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ABSTRACT

In many applications of recursive estimation theory to trajectory
estimation the process dynamice are not used. In these cases one norm-
ally resorts to approximating the forces with fitting functions. Poly-
nomials, exponentially weighted polynomials and trigonometric and their
orthogonal counterparts Gram, Legendre, and Laguarre polynomials are
developed in a vector space setting.

Matrices describing the comnmections between the bases and their ve-
locity matrices and their pseudo-inverses are developed. Continuous and
discrete function filtering dynamics are presented. These relations can
gserve as an aid to fitting functions filter design.
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INTRODUCTTON

State Space Techniques For Approximation Theory With Applications To Optimal
Estimation.

The applications of modern optimal estimation theory (Kalman Theory) to
flight test trajectory estimation has brought about a need by those develop-
ing computer programs (the mathware) to obtain a broader systems analysis
viewpoint of the total test procedure., All through the 1960's most of the
personnel responsible for flight test data reduction at the national missile

ranges were primarily mathematicians and statisticians. The advent and

- global acceptance of the Kalman Estimation Theory necessitated that data

reducers also apply the tools of fiight simulation groups, namely missile
stochastic dynamical models augumented with instrumentation-system dynamics.
In actual practice today most applications of the theory are suboptimal mod-
ification§ since most missile flight processes are highly non-linear {(math-
ematical descriptions highly dependent on wind tunnel data) with only par-
tially known statistics of the process uncertainties and very pocrly known
non-linear measurement instrument dynamics and measurement jnstrument vapi-

ances and biases.

The next best thing to a complete simulation missile model is to use

approximation theory conditioned and constrained by a good hueristic engi-
neering feel about the total process., The earlier applications by the
ranges have been in power-series polynomials and orthogonal polynomials with
a vast amount of literature available in this area of moving arc smoothing
etc. Unfortunately most of the literature on approximation theory as well
as published reports is steeped in the classical tedium of multiple nested-
summations and countless indices running and stopping. The Kalman Theory
based on the differential equations of the process is beautifully done in
state~-space mathematics,

The vast acceptance among engineering circles of the Kalman approach

has brought about complete new curriculums in engineering training with big

vii



demands for vector space theory matrices and modern algebraic concepts to
better understand the modern approach to algebraic system theory. The math
departments should be forever endeared to Kalman.

The math modeling techniques for flight dynamics of aerospace vehicles
for many interacting moving reference frames on which sensors are mounted
can best be handled with the vectors and dyadics used by Gibbs but cast inte
a matrix setting as described in reference (69),

Thus modern estimation theory requires math models unified from the

following disciplines:

Flight Mechanics
Instrument Dynamics
Statistics
Numerical Analysis
Matrix Numerical Methods
Approximation Theory

The primary concern of this report is to develop vector space and
matrix relations useful in the design of recursive optimal estimations based
on assumed fitting-funetion (approximation) models when the process dynamic
model is not known.

This task necessitated a sizeable attempt to survey SOme of the vast
amount of published literature on approximation theory in books and journals
and establish some connections useful to the modern vogue of state-space
(vector and matrix dynamic representations).

Householder in ref (39) says that orthogonal polynomials themselves
have an extensive literature which he will not bother to cite, but that
their association with matrices seems to be relatively new.

Davis says that the flelds of interpolation and approximation have been
cultivated for centuries. The amount of information availakle is truly
staggering so he presents in his book the topics that caught his imagination,

He says that Bernstein polynomials yield smooth approximants and provide
similtaneous approximation of the funbtion and its derivatives; the mimic the

behavior of the function to a remarkable degree but the price paid for their

viii
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beautiful approximation properties is very slow convergence,

Davis published his book in 1963 and says that during the past few
decades, the subject of interpolation and approximation has not been overly
popular in American universities. Since the development of high speed com-
puting machinery, the flame of interest in interpolation and approximation
has burned brighter; and the realizatlon that portions of the theory are best
presented through functional analysis has added fuel to the flame.

Rice [The Approximation of Functions, 19641 says the main problem con-
sidered in his book is the approximation of a real continuous function x(t)
by an approzimating function, and that there are two major items in this
problem to be stated. The first of these is the type of approximating
function used, and the second is how one measures the 'goodness™ of an
approximation., He says there is no scientific method of determiniﬁg which of
the many approximating functions normally avallable will lead to the most
efficlent approximation of x(t). The cholce of approximation function has to
be made on the basis of experience and intuition. The first three states
(the function and the first and second derivative of the function) are needed
in trajectory estimation. Rice says that the second major item to be speci-

fied is the measure of the goodness of the approximation to be used but is of

“less importance than the cholce of the approximating function. The "measures

of approximation' or "distance functions" are used to determine the distance
of an approximation from x(t). Rice says that given a function x(t) to
approximate, there is a rather fixked sequence of steps to be made, the first
of which 1s to translate the intuitive or practical problem into a mathemat-
ically precise form. This means that one must choose the approximating
function and the distance function. If the approximation problem is already
presented in a mathematically precise form (as i1z often the case) then this

step is missing. However, if such choices are to be made, it should be rec-

ognized that these choices are the most important of all the steps toward ob~-

taining an approximation., Poor choices at this point can make severe diffi-
culties unavoidable, no matter how talented one may be at mathematical
analysis. He says that once the problem is given in a mathematically precise

form there are a number of phases in its solution:



1. Choice of approximating function and distance function.

2. The existence of a solution.

3. The uniqueness of a solution.

b The characterlstic and othep special properties of the solution.
5. The computation of the solution,

With respect to item 1 above, Rice says that there are some general

guide-lines available, He says that in actual practice {as opposed to

theoretical analysis) there is only a very small set of functions available

to be used as approximating functions. This set includes polynomials,

raticnal functicns (the ratio of two polynomials), and trigonometric sums.

In special situations, one may have analytical reasons for using special
functions such as the logarithm function, the exponential function, Bessel
functions, piecewise polynomials, etc. Even with the addition of these
special functions, the total set of approximating functions is small. On
the other hand, the particular choice from this small set may not be clear
in many instances.

Rice says the key to efficient approximation is to find an approximating
function which can take on the same nature of behavior as x(t). The
approximating functions with 1imited range of behavior are, naturally, the
most common and the simplest to use. These are the polynomials and trig-
onometric sums. A word which deseribes this behavior well is "roly-poly".
These functions are unable to take on sharp bends followed by relatively flat
behavior. Likewise, these.approximating functions are unable to manage very
large or infinite slopes followed by "nbrmal" behavior. For functions cof a
roly-poly (or gently varying) nature, however, these approximating functions
are very efficient.

Rice states further that one common method of circumventing the roly-poly

—————
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or trigonometric sum increases, the polynomial is more and more able to
follow a function that is not of a roly-poly nature. This method has the
obvious drawback of requiring a complicated approximating function and,
frequently, of being difficult to evaluate, i.e., being numerically unstable.
Rice says a class of approximating functions which has a much greater

degree of flexibility is the class of rational functions:

A rational function of relatively low degree can take on a form which cannot
be effectively approximated by polynomials of low or medium degree. These
approximating functions have the additional advantage that they are simple
to use. Their principal disadvantage is that it is considerbly more
difficult to compute approximations by rational functions than by poly-
nomials, However, new techniques and widespread availability of high-speed
computing machines are rapidly reducing the importance of this disadvantage.
Rice states that another class of approximating functions which deserves
consideration is the class of pilecewise polynomial'functions. These functions
are defined by dividing the interval [0,1] into several intervals by a set of
points called joints. The approximating function is then a polynomial of
specified degree between the joints. The approximating function is either
linear {in case the joints are given) or nonlinear (in case the joints are
to be determined).
Rice claims that a particularly important subclass of these functions
is the class of spline functions, which are piecewise polynomial functions
of nth degree Jjoined smoothly so that they have n-1 continuous derivativess
i.e., there is a discontlinulty possible only in the nth derivative at the
joints. When the joints are given, these approximating functions have three

very desirable properties, namely, they are flexible, they are linear in the

xi



parameters (i.e., approximations are relatively easy 1o compute}, and they
are convenient to use in many applications. The problems associated with
the "best joints" have not been investigated to any extent. .

Rice says that it appears at this point that almost every aspect of the
least-squares approximation problem has been resolved, and in theory this is
true. In computation, however, there is still a possible difficulty which
is touched upon here. This difficulty arises mainly from the fact that the
coefficient matrix of the normal equations may be ill-conditioned, Space
does not allow a full exposition of this property, but it suffices to say
that matrices which are.ill—conditioned are very difficult to invert. When
one is doing hand computations involving four cr five parameters, this ill-
conditioning has little effect. The effect became of increased Importance
with the advent of high-speed computers, for it is now possible to make
calculations involving a much larger number of parameters.

To illustrate this, Rice says we shall consider the most common example:
namely, when fi(t):ti"l. In this case, the coefficients of the metric matrix
are

lljldt:wj:_l

the coefficient matrix then is the Hilbert matrix:

gl FlR wle ™l
M= > Fle Wl

£l w|
3| ol ok FlE

-

i —l

Rice says the inversion of a system of equations with this coefficient matrix

is notoriously difficult., If there are ten parameters, then the inverse of
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this matrix has elements of the order of 3x1012. This means that an error

of 106710 in the original system appears as an error of the order of 300 in
the soluticn for the pavameters of the best L2—approximation. These diff-
iculties may be avolded 1f one is able to use fi(t) approximately orthogonal.
There are many systems of polynomials available, for example, for use on an

interval or on finite point sets of approximately uniform distribution.

Morrison in "Introduction to Sequential Smoothing and Prediction' (1869)
uses the discrete Lengendre and Laguerre polynomials, The Legendre polynomials

form the basis (instead of the monomial basis) for the fixed memory polynomial

filters and expanding memory polynomial filters., Morrison uses the discrete

Laguarre polynomials to form the basis for the Fading Memory Polynomial Filters.

Morrison points out that Hildebrand comsiders briefly the question of
orthogonality over a discretized interval and derives the Gram polynomials,
sometimes also called the Chebyshev polynomials. These polynomials are re-
lated to Morrisons Legendre polynomials by a shift of origin. Morrison says
that he has extended Hildebrand's approach to obtain the discrete Legendre
and Laguerre polynomials; and that Milne has an alternate and extremely ele-
gant derivation of the discrete Legendre polynomials in his book "Numerical
Calculus"., Morrison says that recursive parameter estimation over fixed
data spans using the classical monomial base {(power of t) yields matrices
which are difficult to cbtain the functional form of the inverse of anything
much beyond a 2x2 is obviously ocut of the question; that although numerical
inverses would give correct answers resorting to numbers would, {at the stage
of discussion in his book) force the analysis to terminate, and the analysis
has as yet hardly begun. [Many of the ranges do use second, third, and fourth
degree polynomials for trajectory estimation and these inverses are included
in this report.] Morrison states on page 238 that the discrete Legendre poly-
nomials do not easily permit of differentiation; that any attempt to differen-
tiate them completely fractures their structure, and all order ls therefore
irretrievably lost. He.presents two solutions to this problem,

Lawson ("Survey of Computer Methods for Fitting Curves to Discrete Data

or Approximating Continucus Functions", 1968) concentrates his discussion

xiii



primarily upon the class of computational problems most commonly associlated
with the name "approximation theory", namely the approximation of contin-
uous functions and curve fitting to discrete data. He views the problems
from the point of view of practical scientific computation. Lawson con-
siders the features and drawbacks of various forms of the approximating
functions., He says that polynomials are in some sense the simplest forms

and that there are a variety of parameterizations possible for a polynomial.
When expressed as a.t, which he calls the monomial basis parameterization.
The matrix of basic function values is typically very poorly conditioned
which can be significantly improved by translating the domain of the inde-
pendent variable to be centered at zero. Exponent overflow is avoided by
scaling to [~1,1]. He says that even with these precautions polynomials of
degree higher than about seven in monowial basis form are essentially useless
in eight decimal digit arithmetic. Other bases such as Chebyshev polynomials
typically provide remarkable stability. A polynomial of degree n represented
as a linear combination of Chebyshev polynomials can be evaluated in n multi-
plications and 2n additions, and he recommends the use of the Chebyshev basis
in preference to the monomial basis wherever polynomials are used in‘computa—
tion unless there is some specific reason to use the monomial basis.

Lawson says that rational forms have various special properties such as

remaining bounded at infinity, having poles, and having abrupt changes of
curvature, which sometimes make them more useful than polynemials, that their
parameters occur nonlinearly and their determination in fitting problems re-
quires iterative procedures and there are various practical difficulties,

The faet that best rational approximations on discrete sets do not always
exist must be kept in mind. Lawson states that he belleves that the use of
rational functions for fitting discrete data will largely be supplanted by

the use of spline polynomiais. Rational functions have been very successfully

used as approximating forms for some analytic functions, and the algorithms
for computing these fits are well covered in the literature but the effective
design of such approximations depends more upon a thorough understanding of
the function being approximated, leading to the use of special identities and

changes of variables than upon the actual computation of the approximation.
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All of the polyncmial parameterizations are candidates for use in rational
function parameterization, There is also the possibility of using continued

fraction forms, however, these are frequently unstable and must be tested for

growth of rounding error in each individual case.

