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ABSTRACGCT

The Euler angle rates and the Euler
angles relating two moving hases are
derived in a novel wmanner in a vector space
setting. The relative angular velocity
vector is expressed in a non-orthogonal basis
(along the rotation azis) with a time-varying
metrie. The angular velocity vectors are
projected onto the duasl basis to the non-
orthogonal get of bage vectore, tThus mapping
the Gibbs vector representations to transfer
matrix equations. Twelve tables of matrix
rotations between the base vectors and the
Euler angle rates for the six successive and
the six repetitive types of rotation seguences
are presented as an ald to the design engineer.
Exemples of application to flight dynawmics are
shown.






INTRCDUCTION

A distinguishing feature of asro-space vehicle guidance and control
problems is the necessity of inter-relating information, the description
of which is only available in terms of many different frames of reference.
These frames of reference are, in general, rotating relative both to each
other and to the reference frame selected for the description of the
behaviour of the complete system. Recognition of the need to systematise
the process of change of reference frame was one of the reasons which led
many engineers to adopt compact matrix representation as & means of handling
the equations governing the behaviour of complex dynamical systems. The
use of matrix techniques greatly reduces the burden of detailed algebraic
manipulaetion since the process of change of reference frame is reduced %o
8 single matrix operation and repeated change of reference frame is accom-
plished simply by rouvbine matrix manipulation. Tn many cases an application
of the elegant and powerful theorems cof clegsical matrix analysis enables the
general properties of a system to be deduced with a minimum of effort.
Furthermore matrix methods allow; in general, a better appreciation of the
relationship of wvarious subsystems to the system as a whole.

Fondamental to the synthesis and analysis of flight systems are the
flight simulators, a significant portion of which is generally concerned
with Euler angle and Euler angle rate computations. In general there are
twelve gdistinet rotabion sequences, six of which are repetitive sequences,
and six of which are successive seguences. The kinematics of gimballed
bodies such as stabilized platforms (on vwhich are mounted gyiros, acelero-
meters, radars, star trackers, or other sensors) are described in terms
of gimbal angles and cne of the rotation sequences. Thus, depending upon
the characteristics of the system under study, one generally hss a simu-
lator in vwhich any mumber of the rotation segquences are being generated
simultaneocusly.

In this report, the transformation matrices relating the inertial
angular velocities of two rotating reference frames to the Euler angle
rates between the two frames are derived. The derivations differ from the
classigal approach in that the three rotation axes are considered as s
set of non-orthonormal base vectors. As the gimbal angles change the metric
for this non-orthonormal space changes, that is the angles between the base
veebors are varying.

The connection between two sets of base vectors may be written in
matrix form as



ry dz3 diz dag v ¥
ra = dzy daz Geoa o rf

ra da1 daz das fa

If the base vectors are not orthonormal, then each set has its corresponding
reciprocal set of base vectors, e.g., ¥ > with the following property:

% R
-f LI ?‘* = ?2 S (?l*, ‘fz*, ?39 =
Ts

(5, Tk ByoFak FauTa¥ )

Foofot Torfgt  Taelog* | =1 (2)

\ Tgefy# Tgrfpr Taelak

As will be shown by introducing the scalsr dot product (a special inner
product) and the reciprocal base vectors (the basis for the dusl space)
the scalar elements of the matrix of Fquation (1) can be evaluated.
Operating on Equetion (1) with <« <T* on the right end using Equation (2)
one obtains

T>. <H=0D . (3)

Matrix methods are extensively used to achleve a change of basis in
linear vector space theory. An extension of these methods to a change of
bases between time varying bases and a simple systematic method for
achieving this is the alm of this paper.

The classical dynamics expression for the angular velocity vectors of
two rigid rotating reference frames is

T, -G+ B ®)



where E} and EE are the inertial angular velocity vectors and o f

is the relative angular velocity of the T > basis _with regpect to the >

basis. If r > and T > are orthonormel bases and n > is a non-~orthonormal

basis with the three unit vectors along the three rotation axes associated
with the Euler sequence, then Eguation (4) can be written as

<rwr>=-\n¢rf.> + <fu3f > (5)
where
EJI‘ = Wy Ty + Wo .5:'-2 o g ?sE(nf Li}r> B (6)

The above vector equation may be mapped to a matrix of scalar equations by
cperating with r >+ , hence

