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. The techn;quas are applicd to the Gerivation of equations
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‘Matrix methods applied to the vector, dyadic,; and polyadic
analysis of Givbs' simplifies the ¢ransformations encountered in
deriving matheamaticel models of dynamical systems in moving beses.
Tne matrix methods eliminate the need for menually tracking hordes

of tedious indicea. : . W aa
e ' : g}uﬁ ;

of motion of flight eystems in ortho-aormal a8 well as non-ortho-\
nnrmnl mnving baaea. et T L
) 3, a.,};‘é‘, ot . e e =ty F
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INTRODUCTION

Dyramical serc-gpace Ifiight systems are characterized by nmovipg
bases, many of vwonich cceur neturally, or least expensively, as non-
orthenoraal bases. Theoretically conc can elvays utilize a Schmidt
orthogonalization process end obtain an C. N. basis. Thus most tektb@pks B
eliminatc early in thc peges a dlocussion of non-orthonormal moving ' PR
base However, from o computer mechunization rtandpoint (whetber flight
borne or laboLatory) this :ay not alvays be the bvest thing to do. _
lience a resexwination ol convenbionsl transformation techniques should . iR
be nede witli compuiecy secthanization in mind. ; '

In the opinion of the author the clas sical reuresentations of
vectors end nio *1"(‘U ond thelr applications %o physicel problems of . three
space leave sowething to bte desired. This section points out some Qf the
shortcemings., £ stuay of toe literature hes reveoled that one can neither
7ind e stendowdizoticn of representation techniques nor of notation, fIn
fect the study of representaiion is, and should be, actively pursued to
bridge the gap belween ¢lassical and modern anplied mathematica.

A number of ores and cons ’or the varioua repreoentations are given
below: ]

. Fondo(l9)alludc tG the irritating slowncss of the penetration of £
“ tensgr concepts to practicel circles. He claimu tHat' the tensor language
is undoubtedly the most appropriate unjifying apparatus for the systema'i#
cal and trénsparent representation of physical "and engineering sciences:

* Halmos @3) stetes that the clussical treatises of vector gpaces as S
rurzerical n- tuplef rather than abstract entlties necessitates the 1ntro-
duction of some "cumbersome terminology." Ralmos then proceeds to giVe AL
& brief glossary of what he cells some of the more "baffling' terms and
notations, such as covariant, contravariant, cogrediently, and contre-
grediently, which expreas the vhole ”tangle‘ of idecs of ‘the classical
terminclesy thich arise in connection uith Ave) spaces ond adjoint ts n
formetions (see FigLrL 5 ). :

Oravas states in thc hpplled Mechanics Reviews(l) that the success
of Einstein's relativity is wnfortunate for engincering in thet 1t has
brought on a fashion of the so-called tensor analysis, which is a cabalistic
method in the exteme. He snys it 1s nov being applied to all sorts of
engincering problems regardless of whether the nature of such preblems
varrents the application of this abstract and intricate tool in mathe-.
metics. Oraves stotes further that Gitbs' dyedic anelysis on the other
hend aveids this unnecessary abstracticn and keeps its feet on the ground
by never losing sight of the vector--provided that the vector constitutes
the most fundamental and plysically conceiveble concept in mechanicse=
since it enters Into & dyedic in & noturel way. Oroavas soys that Gibbs!



great contribution has been all but neglected by engineers in his own
country; however, 1its great pedagogical power in engineering mechanice
has been amply demonstrated by many engineers in Europe, such as
Professor Huller of Gernany and Profeasor Lure'e of Ruasia

= Drev( ) preeents some of hi=s uechniques utilized for teaching St
engineering graduste students in fiuid mechanics, heat trtntmiaaion, and
the theory of diffusionsl processes. He states that the use of tensor -
analysis in the form of Oibbsien polyadics clears away the fog of nultiple Bh
scalar partial differentiasl equatiors in which the student othervi:e . e
tinds himself vithout requiring him to lesrn a secret code. ; :

, eu one looka at the cumbersqme repreeentation of a dyadic in the
nonion fong, and all of the other verbose terminology developed around
the dyadicz as presented by Gibbs and Wills, one appreciatel why lAth >
enaticians have not popularized these methods -

. The conventiopal representation of the dyndic 1! the nonioa foﬂi
ie .. - . . . ol - &

T =t;; D1 b + t12 by B2 + t1gby Ds

+it21 b2 51 f tza-sé,ia fﬂfaa 55,53\

+ ta: ba bl 4o tsa ba ha + taa ba bs;

= %

‘Wwhere tid are acalara and 5 are basal e]ementa (base vectora)

Quite obviously wvhen one conaiders the gperations of dot product -
"or eross products on other dyadics or ventors things become quite lell o
~Also time dfifferentiation of the dyedic as reprgsented by Eq. i-(l) as 2
‘well as a change of basis becomes very_tedioua

The conventional matrix represzentation of a ecalar quadrtt!p form ,f

Q. = (Xp‘ Xo3Xs) : 81 ,‘i2 ars Xy

&2y -1-3-) -AZS I X2 ;l,j

8s; 8s2 Bas X8

vbieh when multiplied out yields terms ﬁpadratic in the scalar variablél:
x,. : . ;
i

e
Ty

+ Goldstein _ ' :

# In the modern terminology these mappings to higher and to lower
dimensional vector spaces are discussed under the headings of temsoral
product spaces. :

2
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i 3 CEmg 28 T{@”f’: h %:
.. Recognizing that the ncnion fom of the dyadic of lq. 1 (1)} is ‘:»

qnadratic in the base vectorslrather than the field elcuenxa, by'lnaloéym'
~ome may write Y s T "-?‘1' u

The v Eq. 1-(1) 18 the 61 ‘baianmv
‘_a a inear cambination of the base vectora, tha .3

f‘r S the .field e ments are . e};a.'r
.'--.‘bue elements and transformations uy' operate -on either the scs
v eluentl s the base elements or both. For example, the rni.liu'

o e e .e.y"ﬂiif
}hat is, the velocity vectorn B>
- elements of the matrix of Eq 1-(




The vector cross product has always been a bothersome thing as 2
multiplicative operator and has geperated such bizarre ldeas as
vectora™ and "axial vectors”

gseptation device for a cross product in a basls as

' by 52 D
 Ri xR - Yy Y2 s 1-(8)
T} s Za

vhich 18 peither ux arcay of veciors nor of field elementg. Equatio
{-(8) has very liitle anslytizal utility and higher order vector
products on vectors in different bmses become extremely avkward.

by dieregarding the teses anc representing only the scalar coordina
of the vector®. Thus one finds the veotor crose product designated

.either as AT " e

Y2 %s - Vs zz \ R e O
ﬁl X Ra = Yas Z) - Y1 23

Yi %2 - ¥Ye 2,

._of occanionally% as

0 Ya  -¥2 z)
Ry x Ra = -Ya 0 Y1 Z2
Y2 Y1 0 zs /.

Bquations 1-(9) and i-{10) are only valid for ortho-normal basen
and proper transformatione {no inversion of axes, etec.).