Lawson says Spline forms have been the subject of intensive study in

recent years. Much more work needs to be done to evolve the best strategies
for parameterizing and manipulating splines and vnderstanding the problem
with variable breakpoints. Splines combine extreme flexibility in changing
curvature with the stability of low degree polynomials and linearity of
coefficients (for fixed partition points). They provide a very attractive
approach to general data fitting.

Lawson at the end of his paper makes a few "somewhat random observatiocns'.
(1) He says that he believes that in the realm of advances in approximation
algorithms the development and exploitation of the fast Fourier transform for
harmonic analysis and synthesis must rank as the single most significant
advance over previcus methods. (2) The numerical superiority of modified
Gram-Schmidt orthogonalization should become known to everyone and hopefully
should even be mentioned in math texts on linear algebra. {3) The advan-—
tages of the Chebyshev basis relative to the monomial basis should become

more widely known and exploited.

J. Hiller in an article "Is Orthogonal Expansion Desirable?' addresses
itself to an examination of the desirability of orthbgonal expansion in
identification and a class of sub-optimal control problems. He says that
there is little difference between the orthogonal technique and a method
based on the direct minimizaticn of the (weighted) integral of error squared
or some quadratic performance criterion, He shows that the integral approach
is equivalent to a particular wmethod of matrix inversion. Hiller polnts out
that the identification problem in control has much in common with the
approximation problem encountered in filter methods applied in ldentificatiom.
His paper addresses itself to an examination of one such technique-orthogonal
expanéion.

Hiller says it is common practice in design and also in signal measure-

ment to determine the optimum set of weighting coefficients for a given set



of functions of expansion by requiring that the integral of the error sguared
should be minimized, This criterion of optimality is often chosen for no

other reason than that it leads to tractable mathematics whilst satisfying

the rather vague and often subjective requirement that "error should be small',

Close examination of many approximation procedures reveals that there is often

little reason, other than convenience, involved in cholce of criterion of

optimality. He shows that in many cases the requirement of orthogonality is

inconvenient and in all cases amounts in principle to specification of the

manner in which a matrizx is to be inverted. He uses a simple example to

illustrate that orthogonal expansion is merely a particular way of carrying
out matrix inversion, viz., the Cholesky method. Therefore, o answer the
question: 'Is orthogonal expansion desirable?' we must in effect pose the
query: 'Is inversion by the Cholesky method desirable?' If expansion of a
real function is being carried out in terms of real component functions, the
elements of the coefficlent matrix, F, will be veal. It may thus be hoped
that all computation will involve only real functions. It has been shown by
Wilkinson (1961) that if F is positive definite and symmetric, there exists

a real lower triangular matriz L such that F=LLT the symbol T dencting trans-
pose. In expansion problems symmetry is guaranteed but positive definiteness
is not. Any attempt to carry out the Cram-Schmidt process on a system de-
scribed by a non-positive definite T may give rise to the appearance of

. . . -1
imaginary elements in L .

Hiller enumerates the following features often claimed (Kautz 1854) for

orthogonal expansions:

(i) Convergence is rapid and uniform, thereby providing an

accurate approximation for any fixed number of terms.

a . . . etc. do not depend on the

(11) The coefficients a.,
0® %1,

number of terms taken.

(111} The calculation of the a. is simple,
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(iv) The mean square error ls minimized for each set of items.

With respect to the first of these properties Hiller says that conver-

~gence of the orthonormal expansion method will only be rapid if the pole

distribution of the approximating functions adequately spans the pole dis-
tribution of the function being approximated. It 1s not necessary that the
pole locations should coincide for the error measure is insensitive to pole
positioning provided that the two sets of poles lie in approximately the

same region of the s plane.

The significance of properties (ii) and (iil) depends on the use
planned for the expansion. Property (ii} relates to the additional work
associated with increasing the number of terms used in an expanison. The
main reason for considering the independence of the a, on the number of
terms as an advantage is the thought that alteration of the number of terms

will involve only partial vrecalculation., In practice, however, it is unlikely

that this method would offer significant advantages unless either the matrices

were of large order or very fast inversion was necessary in an on-line control

application. The fourth property of orthogonal expansion refers to minimi-
zation of the integral of error squared. This 1s of course achieved, in the
direct approach,

Peter Swirling in his paper "Modern State Estimation Methods from the
Viewpoint of the Method of Least Squares" states that his paper is intended
to be a guide to the subject of modern state estimation from the viewpoint
of the method of least squares, including an exposition of the relation of
this subject to linear filter theory and a rather comprehensive account of
recursive solutions, He says results will be stated, interpreted, and
motivated, but not derived in detail. He states that one objective of his
paper has been to state a number of substantive results which are in-
sufficiently well known or (in some cases) about which there has been a great

deal of confusion. He gives the following examples:

1. Many of the important results, including the fundamental theorems

of recursive state estimation, do not require any statistical concepts or

xvii



assumptions either in their formulation or in their proof. For those results
which do require statistical formulation, the great majority do not require
the assumption of Gaussian statistlcs.,

9.  Even when the problem is formulated statistically, there is mno
essential difference in the treatment of problems where the state is
stochastic and of problems where the state is non-stochastic or '"determin-
istic": every problem in which the state is a stochastic process can easily
be veforumlated as a problem of estimating a vector of non-stochastic para-
meters, yielding identical solutions.

3. Every problem in optimum linear filtering or prediction of random
processes can be formulated as an exactly equivalent problem, yielding
jdentical solutions, of estimating a vector of comstant parameters by the
method of least squares. |

L. For purposes of deriving optimum recursive solutions to linear
filtering and prediction problems, it is unnecessary to make several
assumptions regarding the state equation which have been widely thought to
be necessary.

Swirling says his second objective is to present a self contained and
comprehensive development of the subject from a viewpoint which differs from,
and is greatly superior to,.the conventional approach. He says one may dis-
tinguish two approaches which have been employed in developing modern state
estimation theory.

1. An approach in which the basic problem is taken to be optimum
linear filtering and prediction [here Swirling references Kalman and Bucy's
paper]., '

9.  An approach in which the results are developed as elaborations of
the classical methods of least squares [here he references his own paperl.

Swirling says that most workers in the field have started from the
"]inear optimum filter" viewpolnt, ...that the superiority of development
from the method of least squares viewpoint is evident in two respects. First

it easily avolds various widely prevalent confusions regarding the previous
four examples (six stated in paper). All of the points of those examples are

rather obvious when the subject is approached vlia least squares, but several
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of them have proved difficult to grasp from the other viewpoint. Second,
he says, the development from the method of least squares viewpoint leads
directly to much more general results. As an example very Important in
practice is the treatment of recursive solutions to non-linear problems
which constitute the majority of practical applications. He says that it
is well known that the algorithms resulting from the "optimum linear"
viewpoint are not directly applicable to non-linear cases but must be mod-
ified or "extended" to be made applicable; these "extensions"™ he says are
just the algorithms which result originally from the method of least

squares development,

The last {18) sections present some continuous time dynamics for linear
stochastic systems. The matrix Riccatti differential equation and adjoint
dynamical systems are introduced. It is Ffelt that a conceptual understanding
of both the continuous and the discrete time processess should go hand in
hand. In fact the design of multi variable digital filters could benefit
from the aid of understanding how corresponding continuous filters behave
(of course where one does have an analogy). Many mathematical operafions
can be built into special purpose hybrid computers or mini-computers, some of
which are or can be analog devices.

As an example of the state vector techniques consider a three dimensional
position vector with rectangular coordinates in time-varying body-axes, an

ortho-normal base,

i

x{(t) = [Bl=52553(t)] xl(t)“- :@(t) x(t>

x2(t)

(t)
BN

and assume that each of the three coordinates are approximated by a d-dimen-

sional set of fitting functions, that is for constant'parameter- <E

x, (1) = @ a £(t) (?
i

i=1,2,8

xix



or

th;> = A f(€;>

3xd

and

%(t) = <5(t) A f(t>

Taking the time derivative

5:1 = <B A f(t)>+‘@ A %(t)>

where the velocity of the body-base vector is

<5 - é v, ()

and the velocity of the fitting~function base Iis

2o = v, f(t)>

Hence the velocity vector becomes

= Gt a s v I

3x3 3xm  3xm mxm

The last few years have seen the emergence of a number of papers applying
Spline functions to the trajectory estimation problem., These functiocns appear
to be very good for post-flight processing where computational speed is not
of prime importance as in real-time trajectory tracking. The bibliography
lists a number of these spline publications.

For the real time applications one would expect the Walsh functions and
Block-Pulse functions to come through in the lead from the standpoint of
computational time, These functions are discussed briefly in section 4C.

They ére natural functons for digital devices and have enjoyed much success

in communications theory and in two-dimensional filtering.
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Section 1
SOME VECTOR-SPACE METHODS POR CONTINUOUS FUNCTION THEORY

This section applies some of the vector and matrix and dyadic anal-
ysis techniques from matricized Gibbs vector analysis methods. Since
poelynomials are vectors the base elements are separated from the coordi-
nates and many operations are performed between rows and columns of
the base fitting functions. Inmer products between functions, and
matrices of immer-products (or metric matrices) are used,

Orthogonal and orthogonal-compliment projectors are developed and
applied to the recursive Gram-Schmidt process to obtain the orthogonal
polynomials. The notion of polynomials in a given base and their coor-
dinates in the "dual" or reciprocal base are introduced early and very
naturally. The inverse of the Hilbert matrix is comstructed in terms of
the triangular Gram-Schmidt factors. The "weighted Gram-Schmidt'" pro-
cedure is presented from the point of view of a Gram-Schmidt process in
oblique bases with a symmetric metric matrix as weights.

Two parallel Gram-Schmidt procedures are shown, one for a continuous
interval and the discrete analog for a finite set of points at which the
Fitting functions (base elements) are evaluated.

Consider a function x(t) expressed as a linear combination of a set of
fitting-functions fO(t) s fd_l(t)

x(t) = <i§3t) a(gz:> =

where the row-Tuple is

<i§it) =[:f0(t),.f1ct) bee fd_ltt)J

and the colum-tuple 1Is

-1

f.a, (1)

Ll s =)

=0

a(t)(@ = [a(t),a, (1), +a,  (6)IT (2)

In general we will consider a(ti) to be a constant vector. The product
of twe functions can be written as

Xl(t)xz(t) = £<% f(ti) <?(t) %>2 (3)



and the inner-preduct as

tf.
[xl (t} %o (t):l = X () Xy (t)dt

%

where s and te refer to the back and front of the time span,

- 1< N f(> @t)dt >
: 2
[xi,xil = § Mff(tbth %

where the dxd matrix is

t £
£ £
Mepltyty) = 1 l:fo,fl, e, £y Ctﬂ dt
% :
“d-1

and will be referred to as the metric-matrix. Note inner-nroduct yields
a scalar.
We also have the.norn or distance function
t %
£ 2
[x|] = x(t)de
Jt,

2

If the metric-matrix of (Equation 7) is full rank (non-singular) the

set of functions are linearly independent and from a basis, x(t) is calied

& vector and a the coordinates with respect to the base.

(4

(7)

(3)

[
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The dual base is given by

Ew - <o gy ©

the set of bi-orthogonal functions, since
t e

f*(><t) = :f; (L f(><t) dt | (10)

t

i

where I is the d square identity matrix. As an example of the utility of
this concept suppose one is given x(t) continuous over the interval and
asxed to find the d coordinates by integration (analog computer) then

t
t:f(~> x(t)dt ::f(t> @t)dt_ > - (11)
= Mgy D> az

_ t
£ .
>= :»ff%l [ f(@ x(t)dt . o (13)

The solution of (Equation 13) assumed we have knowledge of the fitting
functions and can generate them.

and

By Zguation (9) in Equation (13)

> = ff f“‘(t> x(t)dt . (14)

&,

]



The discreet approach is interesting to note. Given the function values
x(tg),x(ty), ""x(tk-l) for k>d time points, we have

_x(to) ] _QO) _1

x(tl) (1)

x(t,) . (2) a@ = F a@ (15)
kxd
x(t ) ék'l)

rlultiply (Equation 15) by FT and

FT>= FIF > | (16)
(FTF]"IFT}=> an

The dxd symmetrix matrix is

Flp = Ef(0>, f(@, "',f(k>] < (0) .

(1)

and

f(o><oy . f[l><(l) b e f(l;—} @k-l)

k-1
£(41) (i) (18}
iZ=D > é
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when F is full rank.

