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ABSTRACT

The generalized inverse is of increasing importance for estimation
and optimization in modern systems theory, because it both simplifies
many problems and reveals underlying structures of theoretical impor-
tance. Optimization, using the gradient of the trace of products of
matrix valued functions, including the generalized inverse, are pre-
sented in a novel state-space setting. A number of functions of such
products of matrices, including general formulas, are derived for the
first time to our knowledge. Tables of a number of them are given with
some applications in the fields of estimation and optimization.
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NEW GRADIENT TECHNIQUES FOR TRACES OF FUNCTIONS OF RECTANGULAR MATRICES
AND THEIR PSEUDCO-INVERSES

Y. INTRODUCTION. The state space approach to modern estimation and con-
trol theory requires optimal feedback or weighting matrices which mini-
mize the trace of quadratic matrix functions. In the estimation problem
the quadratic matrix function is the variance of the state estimation.
For example, in the Kalman theory the best estimate requires that the
error matrix, P, be minimized with respect to a weighting matrix W, where
P propagates via the matrix Riccati equation.

P = AP + PAL - WHP - PHTWT + WRW.

The novel wvector and matrix partitioning technigues developed in this
paper, eliminate much-of the tedium of the analysis based on scalar sums
and products., In addition, they reveal a depth of structure not other-
wise apparent.

Section II is devoted to deriving gradient relations. Initially,
considerable detail is exhibited to show necessary relationships; after-
wards, this detail is bypassed. A table of gradients for a number of
common important forms, principally linear and quadratic forms, is in-
cluded at the end. Athans [1] presents some linear gradient forms for
the trace as well as some for determinants, logs and exponentials; Tracy
and Dwyer [2] present additional gradient forms some of which involve the
kronecker matrix product; and Neudecker [3] presents gradients involving
traces, latent roots and determinants which are related to frequently
occurring statistical econometric problems.

In Section III a general formula is developed for functions express-
able as a power series. Particular reference 1s made to trigonometric
and hyperbolic functions.

In Section IV applications for estimation and filtering are demonstr-
ated by developing criteria for the continuous Kalman filter.

IT. GRADIENT DERIVATIONS. GSeveral useful relations involving the grad-
ient of some scalar valued functions with respect to vectors and matrices
are developed in this section. The cases are restricted to linear, quad-
ratic and "cubic" matrix terms; the latter implying the generalized in-
verse. Throughout the derivations, use will be made of well known results
of traces of matrices, namely

tr(A+B) = A + tB



tr M = tr MT (1)

and the cyclic property of products. For example

tr R S T =+tr T R S = tr 8§ T R (2)
pXm mXL 2Xp Lxp pxm mxR mx * pr pXm

A. LINBAR CASES. Consider the #x% matrix function of the rectangular
matrix X of size pXm, that is

L, = A X B (3)
XD pXm mxQ

x5
with trace
tr Ll = % = tr AXB  (Note this £ is not the matrix size.) (%)

the mxm matrix L,

L, = B A X (5)
xm mXL 2Xp pxm

with trace
tr L, = fr L, =2 (6)

and The pXp matrix

- 7
Ly X B A (7)

pXp PXm mx% 2Xp

and by Equation (2)

5 = tr AXB = tr BAX = tr XBA (8)

The differential of the trace is

af = 4 tr (AXB) « d tr (BAX) = & tr (XBA) (9)
ox
dg = tr A ax B = tr BAdX
IXD pxm mxg mm
= ty (dXBA) (10)

p* P



The differential ¢f the mxn matrix can be written as

aL, = BA & = Lo ax (11)
xin mXp pxm 94X pxm
mXp

and the differential of the p>*p matrix can he written as

dLy = X BA = dX ?’LT (12)
pXm mxp  pxm X
pxp
mXp

The differential of the traces are

ar = |2 ax | = ¢ |ax ?LT (13)
X" mxp pxm 3X
X3 MXp

and by Equation (10) and Equation (13)

3t
—F = B A (14)
3% mxg £xp

or

Dotr (axB) = o tr (BAX) = == (XBA)= B A (15)
X xR X mxm IX" pxXp mxgL 2xp

For the special case when the Li are scalers, i.e.: A and B are vectors

aT T <é) a X b (@) = b(@)<§}a (16)
. XM

aX
AT (M pla X |= b( Ja (17)
el | @\Papxm] )z

and



a3
o [pffm b(n>@a] = b(p)a (18)

By Equation (3) for m=% and B=Im

otr -

-—T(A X)-A (19)
oX \ mxp pxm mxp

mxp

By Equation (3) for f=p and A=Ip

2ol x B ): B (20)
aX pXm mXxp mXp
mXp

In the above equation if m=1l
2% [xprn| = oo (21)
lXp

Since the trace of the dyadic product is the inner product

tr (x><:) =<b>> = ¢ (22)

one has

g—i=<bx %;=<b ' (23)

where the matrix

3 1] 3 3
DGx = | (ra—JI (2%

when the coordinates are all independent.