+. Halmos
¢ Heading



1 1\‘ . g &

“ ‘.[t is shmm in the paper that the vector -gross product ‘18 equiva.lent

to & dyadic dot product, hence many of the transformations occurridg: ‘in-
_ elnssical vector analysis may be expressed as & dyudic oyerator n;pp

onc vector R; to B new veetor Ra, i.e., :

“-f,_-l-'

o ; "R ’._1_ ? ﬁa n_.'!,‘ ;I' Rl) K Z ‘ { .
|‘ '.‘ D . B : .'_:._ ..' ":" —rt 'R-‘ ':{‘-..; B . . e “_ail ” 3 B - 4y vl
. T ) uher hT 1tse;f mAy be 8 function of & vector. Geonetricallg ay. 1-
L . ‘may be ‘considered as mepping the vector R; to 2 pew vector R, throudh
o 7 ;'_;ﬁu a:rotetion about sn axis normal to the plane of the tvo vectors and’ ;
3',h B stretohing parallel to the f+nal vector -".;:f . E;; T B

5 ”Transformations due to a change pf baﬂiﬂ may bg ohttined frul t t
: npecial case of Eq 1~ (ll) when the dysdic is the unit;ry dyndio, tan _

but éan»be c naidered to rotate the T
S & the trnnsronnntion dyadic merely stretches the veotor, that
ps_the Yector ﬁl to a parallel vector )\ﬁl a8 shovn in Eq i-(lﬁ);

asis.

‘the conventional texts discuss a change of b;aia by thel

of the mnemonic device of Fig (i) N i
'.‘I 24 } b, i
: - ’ ¢ 2 gy
o ? f R T Ta.
I 5 LBy by iE bia | Thas R
{ e s = ‘
o
o

,



Most of the modern texta on lineer vector spaces or dynamics ai well
a8 the mero-space indusiriea technical reports go one step rarthor and
expresa the trans‘ormatk¢n in matrix !orm, i.e.,

By Ly: By Dia ry

b » bas b2 bas ra

o |

T / & e, byg  bas rs
\

Us'og Ug. 1-{14) ¢oe car vch:~ve goord!inate trnnsronnstione due >
& changz of basle by elzsnreic #udrlibutlen as discuesed in the pl@ernﬁf;'

A literatire scaran has revsaled that very few authors do mueh ﬁbra
than coordizete Lesns“ormatizte wivh he expression of Bg. 1-(1k). _
actuslity Bo. 1-{1.} oxaidbity very [ide analytical properties ae 14. to A
te shovre in vhe paper. Eguation 1.{15) i3 3 zwecisl case of the reprelent-
ation of & 1 x 1 dyerdle ss8 an ordered - n - ‘tuple of vectérs, the ahalég
of the represestatiosn of 2 1 x Veutox az an ordered n- tuple of sollhri.

Tt 1@ felt thet the satriz representatxon terhniquet QQVelOFeifiﬁ”'
. this paper will make ths olassical vedtors end dynamice of Gibbe mére
- palatable to wmodery mathematicians. Above all 3% 18 hoped that the .
technlques preeestei im the paper vill prove veeful to the applied - :
theoreticiens pérformming LranmsTormationa in woYing noa-orthogodal bld! ol
with computer mechanireticns in wind. The representetion techniques, the
slgebraio subztitutlon - like Lrensfurmatfon rulem ad presented heral R
seem 30 #imple and netursl thal surely other worlars must have utiliged oo
then aceordivgly  However ths suthore have mol foaad & mingle paper of 7 o
text that attempt=d Lh unrify Ly elicving tYhe sxacl SRR nge viiich take ;ﬁ? .,
veators to n- tupler of scasnrs, dyad;as to n. Luples nf vecbers ar to. .
gquare matrices of scalays  Parbapa 1015 (o duv In part to the faot thEy
vary few madern texts op linaar epsues snd modorn wlgebra &fe 1ntarelt¢d
in dynamicae) mathematica! syefespa lp whil .k the Lesn Veotors are varxing o
in time and mppuce. :

The direct mappirg of the venior-dyadic e;;vt_ur of dyn\mical
pystems o watrlz of sqglar oquatlons auggesta the direoeb muohaniaatiﬁp
of the matrix eguatinng on cosputers. Hni,.i apa oy sonputers should hu
degignad f{o handle the vast numbar of [11ghs ynt 1 ainciation dtudises

required throughoul the coun'ry. The Fuler Angle TransPopnatian Gmﬂpute?
(B.AT) deeigned (or the Flight Bimula'ica urr-?t; ¢y ul White (Janda
Missile Hange 1a 8 [irsi step ify bhis diraction. b33/ :

&



YECTORS AS PRODUCTS OF A MATRIX OF SCALARS AND A MATRIX OF BASE VECTOéS

A-set of any ebstract elements that satisfy the postulates of a
vector space shown in Figure (1) are vectors. The "barred” vectors

(e.g., R) of physics and engineering are the most familiar to many
technical people. .

One of the most useful modela of an abstract vector gpace hes been-
the geometricdl medel of three space. The set of directed lines from a’
reference polnt as origin to every point in three space and the
parallelogram rule of combination constitutes a vector epace. The set
of ordered n-tuples with the usuel addition 0perator is another example
of a vector _space. . -

The term vector in the remainder of the report is reserved for the
classical "barred"” vector unlesas otherwise noted.

Let [ fy, T3, Ps ) Dbe a cet of base vectors® not necessarily
orthonormal, (0.K.)Y belconging to a linear vector space over the field
of real pnumbers. Then geametrically the position vector R of every point
vith regpect to an origin can be considered 86 .

S LSy T [ g
R o=y £ +ya %5 +ys fa. 0 (1)

.+ If vectors £, £o, ... fﬁ in & vector space V are linearly 5
independent end span V they are said to form a basis of V, (throughoutf
- this report the term ' reference frame" 1s used synonymously with the ~ ==

term "pbasis".) A vector space V is said to be spenned by vectors
8y, Bz, +-» a, if (1) (ay, .-. a ) lie in V and (2) every vector in V.

16 a linear combination of &y, &3, ... e, - A. finite number of vectors

' 8y, 8z, B a are sgaid to be linear;y degeudent w.r.t. the field of

real numbers if there exist real numbers 8y, 82, .-. an not all zero such
that alai + Bply + ... + & a = 0, The vectors a; L;, a are said

to be linenrhutdependent if they are not linearily dependent

f Mutually orthogonal unit vectors.
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As shown in Figure (2), the superscript T on the coordinates y £
i =1, 2, 3, indicate the b881s to which the coordlnates are
referenced

rat

Figure 2

Components of Position Vector R in a
- Non-Orthogonal Reference Frame

Equation (1) may be rewritten as
- IR - £ .. . f
R=<}’;,Y2;.‘ia > T2 =<y £> =<f y> (2)

eince scalar multiplication of a vector cummutes.