Equatioén (18) is the discreet analog of the metric-matrix of Equation (12),
thus one is lead to a matrix inversion either through integration or dis-

creet rank-one (dyad) summation,

By Equation (17} we can write
a§§:>= FX x:§:>
: dxk :

waere the generalized inverse, psuedo inverse or (dual bases, in sense
of column space vectors of F are a base, then row space vactors of FT
are reciprical, or biorthogonal) ete. for

b ST 3
dxk kxd  dxd

The comnute of Equation (21) is a symmetric idempotent index two
projector. o '

»
PE* = P__x
kxkk  FF

and

I -P=P
and

e

P= =P
and

°p = 0

(19)

0)

1)

(22}

23)



Using Equatioa (19} in Equation (15)

X = F":c::> P "E;>
(> Txk C IT i

aidd
PR RECERC DL
Tiie continuous-function analop of Equation (27) is cobtained by using

Equation (14) in Equation (1}

(te
.
x(t) = <@y | = (Ez)> x(t)dt
oT
te
¥ -
x(t) = <(t) f(t> x(T)dt
e
bb
™e analer between Equation (27) wmad Ecua ation (30) can be Saa*nﬂne
using a mate i zed-representations of Cibbs cyads.

Fasnioned znalysis of

Using bars cver-vectors to mean tho olda vector
acloadean real snace, erbed Zquation (27) in a particular asis widcn

+7at is the metric (where dot is inner-proluct or det proluct)

(27)

(29}
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e i€y CqyeCs ¢ .o €, (31)
rC1 T Cre Sy

and the duals or (recinicals)

-

éx _.'-l-
=i 3 (32)

U'se Lquation (33) in Equation (34

5 ]
1]
ol
i |
\m'/
L ]
wl
~
i1
n
L

L

]
'}
1]
¥
E}
P
iz |
L]
o
s
i
\\;/
-
by |
i)
o
n
-

i
L

3

o

st

;
<

.

- - - i - : - k-g

R - —_ - - s - -

X = e x >= e.x” 4 e + ovese 2, ¥ (z7)
- — My

T %, - : A i R 3 . H H
anc g orerator i the <:g tase and its dual iase is



P =<<§;P %E:>=<:§:Pp’ é§:>
AIXkl

the double bar is in analogy to Gibbs use in three space for a base
i,j,k

,jl
ii<is ('<§: i, ¥) 1
0
0
it=0G,3,00/1 0 0
0 0 0
0 0 0
etc.

If we now replace the bracketed-looking symbols of Equation (4) for inner

product by we have

te

)

xl(:sz = ( x, (£) x,(t)dt .

ty

and Equation {(29) becomes

x(t) = p(t) @ x(t)

where the operator p(t) is

p(t) - <(t) f"(t>

a, ¢ o (: i )
3
Ak

PR Hey

(38)

(39)

(40}

(41}

e



dote

t
f
FED> @ <(t] =1 = { fx(B> <(t)dt (43)
%
is analog of Equation (33).

EB D o

that is the operator whose matrix is the identity matrix in all bases.
Note the binary operator @ of Equation (41) operates on the two ad-

jacents, on the left a package of vectors and on the right one vector.
Tiie Gibbs analog is

;-i=<95>-5€ . (45)
=( p) 5> - - (4€)

i -
;- % 57 & - (47)

where

I

* oz
Lk -7
and by Equation (41) and Equation (42)

x(®) =200 @ =) = g o> @ xwy] (48y
ta »
= L £(t) TE (> x(t)de (29
|, TP



As in conventional vector analysis any invertable linear transformation

vields a new basis say .

OIEEGORMO
e

.<(t) Tf;l

Where the dxd matrix can be time~varying or constant,

and

For the constant matrix case

tf '
f*(>4t)dt =Ty, .
"

or : ) .
-1 tf
Ty = Mpg ,f(}@t))dt .
t, :
T = M -1 M
£ TEE TfL
whefe -

-
ey
U

te '
Mgy f(} 41:) dt
t,
D .

The connection between the two metrics by transposing Equation (50)
for constant T, is

or

: = 3 . .
e = Tre ler e

10

(50}

(51) -

52y

(54) .

(55)

(56}

(57).

1
[ —




The coordinates of the vector in the two bases likewise is

Using Equation (50) in Equation {58)

ét) ‘>f = é@ Tey '>£
S

If the transformation matrix T of zquatlon (50) is rectangular 1nstead of
square say of size dxg

) @u?) = .@f(t) uig

then Equation (57) becomes

or

and the rank of M,, is less than or equal to tie ranik of Mge (depencding’
on rank of T}, I Heg and T are of rank d and g<d then the netric matrix
Mgy is fullrank and invertible, or form a basis for the subsvace of
dimension g,

As an examnle consider Equation (61) and

Hey } E§B><(::t) = lige T

dxd dxg

11

(58)

(58)

(60}

(61)

(62)

(63)



The natrices {. and ?E-f are

' T
tf fGQ'O _ R fog'g-l
ey =] - | -
R ’ _ ét
and
tz | %% of1 o0 fofan
Hpp = .
t * dt
£, £ ... 2w
| “a-1%0 | a-1%)]

and called also "moment matrices' or matrices of immer-products.

Consider the exact vector partitioned

xw = (it szf} 9}
A A

7\

>1 - % (%)

wiere

ané the remainder xr(t) is

(t) = da)f a «
*r 2 X ::§>

12

64y |

(65)

(66) - |

(67

(68)




If we are given x(t} and the first dj functions and seek to compute
a> the best we can do is to approximate the dl vector, for
1

E N ’1 . e
[% f(>l x(t) dt th>l‘<dt >1 +J %x?(t) a , (69)

'l:b

|
'_hi—-
Foud
ry
.....
W
—
+
rt (o
N
\y
4
™
t
L -
[a]
ot

(70}
and since >,, is unknown we can't solve for 3>1 .
limere the sub-metric I-If £ is
: 171
¢ [ 1 T
£ >1 CRR Mge
<f <—. at| = - (71)
. > NS 2 - . .
b 2 it M '
: fol f2f2
The discrete-analog probiem by Equation {66} is
- . "1 7 -2 h
x(t4) < t) < (t.)
. l p 2 i
x(t;) <& ) < )
x(t) | = > > )
1 2
' £ £ £y
x(tk) (tl:J ( x)_‘

13




or

>=F > + F >
l 1 2 A
~and .
T T
F };> = F.'F. a> + F. F EE)- )
1 i1 1 1°2 >
- or

[P RS S ¢
% = (FlFl). F1_>-F11=2> )
and if > is unknown we can not solve for> .
2.

1

e can approxzma;.e} and will show for both discrete and continuous

{73) -,

(74)°

(75)

I,
case how cne approximates in two dif fercnt ways, (i) algebralc or orthoginal

projections and (ii} partial derivatives. Consider the discrete case first.
By Equation {66) let : .

x{t) = R(t) + x(E)
= xa(t) + xr(r)

where )

x {t) = £f(t) a

0 Lo _
and S | A

2(t) = <g(t) a

o - o 2
and -

() = x(t) - X(t)

14

(76)
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(78)
(79}

(80) |




"By Equation (76) and Equation {77) we have

T x(ty)

or in k+1 space

2ty

é{tl)

FIGUPE 1 VECTAR TRIANGLE

15

3 x(ty)

- x(ty)

aO)

I x (ty)

(31)



T ar

If we select-> to lie in space of> or

a

>.=>_a A | | | | | 5 (82) |

>=>al+3> | . | - | ;.(8'33'_”_
<><><> o o

Select> perp to > > hence

>4

or ' . ><
a
~ a

\4

| >= P« ;> : f ' (87)_

- -

But > is not known hence we cannot ceompute }>by Equation (86) which
a

is the orthogonal projection of the only known vector > onto the cne-
dimensional unknown space spanned by X .

a
If we solve Equation (81} for the approximation error vector > then

>=>> - (32)

16

(85)
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and

ED-ED D> D

and taking the partial derivative with respect to the vector <

G
<<

Clearly Equation (90) nminimizes the approximation error vector for it
is exactly zero, that is

> .

However the vector> is a k+l dimensional vector and by Equation (78}
" -

o> = F D | |
a 1 1 . -

e assume the time points and the fuwictions <(t) are known, hence F
' : 1

is known and> has only d; < k unknowns that is a.(> .

a ' 1

(22

1

If we use Equation (79) and Equation (92) in Equation (81) we have
x@ = Fl% +F2% = Fl>l+>
k. x
11 .
Partition Fl into its column space

klxdl 1

of dl iinearly independent vecters as shown ia Figwre 2.

17

(89)

()

(81)

(82}

(33)

(54)



FIGURE 12 -

}-Iultipiy Equétion (93) by FlT

T™C _ o To ™
B> F1F1>+.I‘>
T > o
124 .

gy

F

1

where > is selected such that
1

TN 2
F) >_0
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and by Equation (96)

? = Fl“ > (98)

vhere the vsuedo inverse is

¥ T, (=1, T
Fl = (Fl Fl) Pl . - (29)
dlxxl
The approximate vector is

> = F a(% = plpl"> €100)

klxkl

nence §:> is the orthogonal projection of the given data vector x > onto
the subspace of Fl for

kS 2
P.. = F F, =P, _ (101)
£ 77101 £ £
also
FNE. = I . (102)
Pl
1%

Using Equation (100} in Equation (8§1)
> Fl >+ > (163)
=P > +> (104)
l.fl _

19



we have

Do ond
>‘=§flfl>

~ote tihat the rank of Pf s 1S dl, that is
1*1

or

* Tr.* =
p ?f £ = p(FlFl ) = tr(d 1rl ) = dl

PR L. 1-

the rank of a projector equals tie trace of the projector, for

1 4
=) 2]
1 dy
Lo EDr <o
1 i Z 2 é 1

i

k4
tr (FiF0)

wote that tie k+l square matrix (projecter of [ouation 27) has rank d;
wiereas the (k+1) square projector of Equation (100) has rank dl < d,

kg - 3 - *
5y Eguation ($3) we see by multinlying by Fl

) ¥ N
a + F. T, };:> = ;::’
::%) Lo H
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b- > = D
1 1 1 =2

RTIAL DERIVATIVE SOLUTICH (DISCRE

TG CASE).

d the error in the approximation of the parameter vector E:)r is

1

Tie partial derivative

ot tue iner=nroduct ¢f the error vector of Eguatiom (93) is

1 1

or

or
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and —l
is= F, (F Tg )'l 1181
) X Fpthy v ¢ 1

which is the same as Equation (98) solution obtained via algrbra. 8

ALGEBRAIC SOLUTION (continuous case)

3v Equation (66) and Equation (78) _ y ;

x(t) = x (t) + x (8) = £(&) + X(t) o (120 |

and analogy with Eguation (82j ‘W

o .

R(t) = x (1) A (121)

|

[xq(t) x(t) dt = A jxﬁ(t) at , g

. . )

or ’ l
er (t) x(t) dt

A= i (127

fxf(t) dt S

wiere ' ' _ j

{xa x(t) = 0 = Fz(t) X(t) dt (127

o

or .‘

x(t) = xa(t)_ {xa(t) x(t)} dt = anxa(t) @ X (12..)

[xaz(t) dt |‘
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Which is the analog of Cquation (g7); but since xg(t) is unknown as belfove
~ . -
we can't compute xX(t) in this nanner.

PARTIAL DERIVATIVE (continuocus case).

By Equation (120)

(L) = x{t) - x(t)

and if we attempt to duplicate Equation (89) we have

x(t) @ x(t) =

4

P

(T

rh

SEZCt) dt

o

\
ot

Ey

x(t) - x(t) Zdt

%

{125}

(126)

and to take the partial derivative of Equation (126) witn respect to x(t)

S R @ R =2 ‘g [ 3 24t
'é"'\(t} X(t) X(t) - ?ﬁ(t) &(t) - X(t)]

%y

Using Equation (79) for X{t), Equation (126) becomes

x(t) Dx(t)

3
—
¥ 1

£ —;(t) - ;(é@t):;?i}zdt

23

£ :Ez(t) - 2x(t)'fi§§t3:§:§,+ j?f{?ii:‘gij

(127)

{128}

1

E;%]dt (125)



Taking thie partial derivative with respect to the constant vectar}€>>
we have : 1

?Eg (x(t) @ x(t)) = f:[lzx(t) gftt).*- Z §%1<]dt

Equating the above qradient to zero we have

~ tf )
-2 th %(t) E:EFt)dt.+2 E:g:[ :(g::> <<:3t) dt =<:§:

cr

i t
A -1 £ ’

<= Me g x(t) < f(e)dt

1 1°1 1

and using Equation (132)

: t
. -1 (*¢
. = £ a>=’f S «
£(1) l<cz) >1 '1<m Mg J %(t) f(c):l»_d

' 4

tf‘ e
ey = <) x(t) £0£) > dt
o | "xo 2>
. L _

Equations (132) and (134) are the analogs of Squation (119) and Ecuation

(102).