W >=T > <nbd _ >H+T > <Fw>. (7)

The conventional method for solving for the three Euler angle rates is

to invert the matrix r > + < n of Equation (7). However, ¢rf:> can be

obtained directly by projecting the vector terms of Equation (5) onto the
n* > base vecfors, hence

= ¥ . - - . F ow .
¢rf > =t > <rw, > n¥ > < T e > (8)

One may solve for W, > i a similar manmer, thus
w_>xf>-<rwr>-~'f">-<n5> > . (9)

Tn the three equations (7) through (9) there are six square matrices
having secalar product elements. Since there are twelve different rotation
sequences {Buler sequences) discussed in the paper, one has seventy-two
matrices toc consider.

The method For deriving the six matrices associated with one rotation
gequence is presented in the paper, The six matrices associated with each
gequence for all twelve sequences is presented In the tebles. These tables
are very useful in the design and analysis of aerospace flight systenms.



I, TRANSFORMATIONS BETWEEN BASES

Some of the well known properties of transformations between ortho-
normal bases are derived in this section. The transpose of Equation (1)
may be writien as

<r =<fD. . (10)
The direct product of Equation {1) and Equation (10) yields
T>.<T =D T> <ID, (11)
or
Mon = Dop Mep D - (12)
If the metric matrix of the two spaces are equal, that is
Mep= Moy (13)
then Mrr is said to be a congruent automorph of M%f, i.e.,
Mpp = Dpp Mpp Dpp (1)
For the special case of orthomormal bases
Mff = Mrr =1= Drf D%f (15)

hence transformation matrices between two orthonormal bagses are called
orthogonal and their inverses equal their transposes.

Woen f > and r > are orthonormel bases the transformation matrix D

is a matrix of scalar products as shown by Equation { 3) because the rf
fi and, fi* are identical (self-reciproeal), hence

Dp = r>*<«<T = [;i . ?j}m-[cos (?i, ?j) ] = [rij] (16)

and the matrix is called the direction cosine matrix.




The matrix of scalar products is designated by Mrf to distinguish it
£ It is only for O.N. bases that they
are equal. Using this notation, Equation (16) mey be written as

from the matrix of field elements Dr

1 0 0 ry1 Tiz Pis rii Tzi Ts)
010 = | rp1 Tpg Tas iz Ypz Yap . (17)

0 0 1 Tl Tsz Tas r13 Tos Taa

The transformation matrix orienting one O.N. basis r> w.r.t. a
second O.N. basis £> may be written as

r >=M_ (%) M, (92) My (02) T >=M . T> (18)
or upon transposing
= o ot
LT =< MI‘f . (19)

The three rotation matrices of Equation (18) are

1 0 0

My (¢£) = 0 e¢ so¢ (20)
ND «z3d o
cd O «s¢

Mo (¢£) = 0 1 0 (21)
sé 0 co
cd s8¢ O

Mg (95) = |[=8% co O (22)
0 0 1

and % Lﬂ=]q 2, %) rvefers to the first angle of the robtation sequence,
the second and the third angle respectively.

>



It is well known that for any one of the six successive rotation
sequences (that is, 1 £ J £ k) that for small angles A%,

1 Aba SrALTY
T >= | -Atg Sl Al > (23)

A¢‘2 'A¢'3_ 1

where Ad; is the small anguler motion about the ry axis, A¢s is the
small angular motion about the rr axis and A®s ig the small angular motion
about the rz axis. Zgquation (23) may be written as

T >= (I + sz) T > . (k)

There is an abundance of literature on the rotation sequences and their
properties with kinematicel applications to the rotating reference frames
necesgsary for missile and satellite design.

One reference frame may be uniquely oriented with respect to a second
reference frame through three ordered angles (Euler angles). The Euler
angles frequently encountered are of two Types:

(1) Successive Buler angles in which none of the rotations are
repeated, e.g., Mz (03) Mz (03) My (¢1). "The first rotetion is sbout an
axis of the one (initial) reference frame, the third of the ordered rotations
iz aboul an axis of the other (final) reference frame, and the secong
rotation is about an axis normal to both the first and third rotation axes.

(2) Repetitive Fuler angles as used in classical mechanics in
which one of the three angular rotations is repeated and & line of modes is
established, e.g., the three orderved rotations might be first a rotation
about the initial fs unit vector, second a rotation about the new r; unit
vector, and finally a rotation about the new Ts unit vector, i.e., My {¢g)
My (¢2) Mz (¢1). In missile paralance one would say a yaw, roll, yaw
rotation sequence.

