Equation E}?) T ® SR i%,
< < +< e I;\ (41)

By_Equation (lh) .

s ] x * R sy e e o e - ed o
i RTLAEA FOoIeoagmrs il owlgd ow o1pd

. <) Fomeonany EHES L (h2)
A, .' o3 4):: *a A E J’ = g ;
Fe (l£> x>] TS U3 BLITIAN. v oand o oewsn (h3)

and

QF {FF +<F P (1)

, but for (a such thet ,.
LT - [@ <>] 15,00 (45)
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designate as @ By the orthogonal projection theory of appendix B the
magnitude of the <€ vector is minimum.

When F F' is full rank, it is invertible, hence

QFT(F Fh)~L =<‘a o ) s (46)

Method 2 Minlmum Va.rla.nce via. Gfadlent Approa.ch

The error vectoré by Equa.tzon {13) is

<"<f‘_°<“al<‘< €

a.nd transpos:.ng (47).

Bk > \p _>_FT> "

The dyadlc product of (h'{‘) and (48) yle}.ds L

o) e

Or: o 9 .‘“Y ay

et >< 3"( }@ - ""1><(* F%@ (50)
( ) S Eq_ua.tion C50) 13‘ "rélated" to the sahlpfg n\;lé.rna,nc?é 'the trace of
A50) ds o fannsenis DY Gmamoema e ieesda B cneang e o

trace>>< <> TeiosmarerT L zwllla ey omk oo (51)

‘and by appendix (4-9) or (47) end (h8) (1nner—product)

&1}

o -F -G E T > (52)
. It is clea.r that <e e€»is the sums of the squa.res"'c:ii-‘ the "éfro-ré:,i

.that is T N
¢(}) <> e el + e, e + ..t*ek e (53)

-

of the square of the magnitude of the error .‘}téCtorfjin"k"SPace'

The differential of (52) by Appendix C is

P

=&gP - 2d(<iFT>) + d(< > ) | BNt
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By Equation (C-33)

G @B - (56
a2
"{(@FT}) = ocgiF (57)..
a
Using (56) and (57) in (54)
b = [_2(@T N z@ﬁa} (58)
and equatlng gradlent portion of Equation (58) to zero: o o
< {-——2<F +2¢§FF (59)
or : v
é = <FT(1=‘FT)'"l (60)
e : Equation (60) is the same result as arrived at via orthogonal. .
projections P : THTLE S roEy
<0
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SECTION IV
POLYNOMIAL FITTING

Suppose we have a sequence of k column vectors from a two—space,
that is the kth vector is S RS

. zl> W

k 22

The seguence of vectors of Eguation (1) may represent observation
vectors of e process in which we are messuring two varisbles, one inde-
pendent and the second dependent, assummed to be functionally related and
desire to fit a polynomial fto the data, then

zl = /X =//¥ (2) -
z2 ¥k \\?O + 8, + ...+ ap_lx +. g ;ki.““f;'” . T

where the entries in"the 1eft hand célumn vector are the "data' or measure-
ment vector. : Lamare-

e J""‘“.‘,

k

Equating second coordinates of Equation (2)

- p-1
Y = (aO toayx .., 85X )k te . (3)

Equation (3) can be written such that the unknown parameters a

L]
Bys ees ap—l are separated from the data as 0

S
Vi = (ao, Biy ers a?_l) " ox \\-+ ey ()
o,
or
¥, = <pla £ + e (5)
-0
where
e(p =1 (6)
k X
£t

L0



Using {6) in (2)

zl = | ..: (7)
5 #
2/ -

The vector may be expressed in terms of the mean by Equation (II-ii-4) or
in terms of the approximating fu.nct:l.on of Equa.tlon (2) ‘hence

z(? = Z}0> + r% = (:‘ | (8)

Packaging the seguence of two dlmen31onal column vectors intoc a row
k-tuple we obtain B

(9)

R /J‘J = T (10)
(11)
TS BRI D niw
LT,
AR
(12)
©oRIpdanr adn oo Coie g ;:-.E_Lé

' Equating second element vectors in Equatzon (12) .
<€)y = e | ? f(}] + <@e Sk (13)

or matrix wise

<)y=<>aik+<@e. R L (14)
P




Equation {12) by {1h) becomes

(15_)

.';*(16)

SIER
P
T

TIf z@?) is the mean then by Equatlon (II~1i 25)

fap = zgé} K + <::;> " - 2*“ ] \t?m -

Two methods for ohtalnlng the "least squares fit" of the parameters
{(a., 8., ++. &_.) to the sequence of vectors are presented below: e
D 1 1

1

Method 1. Orthogonal Prqjectlons

Consider the vectors of Equatlon (lh)

<39y = <$QaF +<Eie¢  “1 ij'TJﬁ;'.;éE warescron e (18)

'pKk . - f‘

5l Py o <.
and partition the matrix F 1nto its row space ’ _ I
R Fij_ “71_: Tl
A 1L = P B )




Using (19) in (18)

{)y = (ao, 81y coes a'p-l) h<)i ;_+,<)e

(20)

_@xp“l
or -

@Y = &, 4)1 + al x + a2<2 + ...+ ap__f()xp“l
+ <)e -

We know by the orthogonal projection theorem of Appendix B that
when there are no constraints on the variables a

(21)

0* Bp0 re- ap_l that the
error vector has minimum magnitude when the vector
P

e is orjéhogonal tglthe
dimensional sub-space spanned by the vectors < ,é,@ s va ép .
By Equation {16)
By = <QaF + Ke (22)
pxk

Multiplying (22) by F-
<G = g + <EF"

(23)
If we designate the vector which is perpendicular to the linear
manifold spahned by L[<J, é, X2
25

s nees é(P*l)] byé end the corresponding
parameter vector by@ then { becomes
<G = <ErF,

(2h)
since

<G = go. (25)
Equations (2k) and (25) say that we adjust the parameter vector
such that the vector

a
e lies in the null space of FT, which is the g
taneous crthogonality condition, that is

ul-
EF = (€, €2, ...,{:P—'>)':= (0, ..., O). (26)

Equation .(22) is a linear algebraic equation with <¥ and F known,
to solve for@- If the pxp matrix FFT has an inverse we can solve for<‘i
as

(27)



If the data-matrix F is not of full rank (in this case p) then
the symmetric matrix FFT inverse does not exist and we can resort to the
methods of the 'psuedorinverse” or "generalized-inverse" to-be presented
in a follow-up paper. P

In fact, we can deflne the generalized inverse of full rank F
a8 the kxp matrix F* as done in Equatlon (1-62).