One can verify all of the previous results via the tedious process
of partitioning. For example consider Equation (20)

L = X B (25)
p¥p  pXm mXp

and partition X into its column vectors and B into its row vectors to
obtain

¥R = [X(I>l""’*(p>m:| l<p)b =_I§l x(p>ii<p)b (26)
. 1=

m<p )b

the trace of Equation,(26) is

tr XB = @(91%%- tr'(x>22<b)+ coe g tr(x>mm<b) (27)

2 = tr XB

oD+ Lo, b e o (28)

Ry Ryt ot R (29)

The differential of 2 is

= + e .
de dll t dQQ + dﬂm (30)
where each of the g is a function of the vector %)i or by Equation (13)
Bﬁi
a o axy, (31)

Repackaging Equation (31)

3£i 3£m
dg :<l-§-;(—~ GX(I.>.L + o +§§x— dX(P>m (32)



By Equation (31) in Equation (28)

7 3
2 _§'= N\ x (33)
1 1

Consider the product of the matrix of gradient vectors with the
matrix of dX vectors that is

[ ]

AL
= )_
2@5‘
&
9%
m

ey, e Eax (35)
0 X 1 18X ™

dl AR
G o,

-_—ig_'q:dx

; (36)
0¥ pxm
aXp

Clearly

o %dx — (37)
ax

The other results can be shown by similar partitioning and can be
found in detail in reference [4].



B. QUADRATIC CASES. Consider the £x& matrix product

Q. = A X ¢ xT B (38)

axg LXp pXm mxm mxXp pxL

or

c x! B} (39)
QXmJ [ mxg ]

Form the new matrix of size mxm from Equation (39) cyclically permuted
via parentheses

= [ﬁ xT 3] AX (40)
BXm mX2 £xm

Form a third matrix of size pxp by cyclically permuting the A matrix of
Equation (39)

0, = X € X B A (41)
Xm mXm mx X 4%

oxp P PP P

The differential of Equation (40) is

do, = ¢ axTBAX + CX BAdYX (12)

mxm
The first matrix on the right of Equation (42) under the trace
transposition and permutation rules becomes

tr (“dX BAX) = tr CTXTATBTdX (43)

Using Equation (43) in the trace of Equation (42) yields

tr dQ, = tr (“TXT&TBT+CA BA) dX (uu)

mxm

-

The gradient factors of sz can be taken to be



BtrdQ2
dQ2 W p—— adx (45)
aX"  pxm
wxp

mxm

and by Equation (45) and Equation (4h)

3
33%-(xcx BA) = C X ATBY + CX'BA (46)
X

By Equation (38), Equation (40) and Equation (43) the traces are all
equal, that is

tr Q = tr Q, = tr Q (47)
and the

d tr Qi = tr in

(48)
i=1, 2, 3
hence
el s x ¢ x% s = ce™xTaTeT +oxTBa (49)
aX LXP pPXm MXm MXp DXL
mxp
and
a—‘?-"l[chBAx] c'xaTn e cxma (50)
X’

If C is square and equal to I, we obtain by Equation (46), Equation
(49) and Equation (50)

rwx” ea | = 42 [ axxTs |
ax D “p X'
(51)

= fi%i:ﬁTBAX:[= x"(aTBT+88)



If
BA = 1
then Equation (51) becomes

dtr I:XTX:[ _ atr I-XXTI = o xT
0y T -
X ax mxp

For the special case when Equation (49) is a scalar, one obtains

3 T T
;;T-[géxcx 5}] = C ngxib + CXT§><§
and for C=1

—a—z,—r- [<aXXTb> = mi(z l:a><b+b> é]
For p=1l by Equation {(51)

2 Gad - {3

For C=I in Equation {(54)

22 [ = (S

As a final quadratic case consider the (full rank) grammian-matrix

T
X ¥ =G

and its inverse

T. . -1 -1
(X %) = 5

where

WO

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)



The differential of Equation (60) is

a6 + ¢ a6 = o (61)

or
ac™t = c7ltaest (62)
= ¢t rax xaxtaxy 67t (63)

or
a™t s rax et - e axe ™ (64)

The generalized inverse, for the full-rank case, is defined as

¢ = (07T H = e (65)
mxp

and jts transpose is

X*T = X Ghl (66)

XM DPXm mxXm

Using Equation (65) and Equation (66) in Equation (64)

ac™t =~ g7 axTeeT - xraxe”t : (67)
The trace of Equation (67) is
= T - -
tr dG & = - tr (dx X*TG l) - tr (G lX*dX)

Using the trace transpose property on the first right hand side term
of Equation (68) .