Il

ALGEBRAIC SNLUTION. Ye can sole for the parameterszg:? without the

partial notion, thus +

x(t) = 1{&)} .z (t) = <Ct) > + (0
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e

Taking the inner-product of x(t) by f‘(t}
. 1

t

(S}

£
&

vwhere ;
t, _
£ S * -
J f (t>‘x(t)dt = >
t, 1
£
and
* -1
£ (€§:> = Mg ¢ f(%i2>
1. 171 1
and

that is, Ubiorthogonality in the subspace.

he parameter-vector error is

- 25

. |
: J% f“ct_)>l x(t)dt [J : “(ﬂ} %cﬂdt] %

=>
i

(135)

(136)

(137

(138)
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or

N -1 >
-a = wiin. A M a

£ £
j:%? b4 55

1 ulxdl alxd2 .dle

which is the continuous analog of Equationm (113),

LINEARLY DEPENDENT FITTI}NG FUNCTIONS, If the fitting functions are
linearly uvepeaent or i1f one perforns tne transformation of Equation (50)

where

@E{t) - @f_(t}&zg | ' ]

where g>d and <<§Et) are linearly independent then

| <3§%) =-<@§z(t) T

gxd
since

TTY =1
d(g)d dxd '

and the commute is the projector .

x 2

1294

The psuedo-duals of Equation (141)

| %E:>= T ff:>
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and

or

z“(gz)> €8 <:Ekt) =TT = -

The psuedo-metric of Equation (141) is

T
£
(P> <E(r)dt = 11, = TT Moo T
B o e
tb o

dxg

‘and the psuedo inverse of the metric,since the right hand side of

Equation (148) has three full rank factors is

A psuedo-similarity matrix relation,

ile can now express the psuedo-dual of Equation (145) as

P x
{::> = M£Z:E)>

WEIGHTED INJER PRODUCT, If we use the standard notation for inner
product tollowing some of the techniques of Ergely1 (for real functions
of real variables)

fd(t) = £(t,d)
where t 1is the "polynominal argument" and d is the degree of the fitting

functions, and a weight w{t) which is non-negative on the interval
{ty,ts) , we may associate the inner product

27
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t

| Tt .
(fdl(t), fdz(t)) = £4 (t} fa, (t) w(t)dt . (152)
%
if
£ () =1 addp = g _ : (153)
"then tf | .
w(t) > 0 - ) ' : (154)

e

is the standard requirement on the weight function.

Package wise one can extend the séalar product to
. t, o ‘
(£ >, <Ft) = I w(t) ft@{tt)dt =ty (Gy)te) (155)
t, _ .

hence on a base or a system of fitting functions one can consider (alias-
alibi concept) a base change occurred. :

The teminology of the fitting ftmctlons £(t,d) and hase Furuztzl.ons will
be used interchangeably, ,

Clearly the weighted metric of Equation [155) can be considered a base

change
<Q£§t) = <:Ekt) w(t)% . o | {156}

£ the metric¢ natrix i Mag, . of EBquation (155) is diagonal the system
or set of functions (bases) are said to be orthogonal, if the matrix
is the identity the system is said to be an ortho-normal system, that is

Mm(tltz) = D (diagcnal) orthogonal (157)

:~fu{tlt2) I crtho-ngrmal {158)
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Every' orthogonal system can be norm alized by ;eplaczﬂ.g

O |
(L) = _ {159)
aw eyl
where
t2 L .
: ' 2 4 , :
Hege) ] = ry(e)de . __, (160)
Y
Clement-wise the ortihcnormial condition of Equatien (158). is
(£.(t), ijt]}r- 0 if i#j . (161}
1 if 1= ’

Ve find alias, alibi confusion in effect in the standard lituratar
11

of linear vector spaces when the Lase vectors are surpressed and a vector
is represented as a column vector or the transpose as a row vector, Consider
‘the equation - '

> > | (e

whare (1) b can be tue sene vecter (or point) with coordinates in a now
base, or (2) \> can be a different vector, the imags of > under the
transformation A as shown in Ticure ( 3 ).

29



origin

FICUFE (3 )

This anbiguity can be eliminated by computing the base vectors as

Equations ( 1) through (4% 3}, witi tae added advantage when derivatiy
taken vith respect to dynamical Lases the matricized-dyadic representation
of Gibbs retains oxder instead of confusion =5 in the classical tenscr analys
The n-turle representation also requires pulling a suppressed metzic -ﬁatri
out of the hat when one wauts to introduce u:f-erant inner-products; for
exarnle give n two celumm vectors X> and j>> (in an oblique ,hse), the
inner pro duct is

<“ >= (x,7)

4
13

c<ﬂ> Y5

In aercspace svstens analysis nrobl
segtween vectors, uasces, etc., can e “lﬁDl*f;

the Lases instead of supressing tlem, ore on this there

the ucsas are “OIYTDmlal fwmctions ete. For

erms the explicit relatioaships
¥

D o,
ed oy explicity ore
5

developnments hen tie voctors

are the classical Sibosiaon vectors of classiczl physis see refercnces

(69 ..u. )
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SIMPLE SETS DOF POLYNOMIALS, — Throughout the report the definition of
Rainville (page 147) will be used, A set of polynomials {fd(tﬁ} d=0,1,2 «..
is called a simple set if £4(t) is of degree precisely d in t so that the
set contains one polynomial of each depree. Mne immediate result of the
definition of a simple set of polynomial is that any polynomial can be
expressed linearly in terms of the elements of that simple set, Painville
proves the following theorem (not proved here), (73)

THEOREM,  1f {fq(t)} is a simple set of polynomials and if x(t) is
a polynomial of degree m, there exist constants Cy such that

mn

x(t) =] € £,(0)

where msd,

ORTHOGONAL POLYNOMIALS , VECTORS, AND MATRICES, VIA GRAHM SCHMIDT AND
TRIANGULAR DECOMPOSITIONS, This section will consider some procedures for
taking any set of vectors and obtaining an orthogonal set, In some cases
the vectors are polynomial vectors as linear combinations of base polynomials

that is
x@) = <H® >

where x(t) is a vector, £y(t), £2(t} »+» are considered vectors. The set

of vectors lead to symmetric "metrlc“ matrices, Hence considerations of
Gram -Schmidt and related orthogonal procedures for matrices is part of

the same considerations. Rather than restrict the vectors to be polynomials
or classical Gibbsian vectors of Equation (31) through Equation (48) the
inner-product symbol will be at times taken to be (3), and arbitrary types
of vectors designated with a single bar on top.

GRAM-SCHMIDT ORTHOGONALIZATION is a classical mathematical technique
for seolving the following problem: _Given a sequence of vectors (linearly
independent or linearly dependent){fl,?z, Ty, tee fd} produce a_mutnally
orthogonal set of linearly independent vectors {51,52,53, ++e 5S4t where
g<d such that for k=1,2, «s+d, the set {?1,f2, "z, »»+ fi} having rank £
where f<k spans the same 2~ dlmen51ona1 subspace as the rutual orthogonal
set {51,855, < sg} (having full rank).

31



Consider the case where the set of vectors <iéi?is full rank hence
forms a base, then for any full rank matrix B we have a new base <:b or

<:§ = <<§;B | © {165}

dxd

we have d* free choices for the coordinates of <:§,in the<::; base as
entries in the B matrix (subject to condition B-1Texist), If we desire

a new base such that the connection matrix is triangular we are constrain-
ing (d2-d) of the new coordinates to be zero, or

2 .
= =~ [ ] 1 1]
Q=< bop b, big L. by (166)
2 2 2
O b.2 b.3 Y * - bta
3
0 0 bls .
0 0 0 .
0 . . .
d
“‘_0 0 * L] !0 b'd_—.ﬁ
or
- R - 1
= £
by = (£],5),fq v £ b (167}
0
0 1
b, = (F,,F., o+ £ bt (168)
2 12720 d
2
b.
0
0
: 2
etc,

32
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Transposing Equation (165) for triangular By

>=B}; > (169)
and forming the symmetric matrix of inner-products

= e T = ]

b/@\b=3ﬂ9@<fn& (170)

or

My = By Mes B, . (171)

Now a symmetric matrix can have (d2+d)% independent entries, I¥f we put

the furthexr constraint that the symmetric metric-matrix be diagonal, that

is that the <) vectors of Equation (169 be orthogonal we have d (non-zero)
choices on the main diagonal; and the remaining upper triangular entries of
Equation (166} are uniquely dJdetermined,

For example there exist many 2x2 upper triangular matrices Bp of
Equation (166) such that Bp is upper triangular and full rank and such

that the new base vectors <i3 are not orthogonal, Suppose the metric
of the <1£ vectors is

Meg = ( 1 c0530°> (172)
cos 300 (5)

as shown in Figure (1)

FIGURE & UNIT BASE VECTORS

33



and construct the new base as

G- < ; j - <&,

then the metric of the <:§:base is

i/\- <= (2 0 [1 300 7 2
2 1 Lcsoo 1 n 1
L -
orT
My, = 4 2(2+C309)
2(2+C309) 5+4C300

which is non-diagonal,

Note that in Eguation (174) we assigned the four values to the
triangular matrix B.. -

In general for the 2x2 matrix we have

<'=€ b?l b%?_

34
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on four choices of bij; the triangular constraint

leaves 3 free choices for the Ba matrix, or

< A< 1
<§£..<ié by, i,
2
0 b?,
and
T 1 1
Mpp = | P+ O g11 812 boy by,
2 2 2
b bS 5 0 b,
2 2 E12 22 J e 2
Moo= | gy (F 7 bu((gy,Pr,*81,b5s)
b 114P1 SRS R A AP LED)
1 1 2 1.2 1,2 2 .2
[PralennPatengbsg)  (bep) ey 2 (bepht ey (00)) ey,

where we are given

the f subscrips supressed,

Let the grammian matrix

My, = [gij:lbb
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The diagonal constraint or Mbb’ equating off-diagonal elements is

)
2o = 0 F 81 = Pe1(BpgP

or{clearly b}I cannot be zero)

1 2
0 = g11begy *81aPe)
or
g
811

1

*12 812

2
b'12)

(184)

(185)

(186)

(clearly gj; # 0). For full rank b%l and b%z must he different from zero,

hence by Equation (186) bls can be zero only when g2=0, or the
orthogonal, Thus the constraint of Equation (184) plus the constraint of
Equation (178) leaves two free choices of coordinates in the b matrix,

f base is

namely b%l and by Equation (185) b?z (o b}z) when Mg is non-diagonal-the

case of interest.

We thus have ( < = Q)

G-t v

0

O

which is a function of b}l and b?z, and

<G [

€12

€11

22

b7

b2
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or by Equation (187)

<§g‘= <i§ B, - | - (189)

2x2

The ‘<§ vectors are orthogonal, the only unspecifieds are their magnitudes,
If bl; and b2, are chosen the magnitudes or dy1 and dy5 (squares of magnitudes)
are uniquely determined. Likewise if the djj and d22 are chosen the umique
upper triangular matrix Bg can be determined.

For a full rank set of <:§ and <:§'t§e Gram-Schmidt constructions pro-
cedure that is for all subsets (fi, ... fp) and (81,835 «++ gy) for
£ = 1,2, +++ d span the same subspaces quantities one can also write

hi
—

I
'—h
. b
(]
o3l
P

]
YA
l—h

L =
—

0
0 (190)
= 1 - 2 - 1
£, = f., gq * f.2 8y = <:g fis
2
flz
0

37



or

<i§ - <i§ Fa

By Eguation (189) in Equation (191)

<:fi “‘<:§ By Tp = <:§£

orT

or

By Equation (190) and (194} we seee that the inverse of the upper
triangular Gram-Schmidt coordinate matrix is also upper trianguiar,

As an exercise one can show that the Bg matrix of Equation (174)

has the inverse
B-l = li -1
g

1

Transposing Equation (191} using {(194)

DA

and forming the symmetric metric

2o Doy
38
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or

e
|

ST -1
gr = (Bg ) DB, . (199)

_ T
Mep = Fy DF (200)

Hence the fullerank metric matrix is congruent to a diagonal matrix
where the diagonal matrix D is

@ D Q =m = [ ay o 0 (201)

The symmetric "metric matrices™ or matrices of inner-products of the vectors
with themselves are called Gram matrices, moment matrices etc. The matrices
Mgg, Mpp and Mgg are positive definite since they represent inmer-products
(reals),

Positive definite. A matrix M is said to be positive definite if for
all non-zero vectors X or>

i

| <M> >0 ' (202)

where > is greater than symbol, also written in most texts books as
T .
X Mx >0 (203)

where x is understood to be a columm vector and superscript T is transpose,

Wendroff proves a theorem on page 126 of his book (stated here but not
proved since most of theorems become geometrically obvious). (89)

THEQOREM. If M is symmetric matrix and positive definite there exists
an upper triangular matrix U such that
M= Uty (204)
39



Clearly if we partition the upper triangular matrix U into its colum space

(205)
] 1 1 1] ~
U= e s 'Li. . L] L] u. =[>'>‘l; 1 J
1 2 3 d 1 3 ,;>;
1o u2 u2 u2
*2 "3 s
0 0 U§3 .
. . 1] .
d
0 0 0 U,

and transposing Equation (205) intec a column of row vectors

u’ < | (206)

4

e —

Using Equation (205) and (206) in Equation (204)

&>1>2 - }d:' (207)

=
||
o
L]
=
]
WA
= [

40



Define the row of Gibbsian - type vectors (not n-type column vectors)

ds8

Cam s Gy gy o v - 8 =< U

€D E Dy Ay

and transposing Eq (208)

u:} = ul | el
- _ T |- _ T N
u2 = U e2 = U %//
“a °a

where the background {e base is

E>.<é

that is crthonomal.