F o= pl(rr) "t (28)
kxp kxp pxp = L
We see by Equation (28) that matrix "inversion" reduces to symmetric T
matrix 1nver51on.\ .

- “_;‘ - — P e S

Equation (27) nay also be written by (23) 8.8

@ = ga (29)

';Ai . If we partltion the matrlx F 1nto 1ts row sPace as

P P A S

then from a data-weighting standpoint one can consider p~dimensional pars-
meter vector as a linear combination of the data points snd the vector: .
weights as

L. |
21
|

1 + 2 + k + auph
= yl@f + y2<@f L yk@f‘ o (32)

X ‘ .
We have demonstrated 8.1'_1_\ n.-tuple-_.-of-_.interpreta.tions"_é}f_.the .parameter estima-
tion ‘problem.. The next question-in  computer-oriented society is how to..

iterate or sequentlally compute the parameters as new observations roll 1n.;
For example,

. R

-e 8kl 4 )

g



want a computable data processing scheme which up~dates the estimate when
the (k+1l)th observation is taken. At the matrix level we could also
present the problem; given the pxk matrix F and the square fixed-size pxp
symmetric matrix

FFT

p(X)p

which is a function of the number of cbservations k how do we iterate the

inversion process to solve Equation {27).. These methods are developed
in Bection VI, ' :

- Methed 2. Partial Derivative Approach or Minimum Variance.

This section presents the classical approach to the least
squares problem, however, many modern books operate on vectors in the k-
space rather than one space, hence the vector space approach via partisal
derivatives is presented here.

By Eguation {18) we have

Ky = <QaF +<E (34)

and solving for the error vector<ﬁ§

€ =< - &, | 55)
§=> - P (36)

The sums of the squares of the errors is the inner-product
E> = KY - <E1P>- 7] | (37)

We consider (37) a scalar valued function ¢ of the vector
variable &» and upon multiplying the vectors of (37) we obtain

) = DB 2 + G (o)

gince the scalaf

<F§=<F> | (39)

and transposing

L5



e Observe tham the, dyadlc product of (35) and- (36) ylclds _

“and that the trace of the rank ‘one matrlx_cf Equatlon (hG) 15 the 1nner—
product, that is by @ppendix (A-9)~ -F-"Fwi AT i -

The trace of a matrix is a scalar invariant with respect tc -1 change of
basis. It can Be seen by Equation (L1) that when a matrix is a dyad, the
trace is the commuted product, that "is, the inner “product of-the outer:
product. ‘Observe that’ cross~correlation type ‘of“information is - obtained
in the off-diagonal terms of Equation (40 ;. A“fature report presenting
the fundamentals of geometrical vcctor space approach to ana1331s of
variance will be presented. : SRR

The main point to observe is that the matrix of Equation (40)
ig related to the sample variance mstrix of a scalar process, and that to
optimize or minimize the scalar of Equation (41) is“a weak admission of®

\phe easy way out. Why not optimize some matrix valued measure?

& 49:‘-' - _r\\ = -;‘}

If we take the differential of the 1nner-product by Appendlx C
we obtain SR

FRIALA T TN Bas 24 a‘l"'.c."':: O R L ST T s SR S L LRI

.end, as conventionally done set the gradlent of¢ equal to zerco, then

25, 20 )- 2
%% Feen TS
Obgserve that T‘"R\ ~ (9. s uqﬁﬁﬁ>=(§}e;¢ iﬂiai '
3 (4} < : NS )

/\{%FT% = o T (u5)
and

( aFF'E) = e@FT (46)

‘46



Using ( and (45) and {(46) in (43}

< /o.._a@ +@F (L7)

@FFT =<FT. (L8)

When the matrix FFT is full rank then it is invertible and

<a, =<FT(FFT)"1. (4g)

Observe that the approach of setting the gradient to zeroc yielded
the same resulf as the algebraic orthogonal projection result.

or
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SECTION ¥

SOME PARAMETER OPTIMIZATION
PROELEMS ON THE RANGE -

Consider two simultaneous trackers with noise as shown in Fig. (l};

trajectory

Fig. (1) Trajectory with Noise Vectors of Two
Radar Trackers

where n, is the radar noise or error vector of tracker a and H; is the
radar nbise vector of tracker b. The actual vehicle is on the trajectory.
The wvectors iﬁ and ?ﬁ are the actual vectors from the radar origins to the

vehicle and satisfy

F=EeE . (1

The data vectors, or measurement vectors, are x and ;ﬁand are
corrupted by noise vectors expressed by the eguations '

.l
Bl

x =

n * X (2)
Y=y, tog (3)
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Using (2) and (3) in (1)
y=a+x+ ny T n_. ' %)

Suppose that the observation vector x is given in radar rectangular
coordinates

1

= (75,5 /x0 \ = <F 2> (5)
2
3/

and that the observation vector y is given in rectangular coordinates

2 B
qb (6) -

where the connection between the radar reference frames is

1 2,
<GF =<z a 7)
where A is an unknown matrix. Consider the position wvector of site b with

respect to site a, also unknown, and with coordinates te be estimated in
the %:E: frame, that is