tr d6”1 = - tr (67ix*dxsG TxRAX) (69)

-2 Tr(G_lX*dX)



aor

atr (XTX)"J_ - _ 2 (XTX)_lX*
T

aX mxm

mxp

Using Equation (65) in Equation (71)

EE§.(XTX)'1 = -2 (T2 4T
oX mXm mxp

(71)

(72)

¢. YCUBIC!" CASE. The following cases do not involve cubics but the
matrix X and X' appear three times in the generalized inverse relation

(full rank)

X% = (XTX)' X
mxp mxm mxp

Consider the linear form in X¥ that is

Q =4 X)'! B
X XD pXm

and

4o = ax*B
a9 = 4 LT %) B
= axB0™ xTs + x0T axTs
by Equation (B3) in Equation (76)

1

ao = - 6% faxTxsxtaxy ¢t

s + o tax’s

or by Equation (73) in Equation (77)

11

(73)

(74)

(75)

(76)

(77}



- s -1,
4 = - @ T[dX X+X dXIXAB +G Tax's

Using the relation for the projector

X Xk = P =P =P
PXm mXp  pXp
in Equation (78)

S 67t ax® ep - xraxx#B + 6L ax'B

dQ

or

&b axT (I-P) B - X# d¥X*B

dQ

The ortheogenal compliment projector is

Using Equation (82) and Equation (81)

-1 T

30 = G T AxX'PB - X*dXX*B

The trace relations yield

tr dQ = + tr(deﬁBG'l) - tr (X¥BX*dX)
and transpose-wise
;o —1 T
tr dQ = tr ( G "B PAX) - tr X%BX®4X

or

T
1B'P-X*Bx*)dxj

tr dQ = te [( G~
Expressing dQ as

aQ = QEE%Q-dx

mxm ax pm

12

(78)

(79>

(80)

(81)

(82)

(83)

(84)

(85)

(886)

(87)



one obtains

J -1 T3
—3¥ (X%8B) = G T B'P - X* BX* (88)

X ™ m

D. POWERS OF (X*B)n. The following cases are of higher degree than
third. Consider n=2 then the Q of Equation (74) has square

2
0" = X%BX*B (89)

0% = ax*BX*B + X¥BAX*D (90)
By Equation (75)

dQ = dX*B (e1)
hence Equation (91) in Equation (90)

dQ2 = dQX*B + ¥*BdQ (s82)

By Equation (89) let

2
Q, = tr Q _ (93)
then
2 9,
dQ” = —7 dX = dQQ + QdQ (94)
ax

The trace of Equatiocn (82) is

tr d0° = tr 2x*8dQ (95)

By Equation (94) and Equation (95)

13



L oir dQ2 = tr Q dQ = ty X%*BAQ

ising dQ given by Equation (83) in Equation (96)

or

That is,

Let

with

n=3

The

tr X*BdQ = tr {X*B (G deﬁB -X%3XX*B)}
.-l T o .
= tr X*BG “dX PB - tr X*BX®AXX*B
_ T spvrnn-L
= tr dX~ (PBX*BG ) - tr X*BX*BX*dX
=t (g lgTxxT B E)ax-tr Q2x%dy
L o d02 = tr {(G B X*T T" P-Q x*) dx}
£l
% —5 =G Q'B'F - Q%
3X
e
——%-: 2 (G lQT B B- 0 x<
ax’
and
Q7 = QuQ
3
tr § =3 g

differential of Equation (1C3) is
2 2
dQ = dQQ + QdQQ + Q dQ

ey

[SIFLN

dx

14

(96)

(87)

(98)

(39)

(100)

(101)

(102)

(103)

(104)

(105)

(106)



and the trace of Equation (105) is

tr dQ3

= 3 tr QQdQ

By Eguaticn (83) in Equation (107)

Tr dQ3

= 3 1r Q2 6 tax

T

PB-X*dXQ]

(107)

(108)

Using the commuting and permuting properties of trace one obtains

= 3[%_1 (QT)2 Bp - an{]

3
i}
e
mxp

(109)

For n=1,2, and 3 by Equation (88), Equation (101) and Equation (109),

8q3

X

Q

mxm

= X*
mXp pxm

Q")

B

= (X%

M

E—L T. 2
= 3

1

_ QSX%

This gives the inductive step, therefore for

(110)

(111)

(112)

(113)

(114)

(115)



Po= XXE (116)

pXp
P=1-7P (117)
q = tr Q' no=1,2,0 (118)
we have
8qn -1, Tn~17T~ n_,
—F =1 [G77(Q")" "B'P-Q X*] (119)
3x

4 number of special cases follow from Equation (119). Suppose X is
square and full rank, then