By Eq (208),(209) and (210)

:a>.@=uTa>.<éu

Using Eq (211) in Eq (202)

*:g'UTU %>?= <g;§:>'<jé :>> =X . X

(208)

(209)

(210)

(211)

(212)

where the column vector x in the <:;kbase has coordinates given by Eq (213),

41



X =< x1 = Q :> (213)

or transposing

i:<ﬁ> | (214)

and the inner-product

»i
wl
n

i
b

SEQUENTIAL GENERALIZED GRAM-SCHMIDT PROCEDURE, Consider a sequence of
linearly indepedent vectors

P A AR SRR T (216)

where we desire to construct the matrix Bg of Equation (189) op

<= QBS . | (217)

we will construct an orthonormal sequence, Let the first unit magnitude
vector be

—_ fl
Sy = (218)

(Tfl 6 %1) 2

42



or

PR -~ 1
£, =3 f.l-< £ (219)
0
or
T rare- SN <ii 1
Syp= (£, £, . .. £ (f1®f1) = £ /b
0 0
0 -

The_second_vector 5; is to be perpendicular to 3

1 and lie in same subspace
as fj and f; as shown in Figure 2,

FIGURE 5

43



By Figure 2 there exists a scalar Al

s such that

!
il
et
S
Hh

2 5 _ (220)

or

- = 1
£(1) = £, - £ Ao, = (£,£) (-1.2> (221)

and we take the second orthonormial vector

- %2
5, = . (222)

(£, @ £

By Equation (221) there is one unknown coordinate llg of the vector fz
in the two dimensional subspace_spanned by f; and f5, Taking the inner-
product of Equation (221) with fl

< PO R - 1
£, £, =0 -—!‘fl W 5, @ fzJ ( At ) (223)
' 1
or
£D i
. Al (224)
5@ £
and Equation (224) in Equation (221)
. . - £ £,
B - (e [ A (225)
F@ £

44
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or

. - [-£OF
B = £ | ot |+
£ Df
.7 - 5505
=1 @ £, « ———
£AE
or factoring out f2 ;
' = £f
F (1) = | - ot
£ O

=
Where the operator I is the

inner-product used, that is
15, = 1,

We need the rank-one projector

B(1,1) = flfl — =7
£ f1
where -
%lx - fl .
fl(:)fl

which is idempotent for all vectors lying in the

= - - K y
i, 1) (O £A = £ f @fll

45
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"idempotent" operator with respect to the

= flk

subspace since

(226}

(227)

(228)

(229)

(230)

(231)

(232)
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{that is the operator P leaves the vectors fll alone) , since the inner-
product of the base vector and its dual is

£XE =1, (233)

The operator is called idempotent (index 2} since (see Equation {144))
for example)

= = =2 =
P()P=P=PF . (234)

Since P 1 is a rank one linear operator or. transformaticn
and every linear transformation has a matrix of (real) coordinates, imbed
£, in the <:§‘base or

i
<f >1 -3 | (235)

where

e = (1, 0,0+ ) (236)

1

and the dual base with respect to the<(:§ base (recipical base vectors)

1s

2> . (1> 0 <oiH) D> (237)
Mz :E>
%1*‘ = 1< 'fi-> (238)

or

46




Hence in the<::% base and its dual the matrix of the operator is

B = Q% <e §> (239)

where the dxd matrix (dyad) is

B

ik
[
=
=)
.
=

(1,0,0 =++) (240)

. O Q@

)

0 0

With respect to the d-dimensional subspace or (full space) spanned by the
vectors of the sequence of Equation (217), the I operator can be written

as
i - @did%> (241)
%> @ <:° = 1 (242)

dxd

where

Now it is clear that

i@i:éx%‘> @Q‘;\) (243)
LG .

47



for any vector expressed in the <:% base as

=<t 2> :
The orthogonal complement projector (with respect to the 5(1 1)
projector is from Equation (228} g

P=T-P=1.FF"
and is idempotent

=

NON:

"t
]
=u

—
-

the orthogonal complement projector is related to the projector P as

Returning now to Equation (228)

£,(1) = p(1,1)(:) £,
and transposing

“T_ % _3Tem 3
=5 =5 @ Pea,1,

since the projectors are symmetric that is

57 -

2]

48
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(248)
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Taking the inner-product

-~ - -T = - —
£,0f, = £, @ P ,,DOr,,@DF, | (251)
E@f, = £,DPDL, (252)
= £, [ I- £f, @f,
£, D
= £,01, - £,Df,Of, (253)
£OF
By Equation (225), Equation (248) and Equation (245)
.- £OF | .
£ 2 £, - | mrm—— £, (254)
gD
and by Equation {222)
. m % T sk
5, = £, (£,(D£H7 . | (255)
Nete that when %2 is small in magnitude we are in computational trouble.
Using Equation (253} and (254) in Equation (255)
o B\
s, = £, - - - £ (256)
£,DE
£,Df, - O
2 2 2 1
5O £

49



- HON £ £0F f (257)
- - - T s - = — ¥ 1
(f1®f1 )H2 [f2®f2 - f2®f1 } ?
U I ) ¥
5, = (£,%) 1= 2 (258)

I:(%z@%z) - @2@%1)2] :

! (F,(1),)?

_[(%2@)%23 - &0’ ]

By Equation (258) and (218) we see that the coordinates are functions of the
Grammian matrix of the <:f, that is

:‘5‘ (> ® Q)} = £11 g2 * s e €14 (259)

Using Equation (259) in Equation (258)

S, = (fl.fz) ~832 (260)
( 2 %
$22811-810 1
-1
gll’z

811

rZane|
(g,,81: % B
e 50 |
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Consider next the third vector 53 such that

5, () (51455,85) = 1 0 0 (261)
§2 0 1 0
53 0 0 0

Since 57 is to lie in the three dimensional subspace spanned by (£1,£2,f3)
and must be perpendicular to f] and ¥, we have by Figure 3

FIGURE &

= 1 %2 -
£y = £ 00 0 F,(1,2) (262)
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where the vector %3(1,2) is the perpendicular component

and f2

and we define the unit magnitude vector

£.(1,2)

[£500,2)]]

55 =

where the norm or the square of the magnitude is

|1£501,2)] ] [ %3(1.2)@%3(1,23} %,

There are two unknowns in Equation (263), namely X

the package inner-product of Equation (263)

£ @ £5(1,2) = fl(:)%sgl,z)
£, fz(:)fs(l,Z)
. @ (£.,£,,£.) Al
1 1252013 ‘
- 2
£, 2
1

52

}3 and A?3.

to subspace of £

Take

1

(263)

(264)

(265)

{266)

(267)
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= 1 Ay
( 0 > "8 813 83 Az (268)
0 Y |

821 &2 B3

3
1
or
13 812 A1 = [ 23 (269)
)2
821 822 3 B3
solving for A(>
3
1 _ -1 :
A T B Bp £13 (270)
2
3 221 €22 / 823
The inverse matrix is
-1
g1 812 =/ &3 "By 1 . (271)
£118227857
€1 822 "812 €11
using Equation {271} in Equation (270)
;\1 = -
£22 B12 13 1 (272)
)2 2
3 “812 En 823 2118227817

23



822813 ~ 812873 E (273)

2
(81185578157 )
"B12813 * 811823 11722 ™12
Using Equation (273) in Equation (263)
£301,2) = (£} £5,80) | -gy,815 * 81,855 | (274)

811822 = 812

- 812813 ™ 811823

£11822 ~ 832

— —d

The introduction of the gij elements obscured the projective aspects

of the problem,_hence returning to Equation (263) and taking the inner-
product with f EE:> we have by partitioning

}«(> &) %3(1,2) = %¥(2>©[Q)}, 2‘3:' (-&) (275)
| 1

or

o[ F 0] [
1

where

f“(> = (?(> ® 2)%.">-1 f_(> (277)
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and ?3(1,2) is perpendicular to both f] and f2 and their duals. By

Equation (276)

}\(.>= f"(> ® }3

Using Equation (278)

£,(1,2)

or Equation (278) in Equation (279)

£,(1,2)

£.(1,2) =

£,(1,2) =
where

P(1,2)
and

P(1,2)

(278)
in Equation (262)
- - (L5 > (279)
= £, - <DF f*‘(> ®
_E . QJ% Ts“(> ® I
P(1,2) (D) £, (280)
= ? - 5(1,2) (281)
= <(§f (§:> = £,£,(12) + £,£,°(1,2) (282)

As before Equation (281} and Equation (282) are projectors.

The matrix of the rank two projector 5(1,2) in the full < f base can be
written a number of ways, for example the two vectors in the full base are

Fh 1
[y
1]
AN
h _—
Hy §
Lor]
H ;
il
%]
h S
!—bl

H
i

(283)



and the two reciprocal vectors are

FuLae> - > @ <haTt I (284)
%*(1,2)@€j> =[5, & -1 %€§;> = ZM;I %§§:> (285)

X

821 &

<::f§ckaging Equation (283) in the two dimensional subspace spanned by
2) £

(£.£) = <2)F 1 (286
172 <::' 2x2 _ )

or in the full d-dimensional space spanned by all the vectors <i§§ £

@Z‘ = @% I =<j7f E (287)

2x2 dx3

(a%2)x2

Using Equation (284) in Equation (282)

B(1,2) = <:éjf L1 %*(1,2)€§j> « <:é}? e §€§)> (288)

2x2

By Equation (288) we see that the minimum rank, minimum space matrix is
the 2x2 identity wmatrix, that is

I = 1 0 {289}
2x2 0 1
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when the operator is expressed in_a base and its dual base; when the operator
is expressed completely in the Q base and the transpose the 2x2 matrix is

-1 ~ (29
81 812 (290)

just as the coordinates of a vector look different in different bases, so also
a matrix does, '

We can also express_the operator ;(1,2) in coordinates in the full @%
space and the full f*@- base. Transposing Equation (287)

%(> = E] I—‘(} : (291)

The full-reciprocals are
1‘“(} (E(> @ Q)’f ) - ?f@ (292)
-1 =
= Mg, fé§>>
dxd

or

%@€j> = Mg, %“é§)> : (293)
Using Equation (293) in Equation (291)
§(> - E My %*‘(> O (294)

~ 2xd (dxd)

Using Equation (294) in Equation (285)

%*(1,2)<§:> = Ml EIT Mg E“<§:> (295)
2x2 2xd dxd

or Equation (295) in Equation (282) yields
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B(1,2) = Q)'f' B, M B, Mg %‘(> (296)
dx2 (2x2) (2xd) dxd

or the matrix of the projection operator of Equation (296) in the full
space base and its dual is the dxd matrix

. -—

-1 T | -1
E} M B M =| M 0 M

f£
dx2 {2x2) (2xd) dxd 2x2 2¢(1,2) dxd

0 0
(d-2)x(2) (d-2)(d-2) |

or partitioning M such that sub-matrices are of compatible sizes,
r g Megp mp

dxd
E, M1 B My = | 1 0 (297)
2x2 2x(d-2)
0 0
(d-2)X2  (d=2) (d-2)
— -,

Since orthonormal bases are self dual that is

§> = > (298)

the nicest base to express the operator g(l,Z) is in the Schmidt orthonormal
subspace base

F(1,2) = q; §(> =5, 5, +35, 3, (299)

even in the full Schmidt base one has
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P(1,2) = <5 | 1 0o s> . (300)
<::: 2x2 2% (d-2) :::>

0 0
(d-2)x2 (d-2) (d-2)

Returning now to Equation (262) and Equation (280) the third orthonormal
vector is

) %3(1,2)
Sg = — = e (301)
[ES@P(i,Z)@fs

.‘}‘H

Consider the vectors of Equation (226) and Equation (274) and the
matrix of vectors not normalized

[§1’f2(1)'f3(1'2ﬂ= (1:2,.85) = <)§ (302)
or _ ~
- -E15 . “fnn8yztE1nE
@é = @f_ 1 1z 22813 12223 (303)
| f11 811822812
0 1 8128137811823
2118227852
0 0 .