Example of Successive Buler Angle Transfornatioh Seéquence

Consider, initially, that the two 0.N. frames r > and T > are aligned,
that is,

r >=F> . (25)



_The r > base vectors after the first rotation about (as an exsmple)
the f; axis are given by (linear dependence property)

ny = ri 811 812 a1 big)
Tzi = 8p1 8p2 823 fa . (26)
‘Tal 431 2az 2aas fs

The vector n; 18 one of the vectors of the set n > and are of
wnit magnitude but not an orthonormal set. They are unit vectors about

the rotation axes as shown. They will be defined differently for each
Buler sequence.

The elements aij are the scalar coordinates of the three position

vectors T11, Tor, Ts1 in the T> space as shown in Figure (1).

rasy %1

Figure 1

Plane in which Rotation Angle ¢zis Measured
for Rotation aboul £ for sequence M521=1be

The vectors rs; and rsy lie in the Tz, fs plane and the angle ¢ , is
measured in that plsne. A1l angles are positive as conventilonally assoclated
with right-handed reference frames.

Operating on equation {26) with + « f, one obtains

Ty o T1 Ty . f2 Ti1 . Ta
El - T o= 'I'Tgl . ?3_ "I".gl ' -fg _1“-21 . -fs = A (27)
Taz . f1  Ts1 - fz  Tsi . Is



Tt follows from figure. (1) and equation (26) that

-i‘rll = El 1 0 0 .fl = -ﬁl
Te> =l Toy = T2 | ={ 0 ety =9, T . (28)
\-3.:31 0 mSy cdq 'fa.

If the second rotation is about'the number two base vector aflter the
first rotation re;, then by similar analysis one obtains

;12 G¢2 ] -S¢2 -1:13_ = “IIl
;25 > .I_"ga = EE = O 1 ) 0 ;21 = .1'1'2' (29)
Taz = Na 50z 0 codo Ta1

where ¢- is shown in

Figure 2

Plane in which Rotation Angle ¢p is
Measured for Rotation about rp, and
Sequence Mspy = N%b

N i

8



If the third rotation is about the number three ba.se vector after
the second rotation Taz, then by figure (3)

’

Taz = Taa = -68 - {30)

cdg 8dg 0\ [T
.= -1 cdn 0 ;aa = Dp (31)
0 .0 1/ \TFez=5s.,

Figure 3

Plané in which _°a is Measured for
Rotation about rap and seguence

"321 = M&"b

Defining the Ta>bases after ‘t:he third :-ota.t:l.on as the r>bases,
that is-

Toe>mT> | | | (32)
one ohtains the resultant bf the three rotations
T o= Ma (0n) Mz (02) My (02) T > . - (33)

.



The product: of the  three matrlces of egquation (53)-for-the=sequence
of Equation (33) 1 - .

ry choChy  COg8dpsd; + S0zCh;  -8065001C0s + 50380

fl4
To = | -50500p «50a80550; + CozCly 50803001 + COaSe) fz
;3 : ) sbs ' —E¢3_C¢2 CooCdy ?3
' The matrix orienting the n > basis (unit vectors along “t;he non-
orthogonal rotation axes) with respect to the T > basis mey be obtained
from the geometry of the Ffigures and defining matrix equat:_ons "By Equat:.on
(27) |

ny = "fl + O'fa + O-fs

. (35)

By Equation (29) end Equation (51)

ne = Eel = ;22 = C¢l§2 -+ sd)l"i_’ 3 ° (56)
By equations '('31) and (54)
Tm = Ty = B0sF1 - s01c0aFs + COpcdiTa . (37)

Tn matrix form Eguation (35), (36) and Equation (37) become

ni\ 7 1 0 0 N\ /Ty
-.-2 =l 0O chy Sl¢'l. ?2 < (58)
E.a $o -'del.c‘b.g C¢2(3¢'_"!_ ‘fa

The total number of the successive type Euler angle transformation
matrices is given by the permutation of the three matrices My, M, Ms,
taken three at a time (no repetrhions) or six. Designating the resultant

direction cosine mabrix of equation (18) as M [ p» One may vwrite for the six
successive type rotation sequences