- -1

Wt o= X : (120)
<
and
-1
Q=X B (121)
Then
-1
Ps ¥k eI (122)
and
P=0 (123)
hence
3tr ,,-1_.n A, 3% (124)
T (¥ "B) = - n (X B X
ax
Suppocse now that B=I then
S - ] _
T (¥ P e om Pt (125)
3x

16



or

E. POWERS OF (XB)™.

) = nX

Q

T

p*p

= (x8)"

n -{n+l)

The powers of

can be cobtained in a similar manner. By Equation (20)

and

or

Bql_ .
aX mxp
2 2
Q" = (XB)
2
4, = Ir Q
4Q% = 400 + QdQ
: 2 .
tr dQ = 2 tr (QdQ)
= 2 tr QdXB
da,
; - 2 BQ
5%

= 2 tr (BQAX)

Repeating the arguments as before one obtains

%o

i

(tr (xB)"] = n

B
mXp

B*D

(1286)

(127)

(128)

(129)

(130)

(131)

(132)

{133)

(134)

(135)



Ton X square, full rank, and
B =1
Equation (135) becomes

n
3t_r>T<_ . (136)
X

F. TABLES OF GRADIENTS

1. Linear Forms:

a—“{.—AXB)
X"\ 2xp pxm mx4

P>
L§BA><)=BA
oX \ mX% &xp pxm

a.t,II?rXBA)J
oX \ pxm mx2 £xp

St; <§X§> l
2T [himypda xm:l' = bH(pda
pX

—= [ x d(mdplal
T LX),

—=L A ¥ A
38X~  mXp pXm mxp

[ x B ] B
3% DXm mXp mxp

o (xper) - &

I

18



Quadratic Forms:

S A x ¢ X' B

oX LXp pxm mxm mxp px4L

ﬁf%-[ c XX B A %] } = ¢ aT8T 4 cxTpa
mXm WMXp pXL LXp pxm

Q
>

Ty ¢ X' B A )
3X'  pxXm mxm MXp Px{ LXp

ot T
-;T-[xx BAJ

atf "Bl b = ¥ a5 ema)

X

9tr ~,T
— [X BAX]
X

3 Ty = 2xt

(o)

dtr (XT§><§x)

Db

2o () = GO )

2 Ty = - axTx) "2 X%

19



3. "Cubic" Forms and Others: The generalized inverse

x¢ = (07t xt o= gt KT

T

LT (yx B ) = (X'x) T B'E - xpxe

3X  mxp pxm

where the proijectors are

S ey = n [N BTE - QM)

AT Iyt L D iyt 7t

(X*l)n n X-(rﬁ-l)

(x)™ = np(xp)®t

i

|

o
=
-3

(Xn) = nxfl"l

s
+
43

X

T
III. SOME FUNCTIONS OF GENERALIZED MATRIX PRODUCTS INVOLVING (X, X ,X% X%1)
OF FINITE ORDER. 1In this section we will be concerned with matrix functions
of the form

= R «7 = .Z vesH o *B
X By 8y n Zn n+l
n>c, n an integer and the Bji scalar matrices. Functions of Y, the argu-
ment, will be examined, such as £(Y)=Y, and certain transcendentals

identified below. The algorithms to be developed are divided into three

20



classes, viz: those in which the Z;e{X,XT}, where the Z;e(X%*,X*T) and
those arguments where the Z3 can be any of these matrices., It will be
seen that, for each of the functions (mappings) listed (in each class),
the partial derivative of the trace with respect to XT has a common form,
and that the different solutions merely require the substitution of a
specified matrix into thls form. The generalized equations will be speci-
fied, but the formal proof will not be given. These equations can easily
be proved by induction, but only the induction step is shown. It will be
clear from the forms of the first two classes how the results can be
combined to solve for a generalized miwed product. This will be indica-
ted and the general solution presented.

Finally, at the end is a table of the partials of the trace for some
of the more commonly expected products.

The following set-definitions will be helpful. Let

S, = {B : the B are finite rectangular scalar matrices.}

s = {X : the X are full rank rectangular variable matrices.
X XESX=9XT€SX}

%
8§ = {X* . the XX are the pseudoinverses of the elements S .}
X X
Sy = {Y : the Y are square matrices of the form
n
Y =
B ('TL Bixi) Bn-i-l.
i=1
where n>o is an integer, BjeSp, X;eSxl
S; = {Y : the Y are squavre matrices of the form
n
o= ®
Y ‘;¥lBiXi) Bl

% o%
where n>c is an integer, BiESA>XiESX}

S, = {Z : the Z are square matrices of the form

Z = (

B.2,) B
: i7i
i

n+l

=
j_‘

1 1 = .
where n*a

[}
[4)]

an integer, BiESA, Zi € sYtJ S§}



Class I differentizls will be developed first in considerable detaill
using the argument:

Y = AXBXCXD; A, B, C, DeS,; X, x" 55 Yes, (1)

followed by a more abbreviated development for Class IT differentials
using the argument:

Y = A X* 2 X% C; A, B, Ces, s x*esx, Yes§ (2)

specific functions of Class III arguments will not be developed.