Q = <f B, | (304)

which is called a unit upper triangular matrix,
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The orthonormal  Gram-Schmidt vectors can now

as -
- - = - ]
(5,55,,8,) = 2)g -
iy - <& T
0
0

be obtained from Equation (303)

0 0 (305}
1 0
18,11
0 -
lesl |

The recursion on the projectors can be written in terms of the orthonormal

vectors as

k-1

P(1,2,'**k-1) = §1§1+§2§2 Foees 4 §k_1§k_1 = §=1 sjsj (306}
£(1) = £, - P(l)@fz

£,(1,2) = fq - P(1,2) D1,

£, (1,2, ©** k-1) = £ - P(1,2, --- k-1) D £, (307)
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In terms of summations

where k = 2, 3, »+. d

and

and

- - k—]‘ -
e = L2 o kel) = £ - ] 55.DF
S21 377
. . ' (308)
. . d-l .
Bg = £4(1,2, vee d-1) = £, - §=1 5353(:) i
£ (1,2 +o0 k-1) 5
- k ] [
5, = - X (309)
HE2 vk [T |5 ]
g, = f | (310)
— f1 »
$y = (311)
[1£; 11

Continuous Gram-Schmidt Polynomials (0,1).
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Consider the set of base vectors (the monomial base)

(1, t, t2) = <::%

x(t) = <:§‘;:> - (1, t, tH aé€:>

for a vector

with inner product on the bases defined as the Hilbert matrix

1
Z’f§=>®<f=f0 ><dt=

By Equation (310} and Equation {311)

g =s;=f =1

since
f1
R —1=<)fe(3
(£,D£) 1
1 1
for

La?]
[y
H
[
i 1]
T\
—
ANERTAN
— ®
L4+]
\/
H'Z
s ®
L42]
~
S /N\
ey
=
[o1]
N
-
1

By Equation (308)

g =f-55, @ 1,

62

-1

1/2
1/3

1/2

i/3
1/4

1/3

1/4
1/5

(312)

(313)

(314)

(315)

(316}

(317)

(318)

—_—
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and by Equation

sl(i)\fz =§)e f>@<f ( (1} ) (319)
0 .

= e M e 320
1<3 ce >2 (320)
x3
= (1,0,00 | 1 1/2 1/3 0 (321)
/2 173 1/4 1 j=%
/3 1/4 1/5 0
Using Equation (321) in Equation (318)
0 1 -1/2 (322)
g, = <)f 1 |- 0 o= < 1
0 0 0
and
€2
Sy = e (323)
(g,Dg,)*
where
g,De, = (4, 1. 0) | 1 172 173 | /-4 (324)
/2 1/3  1/4 1
1/3  1/4  1/5 0
5@, = 17 (325)
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and

llg,l] = [gz@gz]ti__

2
hence

s, = <:€ -3 = <:§ b >
2/3
L o

s

The third orthogonal vector by Equation (308) is

85 = f3 - 5,05, - 5,(5,D 1y

where
@550 <€ >
= (1,0,0) 1 1/2  1/3 0 = 174
/72 1/3  1/4
1/3 174 175 1
and
s, (O£, = b M €:>
SOLEN D
= (V3 2/3, 0) |1 /2 1/3 0
/2 173 174 0
1/3  1/4  1/s 1
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Using Equations (315),(327),(329) and (330) in Equation (328)

gz = <:§}f 0 1/3 -1/2

o |- 0 -
1 .0
g5 = <)f 1/6
-1
1
The norm of the g5 vector is
[lgsll =] (w6, -1, D 1 1/2
/2 1/3
/3 1/4
or
: 1
[lgql] = -
65

Using Equation (334) in Equation (332)

S5 = <i§ VS
-6Y5

6VS

65

(331)
(332)
L
1/3 ( 1/6) (333)
1/4 -l
1/5 1
(334)
(335)



The <:é:base connection is by Equations (314%), (322) and (332)

2
(8;p 8,0 85) = (L, &, £9| 1 172 /s (336)
0 1 -1
0 0 1

and the unit magnitude {orthonormal) vectors by Equations (327) and
(335) is

(595 S50 59 = (L, t,t9 | 1 -/3 Je . (337)
0 /T -6/5
0 0 6V5

with respect to the inner-product on (0,1) interval.

TRIANGULAR FACTORS OF THE INVERSE OF A POSITIVE DEFINITE (FULL RANK)
REAL MATRIX,  This section wil] demonstrate how o obtain the INvVerse
of a positive definite matrix having triangular factors and relate this

to the Gram-Schmidt or orthogonal decomposition proceedures. By Equation
(336) and Equation {337) we have

<§ = <f B, (338)

and
Transposing
>= BL > (340)
g
and

-§>= B: Tf> (341)

Generating the metrics for the two orthogonal sets

Do 1Do<E,
66
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and

>0 20 <o,

or
T
M =B M B =101
gg g ff g g
Mss = Bs Mff Bs =1
or
Ty =1 _ o =Ty -1
Bg Dng = Mff Bs B5
ar
-1, T.-1 _ T, -1
(Bng g ) =M= (BB
‘and inverting
Sl el T T
Mff = BgD Bg BSBS

Applying Equation (348} to the B5 matrix of Equation (337) or

1/2

1/3

1/2
1/3

1/4

-1
1/3 9 -36
1/4 = ] w36 192
1/5 30 -180

67

30

-180

180

(343)

(344)

(345)

(346)

(347)

(348)

(349)



Hence we see that we have an analytic method for the inverse of the classical

dxd ililbert matrix,
The dual polynomial base by Equation (237) is hence

- -1
E103 >= Mgg §:>

3xd

or transposing

<:§? - (1,t,t9) 9 -36 30
-36 192 -180

30 -180 180 .

THE INVERSE OF THE TRIANGULAR (FACTOR} MATRIX, The inverse of

triangular matrix Bs or By allows us to map back and forth between
By Equation (339)

and
also

Since <:§ is orthonormal

DO

operating on Equation {354)

- Dol

68

(350)

(351)

the upper
the bases,
(352)

(353)

(354)

(355)

(356)
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and using Equation (353} in Equation (356)

or

==}
¥

ST o o<

-1 T
Bs = Bs Mff .

For the 3x3 case of Equation (337} and Equation (313)

or

or

>

Bs'l = 1 0 0 1 1/2
-3 /5 0 1/2  1/3
V5 .6¥5 6v5 1/3 174
-1
B = 1 1/2 1/3

0 v3/6 V3/6

0 0 Y5730

(1, t, t2) = <BS'1

uppose we now have the coordinates of a vector in the
is known, where

x(t) = (1, t, t9 a(>

and we want the coordinates in the Schmidt base, then

orTr

@ =G> < D>
D@ x>0 D

1/3
1/4

1/5

<{b%e,sw

(357)

(358)

(359)

(360)

(361)

(362)

(363)



or by Eguation (356} in Equation (383)
a> =8 ! > . | (364)

CONTINUOUS MODIFIED LEGENDRE POLYNOMIALS [-1,1]. The definition of
the inner-product as before but on the interval [~1,1]

-1 <t < 1

and the ensuing orthogonalization process generates a set of polynomials
bearing the name Modified Legendre Polynomials, The matrix for the 3x3

case is
1 1 \
§;>-(§) <::% - t 1o, t, t9dt (365)
-1 t2 j
or
Mep =| 2 0 2/3 (366)
Sx3 0 2/3 0
2/3 0 2/5

If one applys the equations for the general Gram-Schmidt procedure
of Equation (308) for the metric of Equation (366),.

By Equation (308)

1
g, = £, = (1, t, t9) ( 0 ) - <:§ Eji (367)
0

and normalizing

1
g, @D e = 1< f_l ><dt >1 (368)
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= 2 (369)

= (1,0,0) 2 0 2/3 1
0 2/3 0 0
2/3 0 2/5 0
and | 1/
s = <(E 0 (370)
0

The second vector is by Equation {308)

8, = £, -5, 5 @D £, (371)
and
s @ £, = ( 1/vZ, 0, 0) 2 0 2/3 0 =0 (372)
0 2/3 0 1
2/3 0 2/5 0
hence
0
g, = f, = <i:§ 3 _ (373)
and
&)
5, = m——
2
g, !
where

5 ,\%

= (0,1,0) | 2 0 2/31/ © =(.§) (374)
0 2/3 0 1
2/3 0 2/5 1\ 0



or o

s, = <:£ V3 V2 . ‘ (375)

0

By Equation (308), the third vector is

g5 = £z - 5151®f3-5252® £ (376)
where
s, Df, = (1/V7, 0, 0) 2 0 2/3_T 0 (377)
0 2/% 0 0
2/3 0 2/5 1
V2
= "3
and
A :
52®f3 =00, 5,0 2 0 2/3 0 =0 (378)
0 2/3 0 0

2/3 0 Z/S.J 1

Using Equation {377) and Equation (378) in Equation (376)

o | r_1/2- -1/3
/Z
g3=< 0 |- 0 3—=< 0 . (579)
1
S B
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The norm of 8z is

)
[lg5l] =|(-1/3, 0, | 2 0 2/3 “1/3\ | &
4 0 2/3 0 o |
2/3 0 2/5 1
~ — J
or _
gl = 22 . 20
3 /5 15
and
54 = < -1/2
o | Y5
ol
3/2
Packaging the <:é base
2 [~ -
Q = (lit:t ) 1 0 -1/3 = <t Bg
0 1 0
0 o 1
and the orthonormial base is
<i§ = (Lt,t9 | 17 o Er2/T
0 V3/VZ )
0 0 3v5/2V2

The inverse of the metric Mff is by Equation (348)

73
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(381)

(382)

(383)

(384)



9/4 0
0 3
-15/4 0

and the metric-matrix Ffor the {base is

or

and

1 0 ofl2 ' o
=0 1 ol o 2/3
-1/3 0 1 2/3 o0
2 0 0 ]
=1 0 2/3 0
0 0 8/45
L —
1/2 0 0
0 3/2 0
0 0 45/8
1/v2 0 0
0 V3/V2 0
0 0 2v2/3/5
1/2 0 0
0 Y3/Y2 0
0 0 2/10/15

74

~15/4
0

32(5) /22

2/3 {11

2/5 |10

1
= (385)
(386)
"0 -1/3
1 0
0 1
(387)
(388)

—

e
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We will now obtain the inverse of the base connection matrix B

(383)., Transposing Equation (383)

§:>==Bgi %::>

and by Equation (384)

<::% =<::% B .

operate on Equation (390) with g > (&)

DO DO,

Mff = Dng

Use Equation (389) in Equation (391)

BT>(i) <=DB"1
g g g
T, . -1

or

— --'1_1 (~a

B = 1 0 -1/3
g /
O 1 0 =
0 0 1

75

g of Equation

(389)

(390)

(391)

(392)

(393)

(394)

(395)

(396)



GRAM~SGHMIDT PROCEEDURES IN DIFFERENT BASES. If the sequence of vectors

£y

<GB
k X
then for the set we have
G <[ B Bl
1 2 d

where F is the dxd matrix of coordinates of the vectors in the*(ig
base, whose metric matrix is

i%::>(:) b= Mbb *

Thus by Equation (397) and Equation (354)

GGG
Ly,

If we_define the coordinates of the orthonormal Grap.Schmidt vectors
in <ié‘base as

and

Sb = F BS

then Equation (400) becomes

<=<BS= bSb

76

of Equation (217} are known in a different background base that is for each

(397)

(398)

(399}

(400)

(401)

(402)



Transposing

%:)>= B %i}>= 5, §:2> (403)

and
- - T - -
S>®<s =1=58 f>®<f B (404)
dxd S s
=58 ! ;::> b S
= S, (:) b (405)
- or
. T T '
I =B M. B =8 " M, S (406)

If the background base <i§iis also orthonormal, then clearly

I1=25"8 (407)
and

8, = Sy (408)

and the matrix (of coordinates) Sp is said to be orthonormal. By
Equation (401)

s.B."t = F , (409)
Since Bs'1 is upper triangular, let

(410)

hence

F=50U (411)

77



and we see the "familiar decomposition of F into an orthonormal patyix

and a triangular matrix.

and

To _ T. T
FF = Us, s,

Transposing Equation {411)

and if Equation (407) holds

FTF = UTU

Transposing Equation (393)

and

By Equation (398)

S, Sy = My,
and

B:S-TBS—l = Meg
or

S5y = My
and

BQBST = I\'I:E:[-'.1

78
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(413)

(414)

(415)

(416)

(417)

(418)

(419)

(420)
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The orthogonization proceedures for the polynomials (t, t, tz) were
preformed with respect to the <:£ sequence.

WEIGHTED GRAM-SCHMIDT, ~ One can also perform the task with respect
to the background base <;E\. Let

and _

- g1

R \ (422)

gl
whére .
I5, 01 = (<Em, 7 (423)

Iz, ) 'bb>1 |

and

- y 1
) = Q £> y (424)
1 (< £ M, )
> ob ,::i

By Equation (308)
g, = £ - 55,1, (425)
where

(426)

Wl
e
1
N"h
H]
[ 7]
=
0O
o
\\:yf
[ %]
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Using Equation (426) in Equation (425)

8, ~ <:§ .E:? - é:;> é:f Mbb:£%>i]
O

In general the terms with respect to the metric of the inner-product
are straight forward when applied to Equation (308).