The right hand side of equation (2) will be referred to as the
vector-matrix representation of the vector R. The elements of & matrix
(defined as an array of abstract elements) are by no means restricted
to be scalars. In fact allowing the elements {o be scalars, vectors,
dyadics, n-adics, ard differential operators leads to very interesting
results.




As indicated by Egq. {2) the symbol > means a column (3x1)--read
three row, one column--matrix. A column matrix of scalars and a column
matrix of vectors are dezignered respectively s

Y1

£
ya =y> (3)

and

g Yl
LY}
— i
i
LY
\(l
.
~~
&
L —
-

"/4—“-_“'*\ //m\\
v «
' ©»

The conventionz) rules of row by nolumn ratrix multiplication aré'
employed. £

Consider as ebstrazt bipary operatlor on vecicre, &, then in the s
basis

-

R, s Ro = <cyfssc<cre> (5)

vhere <y and z > sre the scalar coordinates of the two vectors.
Multiplyipng the *wo matrices of F3. (5) one obtains

Fyoty £, ¢ 1o £ 32
f s .@(? = fg cf; fg & f.? f‘? ﬂfs (6)
i f_g fi*-'; f.ﬂ _‘;lzd fa N f_s

Multiplication of » row matrix by a cclumn matrix must also make sense,
in fact,

o
H
4
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The three oﬁerations considered in the paper sre:
(1) The dyadicz product of *wo vectors
(2) The scalar preduct of two vectors
E3) The vecter cross product of two vectors.

These three operations are also applied to matrices of vectors as
indicated by Eq. (6) and Eg. (7).

The scelar dot product »f the paysicist 18 an example of an
imner-product that I3 a bvinary opersat>r which maps two n-dimensional
vectors to & one dimensicnel vector - a scalar. Figure (3) is & block
diagrem ¢f an absira.t matnerntical syvstem called en inner-product

gpace.

The three operaticns enumecraied above map the vectors into dyadics,
Bealars and vectors respectively as shown ‘a Figure (4). The three
operations appiied ¢ n-tuples of vectors as shown in Eq. (6) map to .
square matrices of dyadics, square matrices of vectors and square matrices
of field elements respectively. e

+ The vector cross product has meaning only in three spacs, however

u
the analog can be obtained for n-space.
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Since any matrix can be expressed as a symmetric plus a skew symmetric
matrix Eq. {6) under the dyadic product can be written as

- (z £.2, + BoF, P 2 + Pal,
F s o - % B,F, + 7, 2E.E, 3.2, + 242,
Lf + §J.f(3 f ? + ?zra 2?3?3 .:

E Bly - 2ah Bifa - 2a1y |0
+ % | f22; - P2 © 22, - 3.2s |7(8)
2.2, - 2,2y PoPy - 2ol o -4

Under the dot product {s commuiative operator) the symmetrix mAtrix
remains and the skew-symmetric matrix vanish. Under the cross product
the skew symmstric matrix remsi-zs arnd the symmetric matrix vah.ishes,

i.e., .

3, .8 Pt 2. 3 | LR
S IR PR S TR S A )
2 B SN Py . | E
!
and _ &
6 fi xfp - Py x 1§,y 3
tox<F = |F x & o} P, x fa (20)
fa x 2y - ¥z x Ps 0 ]
\
\
If the basis is O.N., then 2%
/56  ts -Es
tace? = -Fs O £ = Sz (i11)
fs =% 0 \
‘I\
where 852 18 the skew-symuetric matrix of base vectors. 1

£

1k



Utilizing Eq. (8), Eg. {9), and Eq. (10), in Eq. (5) one obtains
for the three multiplications

RyRx = <fy> «z2fx = <yfs <f2> (12}
Ry~ = <yfiv i<z (13)
"RixRz = <yf>x<fas. (14)

Equation {12) is & dyadic form Viiinesr 1s the field elemerts. Equation
(13) is & scalar fsm Hilinzar n the field elements. Equation (14) is
a vector 'form Dbilinear In the field elements. If Ry and Ry are the same

vector then R ras the Tamiliar guadretic forms.

_ Mapping the vecter 1o & seaslar. - The scalar product of the vector
R with eny of the rhres: hase vectors bj 15 the scalar magnitide of the

projection of R onto that ax.c., The conventiopal form is

cos (R,b

\
J)

3
AN B B y,B).T +yobs.T +yaba.b
/. yi 17y Y10 3 Y2°2 4 Yabs

-

s 1 1=}
x - .
bibJ © iy L0 1#)
Operating on R with b * one obtains
R - bJ* = yj
i 2




o the reciprocal base vectors yields the
he b » basis.

thus the projecticn of R ont
scalar coordinates cof R dn t

Mapping the vecto-r fto a row or column matrix of scalars. - The

vector of Eq. ([) Wa; be mapoed Girslu.y to a matrix of scalars by
operating witn h» . hencea

ci
v
2o}
0
=
Ny
el
u

where )
/5, 0%y By . T2 By . Ba
Moy = oo <5 (\ R, . Ty b . Be B . bs | . (21)
\xoe ™m va b2 b3 - b3 /

The matrix M s the metric-matrix of the ©> space and its
elementsg are defined in term: of the scaler dot product, hence .t is
a real symmetric watrix. i

If R is projected onio the three reciprocal base vectors, cne -
obtains

51"‘ -\ )

s . R = Ba%. R =-b% > . <by> =y> (22)

ba¥*. R ‘
since %
:\I
B 5. <B - [51* 6, | -1 (23) \

I? b>is an O.N. basis, it is self-reciprocal, that is

oy
€
A4
1
fog]
\v
—
no
-+
~—t

16

b .<by>= MY >y (20)" 

¥



T

Scalar product between two vectors. - The scaler product between
two vectors Ry and Kp where

~

-

Ry = <bZ> S - (25)

is

R1-§2=<y5> . <"-JZ>=<)’Mbe>, (26)

L 4
The tilinear scalar form of Eq. (26) contains nine terms,
conventionally written as ’
2

3 A
R . R = Vo B .Byz (e7)

t=1J=21

If the vector R, is expressed in the reciprocal basis, then

Ry -Rz=<y6> . < bEzxs = <y 2*> , (28)

vhich 18 a summation of only three terms, i.e.,

Ry - Ra = yy 2% + yo 2% + ys Zg*. (29)

Mapping a dyadic to & square matrix of scalars. - An arbitrary

dyadic b ina given basis may be written as

b- «6DB> (30)
wvhere D is a square matrix of scalars (variasbles or constants). The

dyadic of Eq. (30) may be mapped to a matrix of scalars by operating
"with B>. on the left and . < b on the right, hence

b> . D . «b=5>. &6 DDb>.<b = M, DM, (31)

The matrix D may be recovered analogous to Eq. (22) by operating
with the reciprocal base vectors, l.e.,

. D . «D* = 5*> .<«<b DbB>.<B* = D. (32)

17
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A8 an example consider ome of the nine base dyads from the matrix
of dyads o . £ opy

“ 1
vBy = (b1, Bz, Bal (‘ 0 \- ,
\O/ - L
and 5,
s D
Bo - (5., ba, el ( 1)
\ o/
hence . ) -

.”-.; ] i 0 -l o
bybp = b ) (o 1, O)b =<b<0 o o)
= 0 O 0

il

o 1 0 _ S *
* S, E}g - < b :<O 6 © > = Ejo iy
0 0 O j

which is one of the nine baeal elements for the set of (3x5)
whose elements are reel scalars.