- %o ®

The noise vectors referred to thelr own bases
"y " K A | ®)
ax=§i> | (10)
Using (5) through (10) in Equatiom (4)
25 s & ; 2 _ <
i pe Kipe Ky K n- Gy w
Operating on (11) with %§§>-. the reciprical vecters of theé%{bases
B> By 2
R a2
x

b9



where the reciprical relations are
22

and by (7) and (13)

§]<= N - -. ) : :. ._r - . (lu)

Note that if the radar reference frames are ortho-normal then the reciprical
vectors are the same {that is 0.N. bases are self-reciprical and the inverse
matrix of A is the transpose) we do not make the O N. assumptlon here,

il

T - —zr s . . oy -
iy L '1 [V e T AR .- A AL S B

The vector»matrlx equatlon of (12) is

P - B, | (15)
T EsEaTU L T TR TR R iUl LAt ae

JER R TR 4 T : TV

If we consider k observations where k is arbltrary, then the kth obser-
vation is e rEd Vi CTRasid ot Geeradar niLiooiuow T

A e

P=ip,al 1\ > | (19)
k [ T N e T T 1

T oadee - 4

or B G LT

Cnany ;J -.‘:;'.;y('% =3ﬁhf'% + e% nitr c’:‘; B - S i s S (20)

where the 3x4 matrix of parsmeters Bis

e 8= [al®, &1 a7 .o (21)

3x 3x3
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and

f@ = /1 | | (22)

Packaging all k observations we have the 3xk data matrix

y(§>,. ,?5 T D) i B
+[>,_...,>] (23)

1 k
The 3xk matrix E§>, ...,j§>] has rank one since it is a sequence of
0
the same vector k times, hence
(a3, «ov alB] = a(B (1, 1 ... D (24)
% >o> 4 k

Factoring out A in the matrix

[%,...,%]=A[? )> 3x33xk , (25)

k

Using (24) and (25) in (23)

>><)l+A X+ E (26)

3x3 3xk 3xk
also
Y = [a(3, &4 ] )1 + E (27)
3xk :%> 3x3 <$€ 3xk
X
3xk
or
Y = B F + E (28)
3xk 3xb bxk  3xk
where
F o=, ..., £(5>] = 1 (29)
Lxk :%> '2§> <g:
X
axk



Equation (28) is a linear matrix equation in the unknown matrix of
perameter B. The least squares estimate of B based on k observations is

Blk)=.x  FT (pp)~L

F . (30}
3xh (3xk)(kxh)(bxb)

We desire to iteraste B and will do so in Section VI.

Multi-Varisble Polynomial Fitting

Scme range probtlems consider three components of a missile position
vector and three components of a velocity vector, or s six vector.

Suppose we are fitting time polynomials to q coordinates of a random
vector, then as in section IV we have

y,k = (aos al.’ ek_ (31)
q a q | - . . oo -
Y.k )a. f% + e.k P oo {32)

or packaging for the g coordinates

W ep el | (33)

axp

- Packaging k-1 ovservations

P

({3, ... - L (34)
y(%> yggil] qik—l' o ’

Ene)

Y= A F + E cw e . (35)
{axp) pxk-1 qxk-1 o : -
Bquation (35} is the linear equation in the unknown matrix of parameterg
A. The unweighted least squares estimate based on k-1 observations is
AMxk-1) =y  FEeDTL o (36)
qxp (qxk-1) E

As before we desire to iterate.A_as the data rolls in.
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SECTION VI
ITERATIVE COMPUTATION OF OPTIMAL PARAMETERS

This section develops the math models for the sequential computation
,of the least~-squares estimates of parameters. The digital-computable
model can estimate the parameters concurrently with the data-taking
process. As new observations roll-in, the computer up-dates the estimates
in a sequential manner.

When the data is full rank we can utilize = matrix inversion lemma of
Householder's to up-date the estimates. When the data is not full rank we
must resort to the generalized or "psuedo" inverse to do the updating.

The technigues are presented in three parts:

Part 1, Iterstive Computation of the Mean.

Part 2. Iterative Computation of the Parameters of a pth Degree
Polynomial, ' '

Part 3. Iterative Cémputation of a Matrix of Parsmeters.

Part 1. Iierative Computation of the Mean.

(1) Sequential Computation of the Scalar Meen.

Consider the scalar proéess'of Equation {II-3)

zZ, = a, + T | ' 1
3 0 3 o o _ (1)
where we have k-1 observations or

@z = aoé)l +<é)r. ©@

As shown in Equation (II-30) .
8(x-1) '=’<<l)z_ Uk-D| . ' (3)
K-l

When we have k-observations we have

w1l = gk | )
=2

Partition the k points such that
i

<Kz = (;é)z, %) (5)
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and partition

@1 << 2,2 o | (6)

-m

T L 5
SL(E}Z l{Eﬁ'Q." ; L .,”(8’

Using Equation (3) in Equation (§) e e |

<@z l@ (k-1 a(k-1) + 2, . o it (9)

-:U81ng (h) 1n‘(9)

-ﬂ’k&(k) Ak=1). a(k—l) +-- zk et omi g Temnr T 0 Feros (10);

or - S A I S P

a(k) = (k=1) &(k-1) + (11)

f&t‘.

. T A S S e A e
R . =

which is the up-dating scheme. Note that the weighting factor of the latest.
data point is 1l and that the past estimate of the mean A{k~1) based on
K-
k-l points is weighted by the ratio k=1.

B S mule

(i1) Sequentisl Computation of the Vector Mean."