The following auxilliary definitions will be helpful
T
D,A AdZ (BZ CZD)

D (AZB)dZT (C2ZD) (3)

e

D (AZBZTC) dzp

-
2

[

where ZeS, or ZeS%. The restriction or extension of the subscripts is
cbvious.

Let 5eSp. Then (since tr (A)=tr(AT))

tp (snl) tr (BZTCZDSAdZ)

w ((4zB)" s¥(czp)* az) ()

I

tpr (SDQ)

i

+p (smq) Tr (DSAZBZTCdZ)

Let FM A {£SY, eI¥, * sinY, % cosY, * sinhY, * coshY : 5&8a,

veSy U 5S¢} and M be a mapping such that M : Y»M(Y)eFy. Call this function
in FM, Q, and in all cases, let g be defined as

22



q&tl" (Q>

Class I
T

Y = AXBX CXD (5)
Let

Q £ T, = SY, 8eS, (8)
Then

3q o _

axT dXadQ 3(D1+D2+D3) (7

where the D{ are given by bBquation (8). Using trace properties, and sub-
stituting Equation (%) into Equation (7)

tr (DQ) = tr (SDl) + tp (SDQ) + tr (SD3) (8)

erl (BXTexDsA+(AXB) 1T (exD) T+DSAXBY ¢ Yax]

Therefore
EST = BX'OXDSA + (CxD SAXB)T + DSAXB xTc (9)
39X

and if S=I
3 -
s = 3lre¥) | BXT CXDA + (chAXB)T + DAXBXTC (10)
X’ 9%~

Let QeFy=eY. Then Q can be expanded in a series [5, 6, 7, in
particular, theorem 4, p 46, ref 7] as

2

3

. 1 1
Q=e =1+ Y + ET'Y + ET Y + -0 (11)

Then

-
[y



ll—'

dQ = Dy + 02 - D3 + 5 (DlY+D2Y+DBY+YDl+YD2+YD3)
1 Do 29 o oD 220 2
3T (DlY +D2Y +D3Y +YD1Y+YD2Y+YD3Y+Y Dl+Y D2+Y D3
+ (12)
and
) 1,2 1.2
tr(dQ) =tr [(T+Y+5yY te00D, 3+ tr [(I+Y+§Ty +---)D2j
(13)
1.2
+ tr [(I+Y+§TY +--~)D3]
since tr(D1Y+Y¥YDy)=2tr(YD;), etc. Therefore
tr(0Q)= tr [e¥(D +D+D,)] (14)

Since eYESA, identify S with eY and substitute into Equation (9). This
gives

Eir - BXICXDe's + (CXDe'AXB). + DelAXBX'C (15)
X

(s3]

We might note that, due to the permutative aspects of the trace,

24

X

can be written in a variety of ways. The one chosen here appears most
"natural" because the argument, Y, remains unchanged. However, suppose
YAAXB and QAeY, then the following expressions are equivalent

BAX XBA

3 AXEB
" A(=BeYA) = e BA = BA e

= B
X

ol

A gimilar set of egualities exist for each function in Fy. However,
the representation is unigue if the argument remains fixed, Ip the
remainder of this seclicn, only the form which preserves SeFy will be
considered.

2k



Now, had Q been eif=cosY+isinY¥, the terms in the expansion of dQ could
be collected into real and imaginary parts. It can be easily seen that
these sums can be written as [3]

tr(d0) T - tr [(sin Y)(B D +D )] + i tr [(cos 7)(2+D D 3] (18)

Let gqjhtr(cosY)and qzAtr(sinY). Then if S is chosen as S=-sinY¥, Equation
(3) becomes

aql

—== - B% CxD (sin Y) &
ax
(17)
, T ) T
- (C¥D(sin Y) AXB) - D(sin Y) AXBX C
If S is chosen as: S=cosY, Equation (3) becomes
39, T
— = B X CXD (cos Y) A
X
(18)

T
+ (CXD(cos Y) AXB) + D(cos Y) AXBXTC

Similarly, if the expansions of tr(eY) and tr(deY) are grouped accord-
ing to even and odd powers, 3/3XT tr(coshY) and 3/6XT tr(sinhY) can be
expressed by substituting S=sinhY and S=coshY, respectively, in Equation (9).

There is a more enlightening way the above derivatiors can be performed.

Let
X, AAX
XEQ(XBT)T (19)
X, A0X
<
then
Y = XlXZXED
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Also, for any i1=1,2,3,Y can be expressed as

Ll = 1
ol

Ml = X2X3D

L, =% .