It is well knowr in the theory of linear vector spaces thﬁ R
of all nxn matrices form & vector space The nine matrices of

space, since any (3x3) matrix may »e expressed as

1 0
<‘0 0O O
o 0 ©
A = [ aiJ‘] = (a11, 812, 813. - . 8as) .
0O 0 O
(ooo
No 0 1

18



or in matrix form
A= <aB> (59)

wvhere E> 1is the column matrix cf base matrices having matrix elements
B, ..
i3

The unitary dyadic. - The trace of the square matrix of dyads is the
sum of the main diagonsal terms, i.e.,

. trace b><b = «b b> = b,b; + ©abo + Babs- (k0)

The unitary dyadic 0 is

trace bS><b® = <D B#s = <T* B> (51)
or

U= Buby¥ + bebo¥ + Babox | (2)
end similarly in the r> basis Al

U= <T r¥> = <b b¥s . (43)

The scalar product between the unitary dysdic and a vector. - The
scalar product between the unitary dyadic and e vector R 1is

R-U= <yb>. <b% >= <yb>=R=0.R (uh)

i

scalar product between the unitary dyadic and & dyadic D is

The scalar product between the mitaryﬁyadié and a dysdic. - The

.0 «cobb5%>. «BDbB> = <6 DD >=D. (45)

It is easily shown that commutativity holds with respect to the
scalar product of a dyadic or a vector with the unitary dyadic.

}-;‘
w0
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Transformations on the base vectors. - Femiliarity with the
reciprocal hase vectors of the previous sections was assumed. By
the definition of & basiz a set of scalare exist such that

-

b*> =D, b . (46)

The scaler elerent: of the transformetion matrix Db*b may be

evaluated ihrough the sopsept ~f Lh=r s2&alar product, hence

OX = .oqk¥ Db b = D, (57)
if one ceor fird a b3 oS¢ s orisnted wor.i. b> such that
oo oo B e L (48)

The basis navirs the propersy of BEg. {48) is called the reciprocal
basis. :

Operating on Eq. {B6) with . <b one obtains

1= Db*b M‘Db’. ()*9) B &
or by Eq. (47)
I= MM, (50)

hence the metric matrix of the bybasis and 1ts reciprocal basis are
inversely related, i.e., ‘

1. -

Mb*b* = Mbb- = Db&b' (51)

Thus, by Eq. (4E) snd (51) the inverse of the metric matirix of the
b > space maps the base vectors b> to the reciprocal base vectors b¥*>
which are the basis for the dusl space, l.e.,

[ M_Db-l D o> . o)



Equation (50) may be derived directly from the unitary dyadic,
hence

-

c
o
«
i

(53)
- +
end in the b 5 basis
<b*¥b > . <bbA> = <BF M B> = <D B> (5%)

Operating on Eq. {Si) with ™ . on the left and - < % on the right,

Mowpsfin = T - (55)

The scelar elements of & trapnsiormation matrix which maps the
bese vectors b> to an arbitary basis r> may Tte found in a similar
manner. If r > 18 & basis, ther a matrix of scalars exist such that

t>=D, 6>, 56
hence
r>. <b*¥ =M __=D . (57)

Expressing the unitary dysdic in the b > and the r > basis

o]
loa]
A

\v4

U-U= < <r r* »=- <b b* > | (58)
and operating on Eq. (58) with b* > * on the left and - <b on the right

fes U - (59)

ferll ]
A
o
I
#*
=
e
*
o
1l
|

+ 1In general the transpose of & dyadic say <br > is <« rb >
and the expressicns are ncot equal, however the unitary dyadic has
this special property.



Transpcsing Eq. (5%) ocne obtains

’

M'br* beii = i (60)
since
Mi%b RS -<ﬁ)l =5 mo oo ¥, (61)

By clas sy somzipaterions 27 can b2 showz that
MM L= M M (62)

The reciprozity velatscmun.ph t-iwie: the four sets of base vectors
which naturally arise wher cupfiderrng :vv zrhitrary bases r> and >
are given by Eqs (53), {99), (%0}, and (£2) and shown in Figure (5)

Change of basis on a vectdr by subenitution. - Let_the set ofi
vectors (¥,, fa, r_j te & basie different from 5 > and b* >, then
by the deflnition of 2 bacip there exis*e scalars such that f

i

> ® Doy B - Dy b (63) B
also
b\):D I“):D £§>' (&)

Utilizing the first equality of Eq. (64) irn Eq. (2),

(65) -

)

w
91
3

R=s<ybn= «yD 1 >-=

T : - - 3
where <y are the scalar coordirzates of the vector R in the r > basis.

Operating cn Eq (65} with - r#

<yl < ¥yD, . (66)

n
[LV]
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Equation (66) may be expressed as & column rather than & row by trans-
poelng, hence,

-

y> =Dy >, (671)

wvhich gives i 33_to the cften discussed phenomena of "turning cround
of indices”

Change of btasis os & vector by unitary dyadic operatiom. - The
tranaformacion achieved by algebraic substitution of Eq. nay de
achieved by taking the scalar product of the unitary dyadie {in the r>
space and the vector in the 6) space, hence

- - - - a o N
R Us <cyb>. <rfr>= <y M4 __ T >. ©(68)
DI ¥ )
Bince the vector R in the r basics is by Eq. (67)

Rmﬂ.§=<yrf‘>a<yﬁbﬁf> (69)

the matrix of #scalers may be obtained liy operating with . <;.,‘,, h.‘“

R. «i*ecy =<y L N g(TO)-

Change of basis om & dyadfc. - A change of basis on & dya iic may
be achieved by direct algebraic subatitution or by the unitary olynd.ic
operation. If the transformation on the vasis is

\
b >= Dbr r> (11)
the transpose is '

<b= <rDbr)

hence by substitution ¥

+{1) Balmos, P. &6.

- '.'""‘r—«'-?.-. -
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S5 o e A

Tna

'- N ) | N i
re > . D.<crk= Dbr ) Dbr =D . ‘ (74)

. Transformation by the unitary dyadic operation yields A0 s BT ¥

<;‘ M’br* D M‘br* r> ) (75)| i

A maqrix treansformation of the form of Eq. ( T%) is called a i
congruent-transformation. If tke dyadic D is cxpressed in a particular
mixed basis, that is a _basis 0> ard its reciprocal basis and the
change of basis is to r > and r# > , then a similarity transformation !
results.