A sequence of k-1 vectors from a p-d;mqgs;onal column space can
be represented as a row k—tuple Bs- LT TR

xk“' AR L FENTI LD e - 2T

and by Equation (II-ii-17) the mesn is % * &

Z 1(9_&_ = a(k-1) (P> . (13)
pxK-1 (k-—-l) a-'t;::? ‘@P R
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If we pack the kth vector into the row-tuple we have

> ,> %] ,z@ﬂ . (1h)

k-1
The mean-vector hased on k observations is

{ = a(k) (P>, )
p}chl>% ak_@ | (15

Partition the sum vector as in Equation (6), and use {1k) in

[ 2, 2) 1(@ =21(§+ (16)
pxk=1 ? e pxk-1 _ % ' o

(15) then

Qr

vA 1(9 +}> = k a(k)(> (17)
k

pxk-1

By Equation (13} in {17)
8(k-1 (}(k_ ) + 3 ( ) = a(k) (5> (18)
k _ :

which is seen to be the vector analog of Equation (11) for the scalar case.

Part 2. Iterative Computation of the Pasrameters of a pth Degree

Polynomial.

Consider the polynomial equation of Equation (IV-14)

- 2 p-1
¥y = (ao + aX +a X" 4+ ..+ ap—lx )k +-ek {1)

or separating parameters
AR LS R (2)

By Equation (IV-18) we have for k-1 observations
<)y : é)e (3)
pxk -1

Conventional vector-space approach to least-squares
tells us to multiply (3) by the transpose of the data matrix FT and obtain

k-1)y Pl <G P FL o+ ii)e T (L)
< (k-1)p <p(k—1) {k~1)xp << {k-1)xp
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It is easy to show {and is done in Section .IV.} via orthogonal
projections in k-l space (6r via partial derlvaties) that the optimal

‘least squares fit occurs when

< (k—l)xp < ' _

hence we have when FF. is invertible, or full rank, s

_é)a(k"l) =<l)y . FT (- FFT)‘I- 1oL \ (6)

(k-l)xp p(k»l)p B : s

. The row p-tuple of unwelghted least—squares egtimates of the
p-parameters is based on k-1 observ%tlons, and ‘it involves the computation:
of the inverse of the pxp matrix FF* which is a function of k-1 observations.

bxp .

We shall show how to compute the unweighted least squares estimate
of the parsmeters based on k observations (one more) as a function of the
estimate based on k-l when k-1 is. greater than P and the data is of full
rank., 3

Define the generalized inverse of F as the (k-l)xp matrix

(k—l)p (k—l)xp p(k—l)p HE.
PRBET ELAT I _""re'é;;on:fcir ‘the “terminology is "éléé;r for ¢ 0 TEE aa SnLw
R T T e R ¢ o RS S ()
p(k— )(x-l)xp p(k—-l)(k-l)xp R 1

the one—sided proditct generates the DXP 1dent1ty matr1x {one-sided only)

T T T a0 =t

Using (1) in (6) !?.wq"

)a(k-1) = Q) Fey +-, SO AT AT L] H_(g) )
< i

. _.; ey _\ - -

' Consider now the.same expression as (3) for k observations instesad
of k-l
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T
Transpose F to the kxp matrix F~ and choose the parameters based
on all k observations such that <E?e lies in the null-space of FT, that is
> : Kxp

@ék:i = g)o (11)

and by snalogy with (4)

Va(k) =<y FO( FFE )T (12)
<§i <§:kap plklp
Partition F intec

pxk

F=[ F , ] (13)
pxk  pxk-l }1?

and transposing {(13)

T | T (14)

kxp (k-L)xp

X
@f

Form the symmetric matrix product

T
FF- = [ * , D] 13 {15}
plk)p p(k—l)% {k-1)xp
k
@f
or
k .
T i\
FF~ = FF + £ s (16)
plklp plk-1)p %< ’

By Equation (12) we must invert the matrix of (16}, that is

.
(FFE )L = [ 7F° + £ £t (17)
p(k)p p(k-1)p %Q

Fortunately for us,Houselholder* in his book of 1932 gives a

formula for the inverse of a matrix wihich is the sum of an invertible
matrix plus a dyad, that is when,

B=A+>< (18)

* Page 79.
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and .Af{ exists, then

e

' ‘Qbserve that (17) is a special case (symmetric matrices) of

One can verify the validity of {19) by "proof by execution'.

The proéf by direct derivation for the symmetric case 1is presented in
Appendix D.

Applying (19) to (17)

3
0 R G LY £)"t
p(k)p o{k-1)p ?@
o {eo)
S SN {FFI}_]“ | |
p{k-1)p (k-l)P%{p k-1)p .-
l + { ' —l- N o
<._ p(k-l)p %
- By Equation (IV-31) _ |
F+= FT ( FFT }"'l | -_..,'..:._--...-._: R T (23:;“
kxp  kxp P(k)_p T
or by (1k) in (21) - )
e [ oF | et )t (22)
KXp (k-1)x plk)p
1k LiE e
@] s
{k-1)xp .p(klpi s g
. - k £ il A
e e Ve (T
._' ‘ _ p(k)p .:..._ -
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Consider the kth row of (23)
k

<<f ( Fre )7t (k)
p(k)p
k , k

£ (et )yt (1o ( FFL)7?
< p(k‘—l)s:p >}? < plk-1)p

{ #7FT )7t 3
B gp(k—-l)p %

To simplify the notation for the following manipulations define

3= ( prf )L (25)
p(k-1)p
and ho= 1+ <_3> (26)
Kk
then Kk
T -1
iy
X X
= < [B(1 -%»{B)}
h._
K ‘ K
= <& [ (a1 %{B)]
h

I
51/Q\w
)
1
Y
/2

1t

o
td

Wl
w3



Using {25) and (26) back in (27)
k , k
€ )t owt )
p(k)p ( —l)