Mp= Meas = M].S_.?-.:—-"’ Mog1 = M213h:=-‘-Mszl = Ma12 (9]

10



where
M. = Mkjiz Mk(fbs) MJ.(¢2) mi(d»l) (i A34FKk) . (l;q)

The angle, ¢, is always measured in the plane normal to the first
rotation axis n3, and 1s not the angle measured about the fl axis except
for the cases in which the T, axis is the n; axis. Similar remarks
hold for the meaning of gg and ¢5. The motivation for this convention
arises from the desire to expressg the components of the relative angular
velocity as a triple of numbers in the n > Dbasis, i.e.,

a— L] —

& . T > = b0y + bphp + dahg - (41)

The following convention is adopted. The sequence of equation (4O)
will be designeted as {1, j, k) meaning the first rotetion is through an
i-type matrix, similarly for J and k. The corresponding matrix Mk 1 :
uges the reverse ordering on the subscripts to conform with the
order of the matrix products.

There are also six repetitive-type Euler sequences given as

M, =Mea: =Msi = Meiz = Mesz = Maiz = Mazs (k2)
where

The twelve rotation sequences given by equations (39) and (42) have
twelve dlfferent asgociated non-orthogonal reference frames to be designated
by n >. The n> base vectors are wnit magnitude vectors lying along
the rotation axes. Fach different sequence hag a different set of rotation
axes. TFor the sake of simplicity of notation, only cne successive type
sequence is used as an example. No destinetion will be made between the twelve
n bases from the point of view of motation but it should be remembered
that they are different axes. The n;_ vector is defined to be the axis about
which the first rotation occurs, the ny vector about the second; etc.

The matrix orienting the n > basis with respect to the r > basis may
be obtained in a similar manner.

By equation (34) and (35)

ny = Iy = C¢2C2¢3_IT;|_ —S¢3C'-¢2?2 + S@g-fs P ()-{-}-P)

11



by equation (31), since Tig = vy 8nd Tpa = I'p

np = S‘_”S?J. + cogTp (45)

and by equation (37)

o

T =Ts - (46)

Writing equations (L&), (45) and (46) in matrix form

ny ¢ dchg -5 ac i 8 dn T
T = 50 oo 0 T |, (47)
Tis 0 0 1 Ta
or
B> o= DT> . | (48)

II. TRANSFORMATIONS FROM DIFFERENTIAL EQUATIONS IN THE DIRECTION COSINES

The direction cosine matrix is usually needed to transform information
fvom one 0.N. reference frame to another in physical systems and in system
simulations. The elements of the direction cosine metrix mey be obtained
from e solution of a system of FPirst order differential equations in the
direction cosines. Mechanization of such a scheme in a vehicle-borne computer
requires integrations and initial conditions and instruments for sensing
the components of the inertial angular veloecity vector of the two reference
frames.

The direction cosine matrix orienting the > > frame w.r.t. the £>

Trame is
r>e M F> (49)
and _ ] -
fo=M, T . (50)
i



Teking the time derivative of equation (1) as observed by en inertial
cbserver

r>J:Mrff>+Mrff> . (51}
Since r > 18 & basis, the three vectors T > nay be expressed as

E'-'>=n13>. _ (52)

To evaluate the elements of the matrix of Equation (52), consider_
the orlentation by the r > vectors st t plus At with respect to the r >
vectors at time t, then by Equation (23), one obtains

B(b+at)>e(Ies,, )B(t)>. (53)

Passing to the limit on At, Equation (53) yields

B\ [0 w w) (5
Bz |= |-ws O Wy T2 (54)
s Wg =g O ba
where
_ : t;. ] AS Y
Wy -A._;f;o_-_-i , (L=1,2,3) (55)

Bquation (54) may be written as

>m 8, 7> (56)

ol

and similarly for the T > basis

s> “=B,s 1> = (51)
Using Equation (56) and Bquation (57) in Equation (51) one obtains

sar'f>-i(rf?> M 8 0 T> . (58)

2



angles orienting the two frames.
orthogonal rotation axes and the reciprical bages.