Transformations on the column or row matrix of scalars reeulting
frow a change of basis. - The vector K may be mapped ditectly to_ a,matrix
of scalars in any one of the four bases under discussion, i.e.

el r i - r# _.
"Re<cby> = <B¥y*s =<ry > = <crey > (76)

Operating on R with b > . maps to & matrix of scalar equations,
the projections of R onto b axen,

- . \e ’ - r¥ I -.
b> . R=M,  y>=y*>=-M _y >=M_,vy >. (T7)
Operating on Eq. (77) with b®> . yields

- Ar * r* ..--
BY > R=y> o My ¥¥> = My ¥ > = My ¥ > (_7{3)__

Two other relations are obtained with r >. and r¥* >. on-allliérms
of Eq. {76), as done in deriving Eq. {77) and Eq. (78). The relation-
ships between the coordinates are shown in Figure (6). P
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DYADIC REPRESENTATION OF SYSTEMS OF LINEAR EQUATIONS

. Consider the system of equétions linear in the variables y; and z

¢
e Y1 \\\ [t Ttz tys ;' 2y
ya } = t2y  taz  tos : z2 (795d-
v 73 / tsy  tag ta; /‘ Za I
‘or §
yye Tz (80)

The transformation matrix T of real scalars may be congidered as an
operator which scting on z> (the scalar coordinates of one vector)
transform it into a different vector having coordinates y ». Without
changing the mathematics orne may consider y > and z > of equation (1)-
as the scaler coordinates of the same vector but measured in different
beses. Examples of the former are abundant, gogular mamentum matrix
equals the inertia matrix times the angular velocity matrix, l.e.,

T il

One may establish a8 geometrical model for the system of equaﬁiobd r

(79), hence

Y -

Ri = <by> T : (82)

that is y> 8&nd z> represent vectors in the 5> basis.

The trensformation T as a dyadic operator im the b > and b* >fbaseé'
has the form ' ‘ - :

= <bTox> : (84)
Thus the gédmetrical analog of equati-n (79) is

B, - 7. R (85)

27
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or

since
<Bbys>s=<bTber> . «b z~_>
<by>=<bTus
By Ec-{uatiou‘ (5?)
E’I'> = Nu) S‘s
T2 Ty 97

hence the dyed'c operator T of equa ton (8%) mey be written as

. . W - - -
f = <0 T ub; HYSs~ b DE 5

- Thue one may conn*de* T as an opera.c“ eolely in the b:> space 1f it
. 18 muliiplied by the Jnvefse of the metvrlc matrix and the matrix ofﬂbase
vector terms. . o ¢ : gaeciyi 3 '

DYADI. As'Ai’éﬁnsnEb éﬂIPLE oé VECTOﬁé

NN

..1-.

a dyadic may be expresbed as An ordered triple of vectors. Fnr exam le
the unitary dyasdic was showw to be the sum of three dyads (dyudic 7
products of baSe vectors) _

Cousider the dyadic reoresentatlon of & equare mat*ix of acalars“in -
- & given basis b > , i.e., : : | D

B-<«tpib> : (90)
and the result of partiéioning‘b into three rows, s
dy) &2 43s
D = < f dal 62;: - dza
day dsz dss

-
vV

or

hi

e 1}

]

A

=
/“__-__‘\_“‘\

a) Fa)

jo

H'_ >

i“-‘l

‘\(’

o

8

B
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The three terms in the column matrix of eguation (92) are vectors,

i.e.,
ﬁ]_ = <dy £ >
’ Bo = <d2 § >
Ry = <da T >
hence »
Ry
5= <f ﬁa . =
Rs

The vector analeog of equation (96) is

/AYL

}-{: '6 '
= Yo
Ya

_ Thus one may consicder & dyadic as an ordered triple or vectors 
'special case quite often used in space vehicle worx ia the ordered
of base vectors, . = S BB = ;p\.m .

o

. ry 13 F v R g
? ) fz = Drb b . .'? ->;(98):}
~ \rs bs ' i 4

representing s change of basis.

The three vectors of equation (98) are linearly independent since it
is assumed that they are & basis. It is Iinteresting to observe the fonn
of the matrix of vectors representaticn of the dyadi: form 8B & Juxta-
position of two vectors. By equation (97) 4

Biz = Ry = <b y > Ro : 2 (99)_- Y
or Ylﬁz !
RiRa = <B yzRo ; (100)

yaRo / ! . ‘

Thus equation (10C) is representable as an ordered triple cf paiéilel
vectors, whereas the general dyadic (over three space) i represeutable BB
an ordered triple of linearly independent (non-coplsnas-) vectors.
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» - Yector cross product between two vectors. - The vector croaa'p
i_; . ' between two vectors in an arbitrary basis in 3 space 1s d PR
: ,& Ry X Rg = <y > X <b Z>
> -:'
’ - or
/
¢ » {/ o) 51 X 62 61 X 53
J -
ﬁl)(ﬁg’: <y! E,?XS\, 0 SQXSS
) \\ 85 b 51 63 X 62 0
‘ ) N \ )

‘ It nay be zeern ny the defipitiocn of the rec p*ocal base vec _o 8
that in & three zpace ‘he vecToon b%, b%, v¥ are perpendicular to
the plares derermined by bz, Ba; Y5, B;; By, by, respectively. Heno

by#* = k (£2 X ba)
= vhere ¥ 18 an undetemmined scalar. Opersting on Eq. (103) with b
S ': 5 and utiliz‘ng Eq. (18) ey o Joy

or

- (b2 x bs) -

where K b i8 zeen to be *he well kuown scaler triple product or the
volume genera*ed by the base vectors b>. It is well known that il
volume generated by A basis > and 1ts reciprocal baeis are inve 3
related, 1.e.

which 15 the scalar apalcg of the reciprocity relatina between th
matrix of the b> space =nd the Ausl space d*>» given by Eq. {55)



o

Writing the well-known creoss product relationship between the base
vectors and the reciprocal base vectors 1n metrix form one obtains '

" a : . . . -

e

5 e 52 X 63
e ® N
KV = ba X by
> 61 X 52 ‘

By use of Eq. (107) one may write the useful relation
A 0 Ba¥ -bo*

P T < - )
S U bsx <b-k Ba¥ G By ¥ = K, Sgy

+ Teylor, p. {50)

51- ¥ o “1_



v, S i R
%y write “q (10’{) as

P " A'n
@ LW If b> is an O H bwiq
'_' - m@tric matri x M vb Aa t.bu {deni *3 arr‘z, hence for an O N 'bas
" '. i g 4.' " :
e ¥ s
; , [ 0 Y= Y2 N
3% —u:‘ 0 ?‘1 i
L yz: -y: C
- Dyad*c ‘yepreeen’stion cf the vector GIoss operat.ion.