1 + l:}>

k__ k l)n k-

(28)

Using Equétioh (éO) and Equation (T) in the first (k-1) rows of

Equation (23); and_Equatioh (28) for the kth row we obtain

S A:AF:I'(k) = F+(k—l} [T { FT )"'l ] -1
kxp (x-1)(p > < '
T FT i
' ig’ p(k 1)p :}>
k
R :
p(k-1)p
1 +<F ( FFT )“1
L ‘?g p{k-1)p %? o _
= | roo \
(k-l)xp :‘.\-.:_) fif 1t e
(k) i

(29}

Returning to the expressicn fdf;%hé 0pfimaf estimate of the

parameters based on k observations of Equation (12), we have

Salx) = &y ¥ )_1 | |
- ‘:/,-: -.:;: - L, B :

and by Equation (7) for k observations
é(k) = @y FH{x} . \} <'f;.’ " , - LT
kxp ' o e ')"' L2 “E

Partition the data vector 5@5§ I. ST

Ky = (<I, v,) | |

and using (32) and (29) in (31)

(30)

{31)

(32)



@fﬁ(k) = [<&-1y, v, | r“‘+(k)
' (k=1)p
k
(k)
_<§1)y F(k) +y %(k)
(k-1)xp .

1 +<t ( FF
k plk-l)p
+ ¥ %( FFT }_l
£ _ p{k-1)p
1 +<f (FFT) 7L
L= 2

By equation (9)

Ql {-1)3;1?"'1{1
(k-1)p

hence using {(34) in (33)

{k)=<}:1) [ >< kl)p

1 +<§(D(PFT )"l}>

k-1 )p k

(33)

{3h)

(33)



Equation (35) Continued

' k
= <alk~1) - <§E%—1) F( rrt )7t
< wo N %< p(k-1)p
SR | h
+ yg <§i( prt )7L
p{k~1)p h

Factoring <f:B-* out ofiﬁﬁé:iasﬁ two terms on the right hand
side of Eq. {35) we have

N f;;;+ . ;E> <f: p(k 1)p
SRR 1 +<( e

k™ plk-1l)p "k

It is clear from Equatlon f36) that if the scalar

; <{_1y> T | (37)

STt et

N

‘no up~dating or correction is'neceSSaryié”Suppoée wefare'fitting a guadratic
equation and the parameters based on k-1.data points is-<€5k—l) then the
equation for all points on the "fitted curve" are

R

§=2 (kfl +wa1 k- 1 X + 8, (k—l)x s (38)

[ A S E T RN

where the ordered pairéwﬁ(ijﬁiiéibﬁﬁghe curve as shown in Figure (1).

I Y
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Fig. {1} Curve for Parameter Based
on k-1 Chbservations

The set of vectors on the curve are describved by

X = b'e ~ (39)

A &

¥ 8o(k-1) + a (k-1)x + & (k-1)x

1 2

The k' vector is shown in FPig. (1). The error in the second
coordinate is

Using (39) in (40) we have
e .8
Y = ¥ - <§ja(k—l) #zib (1)
: k
If the kP observed value Yy falls on the (k—l)th curve, then

Ve =9, = @:—1)2 (h2)

and naturally we do not need to make a correction to establish a new curve.
If the kiR value of y, does not fall on the curve we must correct the
parameters of the curve by the amount of the error

¥y - {—1)}{ = F (43)

times the weighting wvector
k

<gT7 N L
px{k-1Jp Ty~
1 +<( FF ) 2

as shown in Eq. (36).




If we define a we:l.-ghting vector or a varlying feed—bacl_:_c gain w(k) as
Lw = Hoasht
p(k-1)p o : (44)
L R, 2
Then Equation (36) by use of (44);nd (41) __bgco;zés

ék) - é(k—l) + P w(ﬁ) -

A feed-back block diagram of Equation (45) is shown in Figure (2),

One can construct other block diagrams or logic flow charts. The
weighting vector generator is not shown in block diagram form, but can be

e P

constructed. e
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Part 3. Iterative Computation of a Matrix of Parameters for Full
Rank Data.

Consider the sequence of vectors:§>iof dimension g of Egq. {V~33)

J

vhere,

A f@}» + ézg> _ ' (1)
axp “J b -
.j = ls k"ls k-s k"'.j- s 4w

Suppose we have k-1 observations as in Eq. ( V-35) -

axk~-1 {qxp){pxk-1) qxk-1

Multiplying Eq. (2) by FT
YFY =aA PFL 4+ EPT | (3)
a(k-1)p axp p{k-1)p qf(k-1)p

ol Wnen the data matrix F is full rank, the conventional inverse
(FF") ~ exists, hence v

T

pryt
1llp

Y F O F = A(k-1) (1)
qlk-1)p p(k-

where, as before, orthogonality holds
A -
EF o= 0] (5)
a{k-1)p  qxp '

th

Suppose now that the k° observation vector "comes in", then

Fo=[ 7 ,tpl (6)
pxk px{k=-1) ;E . _

and the transpose of (6} is

L = T -  - (1)
kxp (k-1)xp

- <géf
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Equation (2} for k points is

Y = A F +e | | (8)
gxk  (qxp)(pxk) qxk
and
vy ¥ = A (k) F P (9)
alk)p (gxp) p{k)p
or
Y FT(FFO)"Y = Alk) (10)
alk)p pxp qxp
The data matrix Y can be partitione'd thusly,
Yy = Y ,ylol. (11)
gxk qx(k-1) }'% ' '
Using (7) and (11) in (10)
| }] C o ] et = A (12)
: qur ' {k-1)xp DPXp
L
@f
or | —
Ay =1[ ¥ jzg>3 w7t . (13)
. axk-l (k-1)xp plk)p
k
I { FFT)‘l
plklp