Operating on Eguetion (58) with -<F

Mpp =By Moup = Mpp Syp

or in open form

F11 Tiz Tia) 0wy, ~wy |\ [Ti1 Taz Tis
P2y Yoz Tos | = - 0 @ ., rp1 Tzz Taa
a1 Fsz Taa Wy, U 0/ \rsi rsz ras
ri1 Tiz Tis 0 Wep  ~Wpp

- Tey Tez Tza “Wze O Wp
ral Tas Tas “bfrwlf 0

\

Cperating on Equatidn-f58) with - < T one obtains

oo i
S wr Mrf Mfr + Mif 8 o Mor

III. EULER ANGLE RATE EQUATIONRS

(59)

(60)

This section develops the relationships between the inertial angular

velocities of two rotating O.N. reference frames and the time rates of the
The derivations are based on the non-

The angular veloecity of the T > frame with respect to an inertial

W =Rt
b rf i

frame may be expressed as the angular velocity of the T > frame w.r.t.
an inertisl frawe; i.e.,

(62)

The two inertial angular velocities of equation (62) may be expressed

in their respective frames as

fa—

wr = <wr r >=_,.<rwr >;

(63)

(64)



The relative angular velocity w o DRY be expressed in a non-orthogonal

reference frame n > as

Wop = < 0pp B> a<Bhe > (65)
where the unit magnitude vectors n > are taken along the rctation axes.
The set n > is different for each Euler sequence. Consider the example
of section I. where the ordered sequence corresponds to a first rotation
about the i‘l = nl axis, & second rotation about the  Tp1 = Dg (I‘g after
the firet rotation) and a third rotation about the rs axisg,

The three components of the relative anguler velocity vector e
about the rotation axes n > are shown in Figures (1), (2_), and (3).

The vector-matrix expression for equation (65) is

Operating on equation (66) with <n¥, yields

. — —_— ) . ___*
< ¢rf = < % Mrn*- < Y Mft‘n* : (68)

The matrix Mf LOF equation (68) is the inverse of the transformation

matrix of equatiof~( 38 ) orienting the nn > basis w.r.t. the P> basis,
i'e. ,

n>=D . T> , (69)
hence
I =D T>.<n* (70)
oxr
D. 7t =F>.<a*=n (71)
nf ' T

15



The inverse matrix D;é of equation (71) is, by equation (a-20)

-1 kfr
D 5= = 2dj D, » (72)
W

but, since the T > vasis is ortho~normal,

ky = 1 (73)
and by equation (a~14) it can be shown that

kﬁ_ = cos 65 , : (7h)

hence by equation (a-21) for the adjoint matrix

Ccoho 0 O

-1 A

Dr = Zog S9189 Cozchy =80y M, s (75)

~CcPr80s; SPyC05 ety

In a similar menner the matrix M_ . of equation (68) is

HC¢3 S8dacde «Cizsds ]
w1
DrJ_I’ = Mrn_?-a-a;- =S¢n cdoCds 892803 (76)

0 0 0

Utilizing equations (75) and (76) in equation (68), one obtains the
matrix equation relating the Euler angle rates and the angular velocitles of the
r > and f > frames w.r.t. inertial space.

16



1rf [ cog -s¢g O “r1

¢2rf S ;-s¢3c¢2 coscdgy O Yrp

. cop 3 .

¢5rf :-C¢35¢2 SPn80g C¢:_:_>: er

cds 8¢159p ~CP; 805 wfl

- 0 chocd sé,c¢ W
2¢%1 2 0 % . (77)

0 =17y cdy u%5

Bauation (66) can also be solved for <w, by operating with'<T ,
noting that r > is ortho-normal;, i.e.,

W = < b . nN>.LTHCW T >, <1 (78)

>+T > . <Tw, > . ('79)

_  The matrix n > <T is the matrix of equation (A7) and the matrix
r > . <1 is the matrix of equation (38). Substituting these into equation
(79}

et ey B¢y O ¢lrf

w 1 .

2r = m “SPacéds cody 0 ¢2rf D W S (80)
. rff

% 7 st 0 1 o

Arf -

The singularity occurring when the second angle becomes equal to 90°©
for the successive sequences is again observed in equations (77) and (80).
The angular rates corresponding to equations (77) and (80) are given in
Tables (1) through (12) for the twelve rotation sequences.

In system simulation models or in system design it is quite often
required fto solve equation {77) for the Euler rates agguming that the two sets
of' inertial angular velocities w, > and w, > are knowvn--measured by gyros or

other sensors or computed Trom the simulated dynemics. Equation (80) is

17



useful in problems in which one set of the inertial angular rates
are meagured or computed and the relative-angular rates sbout the rotation
axes are nmeagured with tachometers or other instrumentation.