DETERMINATION OF THE GRAM SCHMIDT FACTORS OF A MATRIX, By Equation
(411) we see that the Gram-Schmidt orthogonalilzation can be regarded as

being another way for decomposing a matrix with orthogonal columns and
a triangular matrix or

F = S U
dxd {dxd) (dxd)

One must simply be careful of how inner-product is defined. Bierman in
reference ( g5 ) introduces the notion of weighted-CGram-Schmidt fact-
orization of the matrices, the weights are with respect to the metric
of an inner-product.

MOGDIFIED GRAM-SCHMIDT. Rice in his paper "Experiments on Gram-
Schmidt Orthogonalization' states that surprisingly the Gram-Schmidt
and modified Gram-Schmidt show distinct differences in computational
behavior, This is particularly remarkable since both methods perform
basically the same operations, only in a different sequence, Indeed,
ignoring computational errors, they produce the same set {5;} with
the same number of operations. He states that the modified-Gram-
Schmidt method is more natural for machine computations since it
economizes storage,

Consider the sequence Equation (215) and set the modified vector
mp= =g
and the unit magnitude modified vector

- fﬁl

EERTTRTEE
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(428)

(429)
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Designate the initial m sequence as

C:EEFO) ”<::E N (%1’%2'%3 T %d)

(431}

Project all vectors orthogonally onto %1 (except El) select the components

perpendicular to f,, that is

>

for

and the complement component is
fM = d-rPa,@ §

Fom the new base
1 ol - bl oy - -
Q: (fl’ fzilja f3(1). vt fk(l) e d(l))

If we normalize the first two vectors we have

H1 %5
and ~
_ ﬁz(l) £,(1) _:
2 &, £, 1] 2
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(433)

(434)

(435)

(436)
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Now orthogonally project all vectors §k(1) for k = 3,4,
and select the components perpendicular to f2(1) that is

R = 5, 50 © R

G3) @ £ (1

and the perpendicular component is

I NOEA .
I- . (1) £(1)
£, 1]

£, (1,2)

or

-

£01,2) = (T -5,5) (1) £(1)

m (1,2)

using Equation (434) in Equation (440)

%k(1,2) (¢ 1- 55, @ (1- 55) @

P, @ PL) O §

Note that the product of the two projectors

82

++s d onto £(1)

(438}

(339)

(440)

(441)

(442)

(443)
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where
5,5, (:) S48, = 0 (444)

and the projector 3(1,2) of Equation_(443) is the same projector as in

Equation (281) and the third vector n, is

- - . - -2 ™

£,(1,2) = mg(1,2) = gy = P(1,2) (D £; (445)
also the nomalized vector is

5. = 115(1,2) (446)
Form the set of base vectors

2 - - . ~ £ —~

<:géna= (fl, f2(1), f3(1,2), oo fk(l,z) ses fd(l,z)) (447)
Proceeding in. the same manner project all vectors

i, (1,2) = }k(1,2) for K= 4,5,6, ++ d
onto %3(1,2) and select perpendicular components, the final m set of

base vectors will be

(d-1)

fos (£,,5,00, 51,2, 1,01,2,3), " £,(1,2, - ¢-1)) (448)

and the orthonormal set will be

.<¢)ﬁ . <.1)§ , (449)
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which is exactly the set for the conventional Gram-
Note that the computational proceedures were diffe
proceedure than for the conventional proceedures,

The MODIFIED GRAM~-SCHMIDT recursive algorithms can be written as

B2
! 1,1

for

j=2,3,-d

] ﬁk(k-l)

uk = —-_——......._._.._.

Jm (k-1 ]}

m(k) = s (k-1) - G, D ms (k-1)

for

j = k+l, s2- 4
where the abbreviated notation is

m,(k~1) = i

j (1,2, °k-1)

j

TRIANGULAR DECOMPOSITIONS AND MATRIX INVERSION VIA CHOLESKY PROCEEDURE,

»

Schmidt proceedure.
rent for this modified

[ d

There are many many chapters in numerical analy
on triangular resolutions of arbitrary matrices
are generally reserved for the case of a symmetric

Fox, (30)

Let A be a real dxd matrix and sup
the linear systems of equations

SN
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sis texts and publications
The method of Cholesky
matrix according to

pose we wish to solve numerically

(450)

(451)



The task is straight foxrward if we can factor A as

A= LU (452)

where L = (23:) is lower triangular (2;4=0 for i <i;5 and U = (uj;i) is
upper triangular ujj = 0 for £;> j} for"Equation (452) in Equation (451)

o>- u.-> (453)
2>= Iy > | (454)

i::>= U.;:> (455)

Although one must solve two systems

;>= y 1>> (456)
> - L'lz> | (457)
%::>= v il E§:>. \ (458)

each of the two inverse factors has a very simple form. Thus the

solution of Equation (451) via the triangular resolution requires the
inverse of triangular matrices.

where

and

or

Theorem 1 is taken from Wendroff page 126 and stated without proof,
(Previously stated on page (39)).

THEOREM 1. If A is symmetric and positive definite there exist
an upper triangular matrix U such that

A= UL, (459)
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COROLLARY 1. If maxfaij[i 1, then maxfuijLi 1,

He states that for an arbitrary nonsingular matrix A the triangular
decomposition may not exist, However, it is always possible to find a
permutation matrix P so that

PA = LU , (460)
the permutation matrix P is one in which all elements are either 0 or 1,

and every row and column contain exactly one element equal to 1., A simple
proof of Equation (460) is given by Rose reference ( 77 ).

The Cholesky method is discussed in many of the numerical methods in
papers and books and will not be developed in any detail here., An
example of the applications will be presented for the discrete ap-
proximation case of fitting functions,

For a symmetric matrix A (3x3)

(461)
_ i - - -
241 449 13 un 0 0 Ui Uy U3
12 252 33 = U2 Uy, O 0 U2 Y33
a3 %3 az3 U3 Uyz Uz 0 0 Uzz
n N L 4L |
where
. ' (462)
1 = -~
Y11 Y2 U3 a1 412 413
Y11 U1 Ui
_ 2 .
0 Usy uys = 0 8yy=(819)°  ayz-uy U4
Uz U2
; 2. 2
0 0 Ugg 0 0 azg (u23) (UIS)
- - Usz 4
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The general formula is

U ouFa - ) ou,_u,
m mn Hn i=1 im 1in

These relations are easily derived via partitioning.
its column space

e[ ]

and _ -
1
ol - <
2
u
d
<
then
a,. = uu >= % u, R
ij ™ 5 K=l ik ukJ
giving
i=-1
U5 = (aij - 1§=1 uikujk) l/ujj
for
1:1’ 2, aee ]"l . |
and
)
= u,, u,
ii k=1 ik ik
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giving

i-1 2 .k
Yis © 44 - ! uik) (465)
k=1
when one applies the algorithm of Equation (462) and Equation (463) to
the (3x3) Hilbert matrix one obtains the factors of Equation (360} for
the Gram polynomials on (0,1) interval, namely
— - _ r —
1 1/2  1/3 1 0 0 1 1/2 1/3 { (466)
1/2 1/3  1/4 1/2 /3/6 0 0 V3/6 V3/6
1/3 1/4 1/5 1/3 V/3/6 /5'/30_] 0 0 Y5/30
If we apply the algorithms to the symmetric circulant matrix as an
interesting example
1 2 3
T
A=12 3 1| =00 (467)
3 1 2
where
1 0 0 ] 1 2 3
T \ .
Uu= |2 i 0 0 i 54 . (468)
3 54 3/2") 0 0 7
where
i= /T

thus we see that the factors of a real symmetric matrix can be imaginary.
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GRAM.SCIMIDT OF THE *'DISCREET METRIC MATRIX" FOR THE FITTINGC FUNCTIONS
OF A DISCREET SPAN OF POINTS, For considerations of polynomials orthogonal
over discreet point sets, the Gram-Schmidt proceedures developed inm this
section will be used later for Legendre, Laguerre and other polynomials.
Consider the "discreet metric matrix" (also called the normal matrix
in least squares discussions) of Equation (18)

i = Meg (469)
dxk kxd d(k)d

where the matrix size d(k)d indicates full rank factors with one side in
k-space where

k > d,

The discreet vector-matrix equation by Equation (15) is

x§§:> = de a<§:> (470)
X “

One can solve Equation {470} for the vector a(§:>‘by computing the
generalized inverse

a(>= F* x(k (471)
dxk

- (T ) -1 T
dxk dxd dxk

where

one can aiso obtain the generalized inverse as

s B r® (473)
dxk dxk kxk
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The Gram-Schmidt decomposition orthonormal of Equation (409) was for a
full rank dxd matrix. If we partition the k row vectors of dimension d
into its column space we have

<§if(0) -
F o= <§1f(1) = [f(E:%’. f(£;; e f(g:i’J (474)

.

<g§f(k1J

or d linearly indepdent column vectors in the larger k space., If we now

apply the Gram-Schmidt proceedures of Equation (308) to the column n-tuple
vectors of Equation (474) we obtain

gk >= f(k (475)
1 1
s(k > = f(k (476)
1 1
1 5
<1§f £(k

g(%= f(% - f(>1 %)f f(};“)é (477)
1<k)f f(%

and the wmit magnitude vector

- ™
s(>2 R0 (478)
(<g g0>)"
2 -~ 2

etc,
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The packaged results are

N

- f(E:> e f€E:> R S
1 d
2
0 bL, .
' . 0 .
d
0 » bld
— —g
or
G= F B
g
kxd kxd dxd
or
G B -1 . F
g
kxd kxd

and for the orthonormal vectors

S B'1= F
s

Transposing Equation (481) and Equation (482)

Pl o= B Tl = GS‘T st

g
dxk dxd  dxk

AN

(479)

(480)

(481)

(482)

(483)



Forming the full rank "inner-Grammian" we have

Fipg = B Ipg -1 p-Tp-l (484)
d(k)d g £ g 5 5
since
s's = 1 (485)
d(k)d dxd-
and
66 = Dg . * (486)
dxd dxd

Rewritting Equation (484)

T -1.T ,~-1 T, =1
F'F= (BD B = (B B
(B,Dg "B ) (B_B.") (487)
dxd .
By Equation (484) let the upper triangular matrix B‘;'l
-1
U=B_ (488)
and
ut = (489)
and like-wise for the unit triangular matrix B -1
B -1 =y 490
g T U (490)
Hence
g - UITD u, = ulu (491)
dk)d &
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or upper-triangular factors in d space, Inverting Equation (487)

BB =pp-lgT (492)

T..-1
F'F
(FF) 55 g8 B

u

w1 =T _ T
Uttty = UyD Uy (493)

Hence by resolving Equation (491) into its triangular factors by the
Cholesky algorithm of Equation (463}

) = Uu
ij

of that equation, one can solve Equation {471) for the unknown vector aé§:> .
1)

The inverse of U° for a 3x3 matrix is given by Bjerhammer on page 328

as
(494)
— '__,1 ol 1
whH! - u, 0 0 - = 0 0
11
" . o “Y12 1 0
, 2
12 22 H11%22 Y22
aw "2 U3 Y12t .
bl 23 783 11 11409 3 1
— — — §
Uzs Uaolzs Usg

If we consider the solution of Equation (470) using Equation (472)

a(§:>>= RN xéE)> (495)

and the triangular factors of Equation (493)

a(§:>>= Ty g7 x€§j> (496)
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as the first method, then two other methods of computation will be

pointed out,

SECOND METHOD., This method involves cbtaining the Gram-Schmidt factors

of F in K-space via Equation (482) and Equation (470) becomes

XFE:> =5 Bs-l a(E:> = F a;E:)

kxd dxd

x(E:> =3 ab {§>>
ab(> = BS-1 a(?l)

where

oT

e f >

Multiply Egquation (500) by B and

ag//> S x(

The solution of Equation (501) involves the computation of a triangular

and an orthonormal matrix factor,

THIRD METHOD, One can also perform a Gram-Schmidt on the symmetric

matrix

and

or by Equation (495)

T T,
a@i>>= Bsmsm F ﬁE>>
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There are many papers on variations of Cholesky, square, root, Gram-
Schmidt, etc., with numbers of computations counts, numerical stability
etc, listed in the bibliegraphy.

ALTERNATIVE, ORTHOGONAL PROCESS TO THE GRAM~SCHMIDT, There are many
variations to the triangular-factorization for positive definite matrices
for example see Schmidt (reference 73 }. Bierman (reference 85 )
and, Kailath (reference u2 ). Staib in his paper presents an alternative
which he says if it is not original that it is not widely known. He
reduces a positive definite matrix to triangular form by row operations
and states that row multiplication can be freely used to avoid fractions
which he says means that he can devise computer programs that will not
suffer from round-off error. Row operations will not be used in this
discussion but since his example centered around the 4x4 Legendre
metric the 3x3 case of Equation (366} will be discussed

1 Ifl \\ —
Mg = t 1, t, thay=| 2 0 2/3 (505)
- o 2/3 0
Lz/:s 0 2/5_

If one has either the orthonormal base <i§ or the‘<:é base which has a
unit triangular matrix, a new orthogonal base can be obtained by an
arbitrary diagonal matrix scaling or

@a - (é D, (506)

.