(using Xz)

= D

MQ X3
= A X

Ly = %

M3 =D

Then Equation (%) can be written as

to(sD) = tr (¥ SL.dX) = (M,SL AdX)

11
1

" - - T _ T
hp(snz) {r (MQQLQdXQ) o ((MQSLQB) dx)

cdx)

i
1

tP(SDa) tr (M3SL dxg) tr(M3SL

3 3

Such expressions can be generalized as follows.
used as a superscript. That is, for any matrix, A,

A=A If o =1

Define

26
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(21)

Let ap"1Y" or "T"

(22)



n
G
Yol 7 Xi)%u (23)

i=1
where
K, A BX
and
x? é:(XBZ)T = BiXT, BieSA, 1= 1,2, +,n+l (214)
Also, for any 1, i=1,2,-'>,n, Y can be defined as
Y = LiX?Mi | (25)
where
1l a n a
e J'I-‘Il 5 h<j=ni+1 % )Bml (26)

where LAY and MpABn+1. Then for SeSp and Q=M(Y)efp

n

s o
te(dQ) = tr| § (M;SL;B,) ax (27)
1=1
which gives
) tt o
9. = ) (M.SL,B,), SeF (28)
: i S M

axt i=1

Note that if M(V)e{ TY,e Y:TESA} then S=M{Y):; if M(Y)=cosY, then
g=-sin¥; if M(Y)=sinY, then S=cos¥; if M(Y¥)wsinh¥, then S=cosh¥; and if
M(¥)=coshY, S=sinhY.

0lass II. The development cf a generalized form using the pseudo-
inverse parallels the previocus derivations very closely; only the form of
the Final result is chanped. Therefore, it will be sufficient for illus-

trative purposes to use Y as defined in pquation (2)

N2
~1



Y = AXWBX®*C; A,B,CeS x*asi, YeSH

Al Y

By assumption X is full rank, so Equations (11#) through (117) of the pre-
vious sectleon apply. Some of these are

. T, .-1.T
X* = (XTX) X

G4 (xTx) =xx = g TgT
. (29)
XYX = T
XX%AP, a projector
and =", p=p*. Let

DlAAdX"‘BX"‘C (30)

D AAX¥BAXHC

Then for SeSp

tr BX*CSAAX*)

I

tr(SDl)
(31)

It

tr(SDQ) tr (CSAXFRAX®)

We require d¥X*. From Equation (28)

_lT -
+ G . XT

dx* = dG "X ax” |

From equation (62) of the previous section

and from



G = XTX

a6 = ax’x + xldx

Thus
ax® = - ¢ tax e T - e hdPaxe T + o rax? (32)
If TESps then
. -1..T. -1.T - -
+tr{TdX*) = - tr(TG ldX XG X)) - tr(TG lXTdXG lXT)
v (e k)
. X ‘_Ii.., T WL KR K -1 T
= — 15 TAXTXXE) - tr(TXFAXX%) + tr (TG ~d¥X’)
(33)
= tr(PdXG—lTT) - tr(X*TX*aX) + tr (dXG~lTT)
e
= (T (1-P)aX) - to(XETXEAX)
Thus, 1f Q=3Y, SeSa, define
SO
A, A BX*CSA
(34)
A. A CSAX*B
5 4
Then
tr{dQ) = tr(sSD,) + tr(SDQ) = tr(Aldx*) + tr(AQdX*)
-1, T T (35)
= trl[G (Ai+A2)(I—P)dX] - tr[X*(Al+A9)X*dX]
or
2"3 = 1 A,T...I{-\T Tiss - X¥&E(A A B3
nxT C (\l1_2}(_ P) X nﬂl+ 2)x

cFy, then Sefy according to the scheme cutlined for



The above procedure can be generalized in the same manner as before,
where "o as a superscript has the same meaning as in Equation (22). Let

n ;f‘ d
Y A igL (X007 ) B 4s (36)
X. = B.X
1 1
T T v T T o
(%) A B.(X*)" = (X%B,) , B.eS,, and X¥*g$S (37)
b =1 1 i "A X

Then, for any i, Y can be defined as
Y oA L, ()%, (38)
1771 i

where L; @nd Mi have the same definitions as in Equation (26) with Xj.
T+ follows that

n
tr(dQ) = tr | ¥ (4,sL B,)%axs (39)
N BN 1l 1
1=
Now define
= o
~ {
I A _Z‘ (MibLiBi) (40)
1=1
then
£r(dD) = tr(rax®) = o[ (G TTT (T-P)-X*TXk)AX] (41)
Thus
. G"*rT(I-P) - XHEDX* (42)
n‘.XT

and the same remarks apply as for Equation (28).
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Class 11I. TYrom the foregoing derivations 1t is clear that if

and, if Z7is X or X%, then
n o 7
tr(dQ) = tr | ) (M,SL.B ) dz”
R A A ¢

i=l

k=1 =1

n n

1 - 2 o

= I, %

tr| ] (4 SL B )%ax| + tr mz (M s B )*ax (43)
where k sums over the n)] terms involviang dX and m sums over the n) terms

involving dX*; the Mi, Lj have the same definitions as before. Therefore,
if we define

oy
(63
r, = 3 (M 8L B)
O
(uy)
Il
z
r,= J (ust s )”
mi=l m m m
EST': r. + G“er(I-P) — XX X% (45)
ey 1 2 2

Again SeFy and the remarks given for Equation (28) apply.