— —

By the Householder matrix inversion of Equation (D-29)

L~ k _
(FE)F = (e ) 14D 4{( 5 M 1 (1h)
pi{k)p p(k-1)p PXp k p{k-1)p
‘ 1+ < ( Rl )
< pl{k-1 )p >I;
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where

H= FF = o +>£
plk)p |plk-1l)p & |

and
a=1,
The column of mstrices terms of Equation (13) can be written
as - -
P -
7 ()7t (15)
{k-1)p p(k)p
k
e (FF)7E
p(k}p
[ 1 7,1 2 e 7]
=| 7O )T - ()
(x-1)p »(k-1)p k. ~ p(k-1)p
R AN
k: plk-l)p 'k
Ik
@f ( FFr )7t
_ p(x)p
Now the last row of Equation (15) can bé expressed as
k , .
e (PR )Y (16)
plk)p
<
In order to simplify the notation let
( FF° )7F =3 (17)
p(k-1)p
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then
%( FF )'13%3 %%B (18)
bl . |- . |
" : | 1 +<f:345> :
k
= <§:B - <E:£:?><@f3
1+ <§:B:f>
Obtaining a common scalar denominator in Equation (18)
k ....
Qf (P?E)P = (1 + <B 2}3><>< (19)
& +.<B><B - 3> | (20)
BT
dfls | ' | | (21)
1 + <B> ' '

Replacing {(17) in (21)

1}

K k L
( FFT ) = <( Fre )7L (22)
plklp plk-1)p

Tl N
o gtp(ﬁl)g %

Using Equation (22) for the last row term of Equation (15) we

obtain

Fr { FFL )'l

(k-1)p plk-1)p

K
Qﬁ‘ ( Frr )7E
vkl




Equation (23) Cont'd

= FT (

{k-1)xp pl k-l

1+ & ( FF =1
< p{k-1)p %
x |
€yt
- p(k 1)p
| 1'+ _-
» -l)p 2
Now by (13)
AMx)= v ¥ (et )t
qxp qx(k-1}) (k~l)xp p(k)p
.
+ y(pPIr ( wpr )7t
Eé plk)p
Using the expressions of Eq. (23) for FT(FFT)_]‘ and for
) plkp
}?<( FFT )-1 in Equation (2k)
pik)p .
Ark)= Y Fr) 7L |3 ( ¥ )7t
ax(k~1){k-1)xp p{kwl)p >< plk~ 1

I k
oy ( et
Y}{ plk~1)p

e

p(k-l)p

1+
-k

<€ (

pre )L
plk-1)p

TO

K

1+<¢ { FF )
1;< plx-1)p %k

(23)

(2h)

(25}



By Equation (4) for A{k-1)

Li(k)l = A{k-1) I-}% FEY ‘” ' (26)

plk-1)

( T 3 -1
o % ST %

4
s
RO

or
A(k) = A(k-1) + [} Alk-1) }} < prt )7 (27)
plk~1)p
1+ <<( FFT )“l>
K plk~-l)p 7k
If there were no error vector on the kR cbservation then Egquation
(1) would be

} = ﬁ(k~1)% (28)

k
where:¢> is the expected kB vector. Since the k'™ observation has noise,

k
define,

2 - » - P (29)

k k k

or

3 % - Alx- 1)} (30)

where the %ilde (~) designates error. Using (30) in (27)

Alk) = & }{( Fre )7L (31)

n(k—l
.\ ~l
XA

T1



Equation (31} is the recursive equations for up-dating the
estimates of the parameters. Tt is clear that when the tiror - vector in
the dependent vectory is zero, that the new vitimate of the parametric

e . . _ _
matrix A is the same as the past.

’ . A
Equation (27) states. the new estimate of the parameters A(k)

based on k observations as a matrix function of the estimate based on
k-1 observations and the k%D observation vector. ’

T2



APPENDIX A

TRACE OF A MATRIX

The trace of a square matrix A is defined in elementary vector-

space texts as the sum of the
if A is 2x2

elements on the main diagonal, for exsmple

A= &1 810 (1)
g1 B2
then
tr A= a1 * e, (2)
is the scalar of Equation (2).
Consider the sum of two matrices A and B
A+B= (3)
and the corresponding trare of the sum is the sum of the traces
tr (A4B) = apy + by +oayy + By = (ay ¥oagy) (b)) + D)
= tr A + tr B. o (W)
When A is pxp, analogous resulis oceur.
Consider a square rank-one matrix, a single dyad, say
D= (cl, eps T C ) {5)

73



or

1 D b '
= o + = -
tr D = bTe, bre = c T + c,b (1)
Separating the b's and the c's and writing (T7) as an inner-product: we
have
, 1 '
tr D= (e;y .00y cp) b . (8)
bP
or

tr[6Xe] =< 1> (9)

By Equation (9) we see that the trace of an outerwproduct (dyadlc) is
an inner-product, or the "commuted product”.

Fquation {9) holds only when the vectors §>>and c are of the same
dimension or size, since the inner-product is fiot defined other-wise.