It is of interest to consider the description of the reciprocal base
vectors m¥> in the T > and T > bases regpectively. By the linear dependence
property

x> = Dyyr T > (81)
and _ _ _ _ l/
n¥>, <f=dy.= (> .<mi). (82)
By equation (71) |
-1y,
Doy =D . (83)

Transposing equation (75) and substitubing into equation (81), one obtains

ny cds  $9180s -850 Ty
HE* = O C¢2Q¢‘J_ S¢lc¢2 —f-2 . (814-)
D 0 es0p coq \ Ts

In a similar manner

:ﬁl* GO C =8P ~ChaBPs Iy

. i (85)
N fas 80500 CPoldg B80n505 I'e :

N wChzS0s O coo Ta ¢

The well-known vector equation relating the angular veloeities of
equation (62}, i.e.,

G = B -G (86)

may be succinctly described for the twelve sequences as
°

W p= 02, + Ragrjl + 97, = < ¢n > (87)
where i, j, k are
successive: i =1, 2, 3, 1 £ j#k (88)
repetitive: i =1, 2, 3, 1 =K#d' : (89)

18



The relative angular velocity vector for the six successive sequences
is:

(l, 2, 5) Er/f =é’l§l +¢2_1.’.23_ +¢3;3

(1, 3, 2) =0 Ty + 0oTay + 0pTp
(2, 1, 3) =0, Fp + 9571y + Gara
_ L L L (90)
(2, 5, l) =¢lf2 3 ¢2r31 + ¢31‘3_
(3, 1, 2) mq?l-fg + ¢2;ll + ¢3?l;2
(%, 2, 1) =01Ts + OpTpy + G5T1 .

The relative angular veloeity vector for the six repetitibe gequence is:

(1, 2, 1): W, = 011 + &@523. + i:;?l

(1, 3, 1): = 017, + 6pTay + 0Ty,

(2, 1, 2): = :a»l“f'g + ;Da?u + éss}*e

(2, 3, 2): = :bl?g + {;2}'331 + c}>3'£2 (91)
(3, 1, 3): = fpl“f's + éa,jll + ;3;3

(3, 2, 3): = $1§é + éé;al + $5Es .

T¥EXAMPLE OF. APPLICATION

A brief example of the application of the vector-matrixz methods
of this paper To six degrees of freedom rigild body flight dynamics is
presented below,

The velocity vector of a flight vehicle expressed in body axes D >
may be written as

7 =<u% > (92)
and the time derivaetives with respect %o inertial space is
T =<u’® >- <ub > . (93)

19



The three translational degrees of freedom of the rigid body are given
by

my = F (94)

Utilizing Equation (54) and Bquation {93) in Equation (9k) and

transposing that result one obtains

m

7 = <b {{l > "Smbu>} ~SD L2 (95)

In & smmllar manner the system angular momentim may be written in body
s Db >a

H=<bh> . N (96)
The rotational dynemics expressed in the b> basis is

ﬁ=<3{h> mwa_h>}=<=5T> : (97)

Equation (117) may also be written as
o> = T smblbu1b>+1;15rs:> (98)

Suppose one desires to obtain the anguler orientation of the body axes
with respect to some arbitrary rotating frame say T > . In perticulsr, £ >
way be stable platform axes and the Euler angles and thelr rates correspond to
ginbal angles, or f > may be some ground filxed reference frame rotating with
the earth, etc. :

The Euler angle rate equations for the sequence {1, 2, 3} are given by
Equation {77)

cédg =S o ﬂjﬂbl
8d32%s L L0RN o} wba
O Pas 0 50589 cd
3802 289%3 2 qu
obs 8¢189s ~C§139p “%lm
1
o EE; 0 cdzcdy sézcdéy mfa (99)

LAY N
v

The system block disgram for the sequence of Bguation (119) is given
in Figure (4).

In general,;, for any one of the twelve seqnences,'one has merely to
select the sequence from tables (1) through (12) and utilize for the gemeral
Euler angle block of Figure (5).
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| Thé' three first order matrix equations Equation {95), Equation (98)
and Equation (119) mey be written in state-vector form as

}.c> =M {(u>, W >, 0> W, > > T3>) | (100)
where }.i = u > _

;:b> . | R (101)

o > : '

Clearly the sbove equations are non-linear.