_ = product of, a vecier with che 1w 113.:'3' dyad“ is tbe vector, henc& ’by )
AT o Eq (nu) tgg @ : },_;__ Frio AT g LA :
.t:"?":r o :\ .. ] '&_-. X % _"..i}_.
oK -

S R > e

PRSI Expreesing all eleme.;ts of Eg. (1\h‘ 1n the 5> be.sis except ﬁa,

E ] i -t W -%
.b‘
: : By Eq (11.6) oLE TAY :
o I _j“rﬂ‘ : | 'y A \" 3 -
2 5 . s FOEL . S
- , ‘-':' : Yo ‘il | :
where the skew dyadic is e
B, . m<bx 8L D¥> kb-acc.‘t‘ ”—;1 gt B .
LRJ-: Rl v ol b Rl A :
L . 32
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T Eq. (1].6)expresses the vector product operation as a scalar
product One may also write by Eq (,uh) end Eq‘ (117) ikl

¥ e
e 10 v -_.,}_ At BTN ";'_‘"
AT 1 B e
dih, P - .
S CTPRER e e

i

‘ ._I?%; -;-‘ : ;;{Az—é}r - g ;?‘ -." 7 ;".-:. 3' ;—‘:‘_ i 3’:-,_ Y rkEl
% "The vector cross product ex-pressed in the ‘6 > basis by Eq
(1.18) B.Dd Eq (119) is . R =z '-_'4:‘.}' ~H T n -.___.'_ ‘

[ . b v ‘
T ; =k, <b M sRI Z> ‘;Sa R,

P The vector triple pvoduct - The’ vector triple ‘product-'is con-
ventionally shown 10 ve L it ~ WA '

.
T e Ny

s .e'. « e,

b > i iR .
‘ ¢ 35 x (Rl x Rz) ) <b*S Mb%*SR1 |
'-{-.'- '-.“ - :L LY “Qi-l _" Lonc
Transposing the triple producb vector of Eq ((125) 1nto tﬁe
basis and using Eg. (51) and Eg. 5;), one obtains i

3
- - - -
. - . . - (e

"Re x (R, x R2) = (_kvb)z <b H‘BB‘l S;Ra rMbb'-li:Sll:h, *

+ Goldstein, p. (149)
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+ D sz i
5 e
&
-

= The vecior triple p*oduct occurs quite often as an aeceleration teng* ,-.
0w w x (wx R) in translaticnal equations of motion and in the rigid ‘bo%f ey

A rotational equations of mtion a5 augular mcnentmn, i.e. ,
3 _!"_ o '@B' . )
, ﬁ = ‘y E‘ X -Jm =
h - 4 i .
P iaa s
iy "1:1 et
£ R oy T - - T F "‘ "‘. s -"' e L

e Sca;&r triylp B‘Odb“"' Th@ uaalar triple product 1n

o
g -. . , e ’“y be vritﬂ:n by g{? Of_. Eq (26) ES
. el (
) __)_ NS AT S )
»"' ~ ' .
/ - " Es - (ﬁl x PQ\ =
: LT 'TA-.J.-» ) ]
* . vhere .
) ! Re < W 5>,
.-l‘i': - '__._{' v
L B
(gl x iﬂ) o WL) "H-’.’I

(130) let (:ha thre‘i

‘-.T,_);‘.L

T u an ex.ample or ’t.ho utility of E
e the be.se vectors r> expresaed in the > ‘btsis, ;t.e'.,

Ty = (a1, d1a, dis) b>
O - ra = (‘121; daz, déﬂ) b> =
Q PO : -..-“.':‘: ‘-i,!;.a‘: ¥ :"" % o : 4 .'-.°1 I E A
- o 5 4 ¥ . 'a-. [ , p
= k a = (am.: daz; daa) 5) Ch
e - ' :'.." 5 ; ;
? . where the transformation on the base vectors 18 °

o

:‘:"_‘.-P>=ﬁr\ob> [ié]5> 3



Utilizing Egs. {131), (132), and (133), in Eq. (130

0 -dza dzz :ds1
b :
., X - - -_ Y : =
k, =Fi - (rz x Ta)sk{dy:, &2, d18) | daa O -dgy dsz | (135)
dpz d2; O ;das

and multiplying the las? twve matrices

! dop Gaa - daz Qoa’
r . b
kK, = (i1, g3z, éig) Czs 43y - @21 das Y (136)
dz1 @az - 43y daz
The scelar equation resultiig from the above matrix product is Been .

to be the well-known determinant of D b expanded about the first row,
hence :

S SN I Ve (137)

Equetion (137) relates the determinant of the transformation on the
two bases to the volumes generated by the b&se vectors

OTHER CPERATIONS BETWEEN VECTORS AND DYADICS

Any pumber of importent reletions between dyadics and vectors .
under the two operations x and . are easily derivable in an arbitrary
basis b > or any mixed bases. <X

A dyedic and & vector mep under the dot product to a vector,lﬁence

§.R=<6D5>.<‘5y>=<BDMbby> (138)

The resulting vector of the above operation maps to a scalar under
the dot product operation, hence

Ry . D . Ra= <yb >. <ctEDb> . <bz> (l)Qj

=<YM'DDM‘Z > - (1h0)



A vector crossed with a dyadic yields a dyadic

RxD-= <y %> x<b Dby =<ySB“DIS>kv)’J (141)
. <E*r o DBy kD (142)
8 < _
or in the &> basis
o = = -1,_,‘ ~‘~1b
BxD= <M, uyLb)Av . - (143)

»

If the dyadic of Eg. [154) 15 dn%t=d with » vector, one obtaina

- b

~
- - -3

(Fy D) Bp = <BM Sy DB > . <Bz ok > (1)
. <b X D 25 kD (1s) "
"bb M‘bb v ’ . o g

“Wwhich {8 a vector:

The matrix orieatirg ore 0.N. basis w.r.t. a second 0.N. basis ma.y
be expressed as the product cof three arthcgeral matrices, il.e.,

r> =M_, = M (¢a) H (¢2) M (6,) £ >
where g
1 0 0 N
My (6) ~ | O cs 80 : (11*6).'
0 -5¢ cé R
/co 0 -8¢ ' :
Me ()= [0 1 0 ()
5¢ o} cé : .
ce 88 O ' :
Mg (8) = [-2¢ c¢ © (148)
o 0 1/ o



I2 1 # 3 £ k, that 1s if one uses successive rotation sequence and
small angle assumptions then

M= TI+[-a05 0 ney (149)

Atz -Ad, 0

Utilizing the small angle matrix of Eq. (149) one may write

Bt at)> = (T4s,) B(t)>, (150)
or by subtracting I B(t)>
b(t+at)-B(t)> =8, B(t)> . (151)

Dividing by A t and passing to the limit, one obtains

5 > = ~wg 0 w, b> (152) i
| Wy Wy 0
wvhere
Wy o= lim Loy
At0 At

If > is not an O.N. vasis, it may be shown that 5> may be written as

: b 5 b -1 §
b> =k, Sw,__b* > = K, smb Mo B> . (153)

>0



Time derivative of a vector in a moving basis. - The time derivative
of & vector in a moving basis is conventionally written as

&R AR

TS b +Z,bxﬁ, . (155‘)\'
where & is the Inertiial angular velocity of the b> vasis. If B>

b
18 an orthcnormel basis, Lhe sezoni term of Eq. (157) is quite often
writter as "

;be’-= “, wp w g ' . - .(155).
1 ¥z ¥s

which 13 neither a me<rix nor 2 determinasnt but & notation which by
convention means L

Qb xR = (ways ~wayz)by + (wayy I‘wﬂs)sz

+ (w1Y2 cw 2y1)Es (155-3_.