Consider a square matrix A of size pxp and of rank equal to or less
than p. Partition A into its column space

A:[a},...,a ] : - (10)

or into its row space

A=| L S (11)

If the p column vectors of A are linearly independent then the rank
of A is p. If they are linearly dependent, and only m«<p are linearly
independent then all p column vectors lie in an m-dimensional subspace.
Suppose we take any basis for the sub-space, such a basis could be an

Th



orthonormal Gram-Schmidt basis. OSuppose we have a basis consisting of m
vectors in the p-space expressed as a row of column vectors as

B=[b{P, ..., b(pdH] : (12)
I SR

then each vector can be expressed in the new basis as-

a%=b% c].'l+...+b>clfl=i8c;§> (13}
: _ ) m P _
a.\:@= } c]:p ool * b\(> clilpé B@ |

o b )
or _ _ ' '
A= [B}, Bc@] (1k)
1 o) _ :
=B [e(pp, ... c(@>] (15)
S S 4
A= B C (16)
pxp (pxm)(mxp)
Partition B and C into co'lumn and row spaces ,' we obtain
] -
8= (o0, .0\ 20>] = [l 3 - (17)
pxm 1 “m . .
P
<o
and

1
' {18}

o}

It

)
v
¥

[ I

..

m .
e
The product of (16) can be written by {17) and {18) as an "outer-
product"of inner-products -

A =BC = {i&: . [C}, ...,c}] (19)
: > ) |

1

<
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= éb.c%, ...,ij.d? _ | (20)

P P
Qb }, llO@b@
1 P
Equation (20) is the conventional row-by-column product rule for

matrices.

The product can slso be written as an "inner product” of "outer
products" as

1
- C=[ s teey ]
A=3B b% b% <£Lc | | (21)
m

<tle

1 | m
A= BC = (<) M (22)

B >i<c + +bm ¢ 2

Clearly Equation (22) relates A to its minimum rank factors B and C
and to:its minimum; number of rank-one sums.

The sums of the disgonal elements of Fquation (20) is

tr A = tr(BC) =&o c}+...+&b b (23)
1

c -
P

If we take the trace of the dyadic decomposition of A in Equation (22)
we obtain : ' g

1 m
tr A = tr {bM+ " M} (2h)
m

By Equation (4), the trace of sums is the sums of traces

m
tr {b{ <%1 + ... + b(p Jed
S SRR
1. m
tr bl Je + ... +tr b ) (25}
CRL e B

and by Equation (9) and Equation (25)

tr (BC)={:bb+ ...+%c§. (26}
=l.. m .

tr(BC)



Equation (23} expresses the trace as the summation of p inner-
product terms of m dimensional vectors. Equation {26) expresses the
trace a8 the summation of m inner-product terms of p-dimensional vectors.

If we look at the commuted product expressed 28 an’ Outer-'-pr'oduct
of inner-products" . - :

1
(mgp)(pim):_ @ {%' ?]
<L
1 1
- é&b% - ,Qc.b? (27)

or as "inner-product of outer product”
1

ﬁc}. . ] @ .. - (28)

CB
mxm

b

&
CB =c>f@ + .. .+ cwb _ | {29)

P

or

The trace of CB represented by Equation (27) and Equation (29) is

'£§;> e <§z} ﬁZﬁ> | _ (30)
@c@+...+@%. (31)

By Equation (26) and Equation (30) we see that

tr(CB)

1t

tr(BC) = tr(CB). i (32)
PP mxn

7



APPENDIX B
* ORTHOGONAL PROJECTIONS

(

Let X be.a vector in a p~dimensional vebtor space L ») and let L
{m¢p) be a linear subspace of L{p) that is Llmden(D)) Any arbitrary
vector X in L'P/) can be decomposed into a sum of two vectors =

(m)

Tas+r . S R (1)

such that %_lies in L(m) and x is orthogonal to L(T?. The vector x is
called the projection of'i'gn L(m) and the vector x is called the pro-
jection of X on L\M/ where f{m) is the orthogonal complement subspace to

L(m) (sometimes designated L(m)L.) The geometry is shown in Fig. {1}

Fig. (1) P-Space and M-Dimensionai'subspacé

o~ . . . oo m)

The vector % is scometimes said to be the vector in L which is
"nearest" to X. o ' oo ‘ S

Theorem:

If % = %2 + x (as used in previous discussion) then for any other
vector ' '

T8



APPENDIX C
DIFFERENTIALS AND GRADIENTS OF
BI-LINEAR AND QUADRATIC FORMS

A bi-linear form is here taken to be a scalar valued {form) Tunction
of a rov vector and a column vector, that is

b= <Q.BED | (1)

where perhaps %}.s an ‘m>dimensional row vector,> is an n-dimensional
column vector and B is a mxn matrix.

If we define a vector
» = o - | (2)
then '
= <> - | (1)
looks like the inner-product or dot product of two vectors.

The differential of (1) can be ﬁritten as
ay = ( > (a’cw) 3 (1)

where the gradient of lP with® respect to the row vector < is a column
vector, that is -

(5)

Usiné.(l) in t5)

Y



If the n coordinates (ul, vy un) are independent then

3 = g ( 5 oo ﬁ)

2
aun
or _
1 auz .
N =) ot Bun A ) _. - (8)
: bu 1 oup ) - o
n
S‘Pﬁ. L] L) L) aun
u
gu”
=/ 1 - = T (9)
1 nxm
0 -

Using (9) in (6)

a(%mn}=%, S T (10)
oy / s :

The scalar ¥ is a function aiso of the column vector hence the
gradient of ¢ with respect to §> is a row vector, that is is & column
vector and di> is & column vector, hence tc have a fontraction process we

need an inner product as indicated in Equation (L). The gradient of ¢ with
respect to w> is

/"éfw)=w_'a_=w(5_a__..._@__ o (1)
W W L Bwn ) o
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anc
e =l %X (1> [1x - &l] = |{z}] (3)
Progf
Express X as
;=£+§:=§m+}' | - | | (%)

as shown in Fipgure (2}, where

- ~
X #x

Fig. (2) Minimum Magnitude Vector

By Equation (2)

r=X-x, (5)

reT=E-x) GE-%) = |7 (6)
or — 2 - — 2

)] = |]x - x {1 (7)
but

X=x+x (8)
therefore

[¥l12 =2+ % -% ] [x+%-x] (9)

=[x -x)+ %] [(x ~x) +x]
HFIP = G-%) - (R-%) +% -3



since

G-%,) -

]
It
O
o
o

therefore
.2 -2 . 2
Hell = fle == [] + [Ix]] . - (1)

By Equation (7) and (11)

—_— 2 ~ — 2 - 2
[ == I = dlx-x ||+ [{=]] (12)
since
1z - [] >0 (13)
— — 2 - 2
1% - 117 [zl
and

||;—~ §m||_>|.|3c"—5£|'f_ . | (1h)

Equation (14) tells us that the magnitude of the veetor x is smaller
than the magnitude of any other vector from the subspace L(m) to the point
at x, hence the terminology of least squares.