The general forms given above used the symbol "S'" to indicate &
matrix function in the resultant expression. Furthermore, the form of
the result was restricted among several possibilities so that SeFM. This
restriction assures the uniqueness of the result. More formally, S can
be defined as follows. Let QeFM, g=trQ, then

S-_-_.?_CL
oY (46)



. Y
For example, 1f J=e , then

= 99 4y
do = == dy
and
2 3
e aq = trla(e)) = trldlTevs T+ 1o 4eee))
Y2 Y
=t (I+Y + 7 +--+)dY] = trle’dy) (47)

and 3g/3Y=eY. C(learly, comparable results follow for each element in Fy.

Throughout the development which resulted in the general equation (45),
attention has been confined to the functions in Fy. It is clear that any
function expressible as a convergent series has a matrix counterpart [7,
theorem 4, p 46]. Thus, the set Iy could be expanded considerably; it
would include, among others, such functions as logY, Bessel functions,
etc., in which S can be substituted as shown in Fquations (44), based
on the result demonstrated by (47), SeFm.

Based on (47), the derivative of £(Y) with respect to Y is the same
as if ¥ were a scalar. Thus, if Q=sinY,

3q 3 .
—i = — trisiny = .
~ 57 r(siny) cosY, etc

of particular impcrtance in applications are the matrix functions
AXE and AX*B. Table 1, below lists the gradient of the trace, 3q/3XI of
these two forms for the functions defined in FM. Capital letters repre-
sent matrices in SA, with XeSx and X*ES§.



TABLE 1

y Q ag/axT
Y=ABX Y BA
cY BCA
eY BeYA

sinY B(cosY)A
cosY -B{sinY)A
sinhY | B(coshY)A
coshY | B(sinhY)A

y=ax+g' |y 6 TATBT (1-p)-x*BAX*
cy 6 ATcTRT (1-P)-X*BCAX*
e 6 TAT (e) BT (1-P)-x*Be Ay

sint | 67'AT(cosYT)B (I-P)-X*B(cosY)AX*
cosY | -6 TAT(sinYT)BT (I1-P)eX*B(sinY)AX*
sinhy | 67'AT(coshYT)BT (1-P)-X*B(coshY)AX*

coshY | 6 VAT (sinhyT )BT (1-P)-X*B(sinhY)AX*

T a=(XTx), P=xx+

More generality is available using Equations (26), (uu), and (45).
Table 2 lists the functions QeFu, and S=3gq/3Y which are reguired in the
gradient of the trace of Q, aq/BXT, for each choice of Q. Table 3 lists
=z number of forms for Y and 3q/3XT in which the required function, S, is
found in Table 2 depending on Q.

TABLE 2

qQ § Ay | eY cosY | sinY | zoshY | sinhY

SiA eY | -sinY | cosY | sinhY | coshY




TABLE 3

Y aq/sXxT
AXB BSA
AXBXC BXCSA + CSAXB
AXBX'C BXTCSA + (CSAXB)T
X7 %7 (s+s7)
XBX] BY's + B'x's"
AXX' B X BSA + (BSAX)
AXXB XBSA + BSAX
AYAB 6TV (BSAYT(1-P) - X*BSAX*
AX*BX*C G_]FT(I—P)-X*PX*, where
I = BY*CSA + CSAX*B
AX*BY* ¢ = 67 P (1-P) - X*TX*, where
¢ = BX*TCSA + (CSAX*B)
Yoyx] = a‘](s+sT)x*(1-p) - x*x*T(s+sT)x*
X* (> = 671 xR TexxTsT) - ke (xxsesx*)y

g Ty = 6 T sesnTy - xr(sTamaxrsT yxx

AX*BXC = CSAX*B + G~ 'DV (I-P) - X*IX*, where
r = BXCSA

AX*BXTC = (CSAX*B)T + G TrT(1-P) - X*rX*, where
r = BX'CSA

Ax+TBXC = CSAX*TB + G711 (I-P) - X*TX*, where

r = (BXCSA)T

—




IV. APPLICATIONS TC KALMAN FILTERING THEORY. This section presents an
applicaticon of gradient techniques to the continuous Kalman filter.