The elegance of these vector-matrix methods can be contrasted with
the conventional form for expressing the rotational dynamies of a syngle
rigid body. The conventional form is ' :

Tp10y + Isrle + Tighs +upws (Taz = Ipp) + wwz Isy

- Wiy Ipg + Ina (W% -wp®) = t3

Ioolls + Ioifn + TIpabs oty (T1y - Iss)

Hopws T1p-WoWy Taz + Iis (we® -wi® = 2

Tagbls + Tai@y + Isale +nwz (Ios - Iyz) +wswy Iss

~wate Tpa + Tzz (0% -w? ) = tg .
The vector matrix form is
T11 T12 s wy /0wy -wg\ sIiy Tiz Ligy /o1
Iz1 Izz Y23 W | =~ { ~ws O w1} Ima Ipz Iz W2
Izy Isz Yes Ws wp =wy O Is1 Iaz Isg \ Ws
Ty '
= | %2 - (102)
Ta
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The latter matrix equations retain the gystem inertia parameters Jumped.
in the inertia matrix. (learly these matrix methods allow the design engineer
to better visualize the functional relationships between his variables.
Furthermore, the matrix equations can be easily cast into the powerful state-
vector form. :
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APPENDIX A

The vector-cross product of btwo vecbors in non-orthonormal bases
may be writien as

B XRe =<y T>X<Fz> (a-1)
where

Ri= <Fy>=<yf> (a-2)

Re= <fz>=<z7T> (&-3)

Consider the squsre matrix T >X< T of Equation (a-1), %.e.,

[} P XTa T XTs
,f > X <? ﬂfa X -fj_ 6 ?2 X ?,3 (8.-4)
FaxTF, FsXFs O
where
T, XT, ==f. XT. . (a=5)

Then Equation (a-1)may be written as

(Ta X Ea) O ys =¥2\/21
ﬁl X —Rngm - wfa X -f”l . =¥ O Ya 2o s (3—6)
1 X Fg Ye =yi. O %3

It is shown in reference ( _ ) that the reciprocal base vectors b¥>
are relsted to the baze vectors b > under the cross produeht-operation by
the following

T Fo X Ts
¢ = K | TaxT | . (2=7)
T FL X Fn

where Kf; is the volume of the base vectors, i.e.,

Kfv = Ty * (Tp X Ta) (a-8)
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Appendlx A

Using Equation (a~7) in Equation (a-6)

'ﬁlzc_ﬁg: K_i<?c‘-* Sy'z > . (a=9)

The scalar product of the vector‘ﬁl X Ro of BEguation {a-8) with a third vector

< x T >is
'ﬁe-("ﬁlxﬁg)=<x"f'>.<'f*syz>xf, . (a=10)

The reciprocal base vectors have the property

T>. <%= I (a=11)
hensce
Rs - (R X Ra)=<x S§ Z > Ki. . . (a=12)

Consider the mepping between two arbitrary basis

ry frarrizris \ [ Ta
" T2 = | rey Tze Taa fa ==Drf%;7 (an13)
Ty rzl Yasz Ias Ta

by Equation (a-12),
9] Toag~T'z I's

Ki =7y . {Tp X Ta) ==K£ (r11, Tiz, Tas)
I'ee ~Tz1 Tz

or
Tog I'sg ~ Taz Tes

K$== Ki (riv, Tizs r1s) | Tas Tsi - ¥zl Tss _ (a-15)

ol Yag = Tzl Yoz

The gecalar equation resulting from the above matrix product is seen
to be the well known determinant of Drf expanded about the first row,
hence :

Ki= lDrf l K- . _ ;I(a~16)

"
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The conventional inverse of a watrix is

D—l . adj Drf

rf _I]—);;[— . (a=17)

Operating on Equation (a-13) with .£7T ¥

I=D,f >. <x# | (a~18)
hence

L. Fa, T . (a~19}

rf

By Equation (a~17), Equation (a-16) and Equation (a-19)
a5

Drf B

adj Dr s o {a~20)

i

'1 The adjoint matrix by Equation {a-20) and Equation (a~19) is

ad) D, = £>.<r¥{ D, | . (a-21)

The adjoint matrix is also expressed as the transpose of the matrix of
cofactors,
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