89



or by {1) in {11}

As before when the w’s are independent variables, then

>__a_=;’w1 ( 3 .o 3 )
W f . v ow.

1 n.
k\wn
(13)
=1 v Byt . v EE&. |
Bwl 8w2 oW
A e . e
_ B Bwl W R .
s e _ (1k)
nxm .

Using (14)

<<< o

hence the row vector gradient is given by (15).

Substituting (10) and (15) into Equation (h)

ab = <§:(§§> <:;‘:§> ) (16)

1t is clear that the differential product rule applied to Equation

.fl) yields o
- B - @ - an

v

1

when

a8 = [0]. S (18)

83



Transposing the row vector <g:to a column vector

(<i)T =;§>  ,, ; '.' _{.. {19)

and iT the condition

»» =

is imposed, we have the quadratic form

w=43_>. | . (21)

By (20)

‘@:@ S S | (22)

and using {(20) and (22) in (17)

u = {m} 4 @3@ ' (23)

The transpose of a Ixl matrix of reals, or a scalar, equals itself,

tha# is .
@ - P @

hence (23) can be written as

- @T@ . @e} - QBT " B)@ | o (25)

If the matrix B is symmetric, that is

" then

hence {25) becomes

We can "loosely™ say that if §> is a column veector (contravariant form) so
is the differential é§> and the gradient is a (dovariant vector) that is
a row vector, or

a{w) = a cees 8
o 2= .



If;:> of Equation (l) is & constant-vectqr

> > (29)
@> R '\__.,_..(30)

) . ) )

Or transp051ng 32)

then

where
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APPENDIX D

HOUSEHOLDER MATRIX INVERSION LEMMA FOR-SYMMETRIC
NON-SINGULAR MATRIX PLUS A SYMMETRIC DYAD

The sequentisl computation on a digital computer of optimal {least
squares) parameter estimstion can be derived for full rank data matrices
via Householder's Matrix Inversion Lemma.

Wnen the dsta is not of full rank, then we must utilize a generali-
zation of the lemma in terms of & generalized or psuedo inverse. Clearly
when the data is first started to be collected it is not of full rank and
we can not achieve "real time" without the "generalized lemma'.

This section derives in a manner different from Householder's

derivation that portion necessary for the sequential computation of the
generslized inverse for full rank kxp data matrices.

Consider a non-singular symmetric pxp matrix H vhich is equal to a
non-singular symmetrlc matrix G plus a symmetric dyad:B><§ times a real
scalar a, that lS .

=G + a:E><£:. | | (1)

We seek H-1 as a function of G-1 plus other simple terms.

Multiply (1) by H~l on left then

ElH=1=016+a H'}( {2)

and multiply on right by H*l (commutativity proverty)

HH™* = 1 = 0H % + %@_ﬂ‘l. (3)

Multiply {2) on right (post) by G ° L then

G“l-H"l+aHN X (%)

Pre-multiply (3) by G™% then

T ae;i><§{“l . (s)

Subtract (5) from then

(0] = s %(1- ae>< (6)
T - G'}@‘l (1)

or

[c]



for a # 0.

Define the vectors

> = H‘> | | - (8)
and <=@_l. | _ -

Transposing (8) and (9) and using symmetry property of X L ana 671 ve

obtain
carr

and .
> = (G"l)'>= G"} . ' - (11)
Using (8), (9), (10) snd (11) in (6)
(0] =><—>< . - (12)
or-

O | - | (13)

Sinece the right hand side of (13) is the transpose of the left hand
side, that is

[><] =>< | ' B “_ (1h)

we have the skew-symmetry propérty of

><’ [><]T = (o] o (15}

If the dyad is to be symmetric as required by (13), then clearlvj}>
andj§> are parallel vectors or

>=\)>B= , . - | _ (16}

By (5) and (10) |
gl =gt aG“%@'l (17)
Lol a.G“’>< - ' (18)

By (16) ana (18)

7t =gt - a.G"><b€_lB (15)

l

=]
I

a1



By (1)

He=G + §§><i£

By (1),(2), and (19)

Hlo=1= [0t - aGiE§><§§LlS][G + a}><§3
I = goL +'§G*E§><§:Qjas;ff><§§'; aQG:E§><§§-

or

and using property
eet =1
snd associating terms in last term of (22)
2&“?3><§§"f}><5; .
B ED

w

1}

we obtain

I=1I+ é;§5><é§; ;;aﬁ - a28<ﬁ§_33>].

fﬁ>€§:5. o .

(23)

- (2k)

{25}
(26)

(27)

The scalar coefficient of the second matrix term of (27) must be zero,

or B must satisfy

0=5- a8~ a" <§§if§>8
. a .= af +-a28 <§§df§>~ . :
l=28+ a8<§§f%§>
1= 6{(1+ a.<§éifﬁ>)
or

8 = L

1+ a<ﬁé‘f§>
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'“:(29)

(30)
(31)

(32)



Using (32) in (19)
binn E @ = [c -u-><]_":L o (33)
- a@ . Ce
We may factor out G+ 33) : Co : :
K = @@ ], e

One ‘may perform a proof _x_executlon by multzplylng Lquatlon (3k4) by
Equation (1) to obtain the 1dentity natrix.
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