A straight forward derivation of the time derivative of R in a
moving basls may be obtained. : ¥

By Eq (31)
R= <cyb>=<by> (157)
and
R=cyb>+cyt>= <by >+ <by >. | (158)

Utilizing Eq. (153) in Eq. (158) ome obtains for en O.XN. basis

x , i aﬁ) =
5 ;8 Jps = 22 -R . s 1
R <<y+ <y 8, o> - iy (159)

%8



b

or transposing Eq. {159)

T -, _ R = =
R-<b<y>+smy>>— >b+8mb-R (160)

By Eq. (154) and Eq. (1605

a__:__lzt,)e N (161)
and .
G, xR=<Bsy> L (162)

The velocity vecior R may be mapped to a matrix of scelars as

5, . R |
B>. R = | b2 . R =y>+8 y>. (163) .
\53 . .

'If 5> i not en O.N. basis then the expression ot'Eq.'(153)”ﬁﬁ§£
be used. . . : svice -

Time derivative of a dysdic in e moving basis. - The timefaé:ifative
of a dyadlc in & moving basls 1s W

d = ad / - - I &

5 D-=x¢ I\<bDb>> (164)
or

D= <bDb>+<b6Db >+ <«<bDb> (;&).

Utilizing Eq. (153) for an ortho-normel basis in Eq. (165)

= <bDb>+<«<bS DD >+<BHDS B>

(i3
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~or in an analogous form to Eq. (154) ]

+
ol
A
1
(o !]
i

o D-BLE (167)

The derivatdve of the unitary dyadic in a moving ortho-normal basis may
be shown Lo be zero, for by Eq. {(43)

U= <5 15> (168)
and

De <BIB>+<BIB> +<bib> (169)
or ' .

Y- <Bs 5>+ cBs, §>-0 Yy

A similar proof may be given for a pon-ortho-normal basis.

=



PART II. APPLICATIONS

The mathematical methods of the previous section are applied to
tranalational and rotetional dynamlcs as occur in flight mechanics.

Translational Kirematics

The velocity and acceleration vectors of a point as observed by an
inertial chserver arc derived ir a moving basis to demonstrate the
flexibility of transition from vectors and dyadics to matrix equations.

Expressing the position vector R of figure (&-1) in a moving

reference frame say b> one cbtains

“R= <cyb>=<dby>. (a-1)

:_)} //f{
/ .
)

Figure (a-1) - Position Vector R in a Moving Basis

When the position vector R 15 expressed as a column matrix of
scalars (right hand side of equation (a-1)), then by equation (160)

- N ~ o 1 ) ]
R = 53 ) £t wa. R= <3 >f tay xR (a-2)

h

The corresponding vector-matrix expression by egquation (153) is

R

1]
A
o

<
\V4

1
=
A
o

3
9]

g
WV
I

. b,-1 '
" oy = «<b [ y> -k Mo waw} (a-3)

The matrix block diagrams of equation (&-3) is given ia figure {a-2).

bl
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Figurn (3-2) - Maetrix dicck Diagrams

[3

The inertially observea velacities ws o xolimp matrix of :
is obtained by opervei.ng on equilting (&-3) with b*» . hence )

“by¥ . R

- M - z * -1
b* >. R f R B =Y s Ry Foh 3, v> (a-k)

If the velocities are projected ortc ihe b > bauvis, equation (3_5) ’
becoines : - :

>d
4
jos]
o]
- o -
b -
}
=
v
1
n
L
i
Voo
=
1
L |
—

/
o
w
vl

=
ro



Clearly, if 5> is 0.N.

" and Equation (8-5) tecomes the femiliar expression,
. L\ W
L Y1 ) “52 Ja wbs
+ f %)

i
) = I }’2 J! bS yl —L"-bl

Ys / wbl Y2 2 wbz

j=o JLR > » IO

T
vd
W
o -
S~
-

The time derivetlve of the velocity vector of equation (a—2) v.'r.t'..l
an inertial observer i1s the acceleration vector usually written in the
familiar Porm, 3

e 2 - = . B - = t ..
§=a R) +2wbx B__R__> +wbx<ubx§>+ubxfﬁj :
A 3t v dt b - e

where

;"=amb> +; Xg: =&j
> 3¢y ®OD 3t /b

It follows from equetion (2) by replacing R by R, that

. 2 = = . S
ﬁ=5§> v 5§ (a-10)
at b Wy

and substituting for R from equation (&-2) yields

‘e = - = w = = .' .
R = 3%k + 28 . AR + b>  RE & - <Sw'b' ﬁ) (a~11)
atz/b “b 3t ‘b 3t 7 b L



i;é»,,'l. : ﬁ B; \\ Y1 / 0 uy W,
s s O 0
ﬁ‘iﬁ ‘ R . bp = k ¥a v 2 | rw, O W,
‘\}'i.fxs/ \3’5 W, Wy 0
/ ° “a —"’2\\2
\ + \’“’a 0 Wy
VoW Ny 0

I My = I, i.e., b> is an O.N. basis, then equation (a-11) in

open form is

0 a Y /
: !
+ W g 0 . w,
; W, TR, Woa

A scelar proportional to the kinetic energy R . B in & mov
orthonormal basis may be cbtained as matrix products. The transpose O
Eq' (3‘3) is . H o %

Z . b -4
R=|:<y +Kv <ySmbe.lO } b>

and by Eq. (a-3) and Eq. {(&-13)

- . b | .
R . §=[<y+Kv <y waH.bb :l H‘bb[ V>
B.R-<yh. §5-2KP <¥8 3>
Mbb v wb i
by 2 -1
'(Kv> <y wa Mo wa y>.