The optimal state vector defined by the Kalman filter, depending on
context, can be considered as an estimation of the state or as a filtered
vapriable. Although there are many ways one can formulate estimation or
filtering equations, the Kalman formulaticn is sufficiently general so
that a considerable variety of such problems are expressible in that man-
ner. The derivation of the optimal gain matrix is jdeally suited to
demonstrate the use of the techniques developed in this paper.

The presentation, below, omits most details of the theory already
extensively recorded in the open literature; sufficient detail is pre-
sented so as to obtain the matrix Riccati equation for the propagation of
the covariance of the strate.

Consider a "truth model”

. , B} .
(O = & (D) + £(0) (D) + B u(e) (£ (1)
for a countably infinite sequence of continuocus trajectories, j=1,::-,=.

The measurement vector 1is

z(t)(m>j = A (1) ><(t)(m>j + v(t)(@j (2)

mx 1l
The structure of the optimal state estimate is
ﬁ(t,t))j. = AR, ¢ E(E) F UG R(r,D, (3)
where the error in observation is

z(t,t) . = z(t) . - 2(t,t) . ()
3 ) )

J

The error dynamics are
i(t,t>j

The variance in the state estimation is

(A-WH) i(t,t)>j " BL>_.1 + WD, (5)

Plt,t) = z(:"::(t,t}(sa(t,t)) (6)



with dynamics given by

B = (A-WH)P + P(AT-H'W') + BOB* + WRW (7)

where the standard unccrrelated assumptions are assamed and

(€><§)

Qlt,t) &8(t,1)

3

and

(D<)

Any full rank W used in Equation (3) will generate a trajectory; the
problem is to find the W(t) that will minimize the trace of Equation (7).
It can be shown that if P is minimized, then P is minimized, hence

R(t,t) 6(t,1)

]

<5
L. —§-T— (-WHP) - LT (PHWT) + B—T (WRHD) (8)
W AW W 3

from Table 3, Section III

g
— T (-WHP) = - HP (9)
awW

~
a

T T.
e tr (PH' W )} = + HP (10)
B

b

awr

tr (WRWT) = 2RwT (1)

Using Equations (8) through (21) in Equation (9), gives
.a."';Tr = 0= - 2P + 2RW
dW

from which



That is,

T. =31
W = PHFR - (12)

Which is the standard Kalman gain matrix.
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NOTATION

1. Upper case Roman letters A, B, C, -+:, generally refer to rectan-
gular matrices.

Special FPorms:

I Is a unit matrix; Ip a pxp unit matrix.
0 Is a matrix of zeros; Op a pXp matrix of zeros.

X A rectangular matrix of random variables or a set of mea-
surements. Each column is a measurement and the number of
rows 1s generally greater than or equal to the number of
columns. X is normally "full-rank", that is, the rank of X
equals the number of columns.

Wi Is the generalized inverse of X. In particular, it is the
pseudo inverse of X when X is assumed to be full-rank.
That is, if the rank of X is equal to the number of its
columns, then X¥=(XTX)-1XT, (NOTE: If the rank of X were
equal to the numbers of its rows, then X*=XT(XXT)-1.) IF
X is asquare, then X¥%=X-1,

G Is the Grammian of a full row rank matrix; thus G=XTX.

W Generally refers to a matrix of weights.

F.,Q,R Trequently refer to the covariances c¢f the optimal estimate
of the state-vector, process noise, and measurement noise, r'esp.

E,P Represent a projector of a variable array into its range
space and null space, respectively., Both P and P are
idempotent and PP=0.

2. Lower case Roman letters, a, b, ¢, -+, vefer to vectors.

ecial Torms. Frequently an upper case Roman letter, say A, will
refer to an unspecified array. For those gpecial cases in which the
tc be a vector, lower case a will replace A.
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(1f

Operators

SuperscripTs
. o A T
T Is the transpose of an array; thus A,
-1 Is the inverse of a square array; thus A .

% Is the pseudo (generalized) inverse of an array; thus A%,

A has full-rank, A% -(A AT
Symbols
n
tr Is the trace of a square array; thus trA= L a.. wnere
A= (a. ) is an nn matrix. 3=y H
<,z The Dirac bra and ket, respectively, vepresent row and

column vectors respectively. Since, in this paper, all
arrays are of real numbers, only, the imner product of two
vectors a and b is <ab>=<ba> or <aMb>=<bMTa> over the metric
array, M.

{pa, Represent row and column vectors a and b, having p and q
bq compontents, respectively.

Eb )& L a,B natural numbers, are used to represent arrays A and B
* partitioned into theiy column space or row space,respectively,
or are used to emphasize that two vectors, a and b, are
defined in a "space" and its "cospace" defined by a "basis"
and '"reciprocal basis".

s Appearing above an arvay respresent an optimal estimate and
its optimal error, respectively, thus X and X. Also note
that such an array can be written as X=X+X.

Y, Represent expected value and covariance of the arguments,
cov(*) pespectively.
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