Ly



If b> is O.N. then Eq. (8dS) beccmes

R.Re<yy>-2<y5 y>-<yS 5§ y>. (aclb)
. wb ulbb)b :

. .Rotationsl Dynamics of two ?igid Bodies

Consider the conventional angular momentum expression a8 the first

-'imuhent of the mass-weighted velocity vector, 1 e.,

i

By y R x i':‘x " x (“*17)
K=1 ) ' o

where §K is the position vector of the kth particle with respect to.the
center of mass. The velocity vector RK for a rigid body in e moving body—'
fixed reference frame 1s

: 3 Ry
T 3t 71

oy x B = - fexdy . o {end)

Utilizing Eq. (120) and Eq. (8-18) in Eq. (&-17)
K=1

The term in parenthesis of Eq. (8-19) in &n srbitrary basis is

[{}

‘ y ERK . ERK me = - Z<f>* SRKM;i BRK b* > m, {a-0)
K~1 K=1 :

or in an orthonormal vasis

VB B momc ) <hsthom (e
K- 1 K-

L5



_ ‘The square of the skew- symmetric matrix of EqQ. (a-21) 1s a symmetrid
matrix and is i . P

Y (. -] .I: ol
<b 8. Bb>m, =
RS S
K=1 » &

)(yszﬂf" Jay, N v va m,

¢ ! [k ls "k k.
A - o i
B | > ye yl My, Yy (1 24ya)m
; \ —. Ed p K k
\ yb’s Y1 By ; Y3 Yo By

K X X

_The conventional form for writing the inertiia dyadic ia
“ 'n

L) Bk Rymmx

K=1

Congider a translating flight system canpoeed of two “igid bcd es,
a main body B and a second bvody R having one rotatioral degree of freedom
with respect to body B, Figure (a-3). This condition occurs in stable
platforms, solar padd1es in satellites, or imertia wheel controcl systems,
and other gimbaled body problems with +he exception thav one needs tb
account for each additional body.

+ Goldstein, p. 149
' L8



Assume further that an ortho-normal reference frame r> fixed
in the rotating body K has cne degree of freedom with respect to a case
frame ¢ > , for example -

Comg

5 1 0 o}
r = b1 e = ¢ -
r> 0 ¢ ® e c>=H¥ c> (a 26).
> 0O -56¢ c 9
re re

as shown in Figure (a-3),

s

Body B

Figure {a- %) Orientation of Reference Frames

L7



A

The introduction of “the idea of a case frame c¢> sllows for_an
arbitrary orientation of "the case freme (that is the zero gimbal angle
position for the rotaticg componen*) with respect to the main body
frame @ > , thus .

c> = M 5> = [':1*15‘)‘ (a-27)
c>=N_ M m> =M_ @ >. (6-28)

B o= f R - 2 (8-29)

vhere , e
Ro=1 . o, | -~ (8-30)

I is the inertia dyadic of the composite vehicle when the a.nsle

between the two bodies is8 zero; and

A =1 . a_. ' _ (8-31)

end

;} = 4:1 + ;J ) ] ’ (£-52)

. a - . . = ; _
HB=E[<IV+Ir>.wm+Ir- wm]=Ts (3'55}

L8

The angular velocity vectors ‘:’m and :"r are inertial angular velocities

¢



Teking the time derivative with respect to inertial space of Eg.
(a-33) and utilizing the relation

& .z a .2 _ = JR -
X (D . R) *T R~-D T x® (a-34)
one cobtains : '
~ ' = . = b am + ; a wrc >
Bg= (L, + 1) 5% /n " 5T r

m “re
‘{wrc x 1. > cwp - I (wrc *wn >= Ts .(a':js)

There are four rotatlonal degrees of freedom for the system, three
independent equations are given by Eq. (a-35) and the fourth equation
may be obtained from :

. = T1 Tr (a-36)
vhere
= 3w d w - - J

= _ Irc m +w X w
Hr*Ir‘[W>r+”a—t— m o re
+<wrc:XIr> ‘wrc+<meIr > re
+<“’rc"1r> -mm+<m x I > o ("_"37)
. :

Equation {&8-35) may be mapped to & matrix of scalar equations by
operating with m > . , hence

49



- - U - SO U - )
m > . H o (I, + M I M) w >
\\m3 Hr ./}
» 1 + ! + '
M:':r i oW, 2 S [:Iv M I Mr‘m }um>
m
f
" + M bogr T ; + ' A
~ - L\)wrr r Yrpe> (“i r Yre >
/ vow ]
1. g T . 3 5 . x ! -
\ ?u“ﬂ : vy w, P > ] (a-38)
and
H = 0 ' r s 1 r-
ry - (1-101-/) < Ir w”___>"- (.\)m) %;;Ir wm >

Wi b (8-39)

If the r > frame i{s the prircipal axis fraeme for body R, then

1}
ol

(a-ko)

Utilizing the principal axis assumptions of Egq. (a2-40) the cystem
equations may be written in cpen matrix form as shown in Fig (a-4). The
matrix system block disgram is shown n Fig. {&-5),

S0
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SYMBOLS AND NOMENCLATURE
] |-
Reference frame as used in this report refers to & triple of base

vectors, whereas a coo§dinét¢ system refers to a triple of base vectors and
an origin. w

1]

Ll ik
Symbols
7

T b
=1{,, . . . ) arov array or matrix, ordered n-tuples.

>= ( ) a column array or matrix.

*Superscript, transposition, or interchange of rows and columns
of an array or matrix, e.g., >' = <, or the transpose of
g matrix A by A'.

v.r.t.: with respect to

O.N.: Ortho-normal--mutually perpendicular unit magnitude
" base vectors.
n
j; ;- summation
i=1

[ —

] square matrix

P A | or
det A } determinant of matrix A.

| R | Magnitude of a vector.

p'l: /dt

5 ) sine function

c cosine functicn



vy

v 3

'-;_' : the lxl *epresentation_»f the'7

“ Dyadit - A et aegzgpjigh 2
KT ﬁapositibnggﬁyadic
2 t is snown ih tp

+

: G e )
Transformation - Thn tPrms ﬂorresp(nden“e, ﬁrans.crmﬂtion s HAp,
gl N Riad

operator, snd “uﬁ'tiona are Synonymous. 2
W .

Metric Matrix - (Restr*cted weanang) Square matsices whose clements

lhl' A spaee bi . bj’ Examplns*l' a3 g

Base Vectors:

The most basic entities of guidance ané control problems are
the base vectors. They are Zdesignated as

fi, Ei, 51, ate. (1 =1, 2, 3}.
R < T = (fl, 52, F.): e row mateix or an ordered triple of



r> = }l A column matrix of base vectors.
- h t‘__
I"2 ¥ ..si -
- 1-_ H
s \ 3‘/
Héb = b > .?(kb {b b ! - Matric of ipper products, metric matric
of the b> space. b
5Mbr =2 b >.<r [b J - Transformation matrix between two ‘\
k% 0.N. beses, i.e., Mb r> -

,‘~ h e ) i ’\A

277 K. =By . (bp x ba) - Volume factor generated by b} basis).equals .'

unity if b > is O.N.

S = w SWw oy

o, 0 @ap 2%,
;: -¥ap O “ b
'\f’eb “1v C,

@,> = /l“m " inertial angular velocity of m frame components
g 4 for the m > space. '
| me
\ “mg
\

w;> =Mm W - Inertial angular velocity of m > freme transformed

to the r > space.
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