<g-<es,
éa - Q DB, = <{ B, (507)

.
1f one replaces g > by g:?* and Bg by B, for any alternate orthogonal base,
the inverse is given by Equation (403)

and

or

-1 =1 T,
B0 = DB M, (508)

95



and the inverse of the Mgg matrix is given by Equation (348)

-1 -1, T
Mg © = BD B (509)

The transformation which Staib uses for the example is a triangular
matrix of integers obtained from Mgf by row operations and is a matrix
of integers

y e . -
</\_ga=<g 1 0 -1 0 =<EBal (510)

The diagonal metric matrix is

D=8, teB = |2 0 0 0 (511)

and the inverse is

u?‘l Y (512)
| o 16 o0 0

0 0 5/8 0

0 o o 18 |
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The inverse by Equation (508) is

BT = 1 0 0 o7
o
0 1 0 0
3 (513)
1 0 1 0
3 3
o 1 o 1
5 g |

Alternative Gram-Schmidt (First Coordinate Unity)

We see by Eq (303) and Eq (308) that the orthogonalization procedure
described by Eq (308) is quite standard in the linear vector space text
books and generates a unit upper-triangular matrix. The coordinate of the
higest Su%ﬁcript designated the base vector is taken to be unity, that is
for the k vector

(514)

When the base vectors are the moncmial base t we see that the poly-
nomials are monic that is (slipping the index)

_ 2 k
g = AO + Alt + AQt + ... + 1t (515)

the classical orthogonal polynomials reals correspond to the alternate
Gram-Schmidt procedure described belew. The 3x3 case will be applied to
{0.1) interval to obtain the Legendre polynomials which agree with those
presented by Milne ref. ( 60),

Consider now the sequence (with the index shifted to zero to conform
with the polynomial degree) as

Qf = (£,£,...F, ) (516)

set

&, = T, _ (517)

and by Fig (7) for the second vector
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Figure (7) Two Dimensional Case

fo sty te
or
g, = FLEYL 1=XF :(D,
Impose the constraint
—E o = :_ F
Foag =0=F 0 (f,F) MD
or
Ul - fo @ fo
fo a £,

also for the third vector

B, = (5.1,

Define

Hence
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(519)

(520)

(521)

(522)

(523)

{52u4)

{525}
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or

and for the kth vector

or

fo;
£
- -1 oo
”(%>2 =My
fol
- _ -
8y = (Fafee B DA, =1
A
k-1
L J
— 1 - - -
38 0 fo  Tor 't ool
fl @gk—l =t 0 = .
. u(]<>k_l
k-2 0 k2,0t Tre2,ke1
. '\
0(k-1> = [?(k:};z, M } 1.
- (k-1)(k-1) u(11:>
1

=
Famme
=
\
il

it m(k>
9]
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The package of((é‘vectors are

M1 1 1 1 7
0 TR PRI W
0 0 Ao o e
22 k?,d~l
G = |. . 0 0 (532)
L : : Age1,d-1]

The orthonomal vectors cbtained via this procedure will differ in
gsigns from the procedure of Eq (305). This latter statement is obvious
from the direction of the g vector. These two Cram-Schmidt procedures
are used later to obtain some of the classical orthogonal polynomials.

TRANSFORMATION FROM UNIT UPPER TRIANGULAR T0 UNIT UPPER ROW.

Consider an upper triangular matrix

i tl u

oo ol o2
- - N
U 0 u, o, [g,o,§>l,é>2] (533)
0 0 u22
where
) 0;' 1
=10 Yoo {534)
0 0
uol uol
ik
= 5
gy 1 g (535)
HO N [0 ]
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and

ar

U =
or

U =
o

fo

o2
22

12
22

uo2

22

12
22

1

12
02

22
02

22

11°

o1l

Qo

101

22

1

22

02}

(536)

(537)

(538)

{539)

(540}



o

T {(541)

_ -1 _
U, =U0,D, B =U, T (542)
where
1 0 0
T = |0 u 0 (543)
ol
11
O 0O u02
8 H22 |

The Classical Continuous Gram Polynomials Via The Alternate G. S.
Process.

The 4x4 case of the Gram ploynomials on the (0.1) interval are
derived here using the unit first row upper triangularization procedure
{G.5.). The monomial base(ﬁ:has the Hilbert matrix as metric, or

(11 1 17
2 3 m
L
f'€><<t at = H= |1 11 1
°© 2 3 4 5 (544)
1 r 1 1
3 i 5 6
1 i 1 1
b 5 & 7]
set
g =t = to = 1 | (545)
o] Q
81~ (l=t)(l}
\ s
and by Eq (520)
1 1
Jlg dt=0=1(,t)dt/1 (Bu46)
o o Al
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or

0 = (l,_i)(l_) {(547)
2 \x
o
Ay =2 ' (548)
hence
81~ (lst)( 1—) (549)
-2

The third vector is

_Eé = (1,t,t2) 1

A (550)
Al g
and by Eq (523)
1
K

; (lg(l,t,tz)dt =0\ =7p1 1 1

t. 07 2 3
o a(3> (551)

£ 1 I

2 3 I

Clearly Eq (551) requires us to find a vector a(%} in the null-space
of

H a(@) = 0(%} (552)
2x3

One approach is to compute the orthogonal complement projector and
its rank-one factor

P =T -HEH-= u(§>2<§)u* (553)
Ax3 3(2)3

since P has rank one, the vector factor is always a solution., However we
desire the first coordinate to be unity (since we have one free choice -
2 equations and 3 unknowns). The easiest approach appears to be via

Eq (527) that is
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(554)
1 1 1
3 m 7
o3
(18 -1 17
w2, = - (555)
Loy 36 1
— 2
o

-5
u(2>2 (6) ) (556)

Using Eq (556) in Eq (550)

) 2
g, = (1,t,t )<_é> (557)
6

with the orthogonal constraint

! 1011 1 /1
. 0 7 3 &
t at ={ 0=
e ( > 111 1|\ (558)
t 0 7 3 & 5
© 1 1 1
3 ® 5 %
ar
u(3p, = U R b
2 3 i
1 1 1 1
3 T T 5 (559)
1 EY e 1
v 5 5 | 3

The inverse of the 3x3 sub-Hilbert matrix is
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1
2
1
3
1
| 4
while
or
and
—
1
2
1
3
1
4
or
op

1 1t 1 -2 1
3 H 4.5°.5 3.4.5.6 3.42.5
1 1] =|-_.2 4 - 2 1 (560)
" 3 3.4.5.6 2.6.4° 2.3.4,5 | 98T H
1 1 1 - 2 1
5 6 __3.42.5 2.3.4,5 2.32.4_j
det H=(1, 1, f 1 7
2 3 H 4.52.6 (561)
3.4.5.6
__3.42.5
det H =
© = (562)
2(5)(8)(8)(93(10)
1o e o 180
3 It
1 1 = {~240 3900 -720 (563)
In 5 '
1 1 | 180 -720 600 |
5 6]
-12
u(§>3 = 30 (564)
-20
gq = (l,t,tQ,tS) 1
2 (565)
30
-20
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We have by Milne Ref (50 )

- r
ré (—l)o
o
a, (~l)l
a, = (»l)2
3
a {(-1)
| e L

or for the mth vector

O
a (-1)
a (wl)l
%9
ak (—l)k
a (-1)y™
m

111

page (259)

3 3+o, |
(O) ( o )
3 341
(l) ( 1 )
3 3+2
(2) ( 5 )
3 3+3
(3) ( 3 )
) (™)

o
m m+1
(l) ( 1 )
m mtk
(k) ( K )
izl 2m
(m) ( m)

(568)

(567)

Clearly the Gram-5chmidt process would be quite difficult to derive

a general term such as given by Eq (567).

method for such a derivation.
has been presented.

Milne in ref (gp) has a scalar

The G.8. insight is worthy of note, thus
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Section 2

GENERALIZATIONS OF SOME CONTINUQUS METRICS AND ORTHOGONAL POLYNOMIALS
WITH RESPECT TO PARTICULAR WEIGHTS.  The standard textbook on the subject
ot Orthogonal Polynomials 1s Szego (1939). The Erdelyi reference on page
153 states that with an interval (tp,tg) and a weight function w(t) which
is non-negative there, we may associate the scalar product

te

(fi,fj) = w(t) fi(t)fj(t)dt (1

%

which is defined for all functions f(t) for which w(t)l/2 f(t) is quadratically
integrable in (tp,ty). More generaily, a scalar product may be defined by
a Stieltjes integral

g

(£,£) = | £ (8)do(t) (2)

where o(t) 1s a non~decreasing function called a distribution function.,
If g(t) is absolutely continuous Equation (2) reduces to Equation {1)
with w(t)=0"{t). On the other hand if o{t) is a jump function, that is
constant except for jumps of the magnitude wy at t=ty then Equation (2)
reduces to a sum

(fi,fj) = g wkfi(tk)fj(tk} : (3)

which is the appropriate definition for functions of a discrete variable,
The reference states further that the above defiritions refer to real
functions of a real variable(the case restricted to throughout most of
this report).

It was shown in the previous section Equation (156) that the weighted
inner-product or inner-product with respect to a given weight function
can be considered as a base change.

Certainly when one defines a nomm on a vector, and then an inner-
product on two vectors, nothing of interest ensues if one does not look
at the inner-product on a sequence of base vectors for the full space
or a subspace, for example when one is given the coordinates of the
two vectors in a base we have
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(0 ) = XDF = <34 > @

where the matrix M is the metric,

The classical orthogonal polynomials, the interval and the weight
function are given by Rice on page 36 in the following table.

CLASSICAL ORTHOGONAL POLYNQMIALS

INTERVAL WEIGHT FUNCTION NAME

{«1, 1) w(t) = 1 LECENDRE

(-1, 1) w(t) = (1-t)A-7% GEGENBAUER

(-1, 1) w(t) = (1-t)%(1+t)B JACOBI

(=0, o} w(t) = e-t? HERMITE

(0, =) w(t) = tdet GENERALIZED
LAGUERRE

TABLE (1) RICE

Davis in his book on page 168 states that the following special
selections of {tp,tg) and w(t) have been studied extensively, and the

resulting orthonormal polynomizls constitute the "classical" orthogonal
polynomials,

SOME CLASSICAL ORTHOGONAL POLYNOMIALS

INTERVAL | WEIGHT FUNCTION NAME
(-1, 1 w(t) = 1 LEGENDRE
(-1, 1) w(t) = (1-t2)% TSCHEBYSCHEFF POLYNOMIALS
(of the first kind)
1
(-1, 1) w(t) = (1-t?)7 TSCHEBYSGHEFF POLYNOMIALS

(of the second kind)

(-1, 1) w(t) = (1-8)%(1+t)® | JACOBI POLYNOMIALS
a,B > -1

(0, =) w(t) = tde~t LAGUERRE POLYNOMIALS
d > -1

(- o o w(t) = e~t? HERMITE POLYNOMIALS

TABLE (2) DAVIS
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Rice states that the Legendre and Gegenbauer polynomials are special
cases of the Jacobi polynomials, He states further that the classical
orthogonal polynomials are not the only systems of polynomials orthogonal
on the interval (0,1). For any weight function w(t) there corresponds
a system of orthogonal polynomials (obviously one can always do a Granm-
Schmidt {procedure), On page 6 of Rice we find the statement that the
L, - norms may be generalized by the introduction of a weight function
w%t). He states that while we may conceivably use any integrable fumc-
tion w{t) +++ we normally consider only those weight functions for which

1
w(t)dt = 1 . (5)

w(t) > 0 , O0=<t=<1

However for the purpose of this report and in the derivations of ex-
ponentially weighted least-squares filters via Laguerre polynomials the
weight function is

4] k-]

-at

wityde = | e ar = L, (6)
0 0

Hildebrand on page 282 states that the weighting function

Wit) = (1-0)%(1st)® (7)

o> =1, 8> «1

over (-1, 1) reduces to the Legendre case when o = g = 0 and to the
Chebyshev case when a = B = -i . Note that Tschebyscheff and Chebyshev
refer to the same person, 2

Hildebrand on page 282 is a little more general in what he calls the
generalized Laguerre Polynomials (also he says frequently called the Sonine
polynomials) and uses the weight

w(t) = t% (> -1, a> 0) (8)
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Rainville on page 213 refers to the simple Laguerre polynomials, which
correspond to d=0 and a=1 in Equation (8) of Hildebrands weight,

There has been extensive applications of Laguerre polynomials to linear
and non-linear systems analysis, both in the time and frequency domain.

Morrison in his paper "Smoothing and Extrapolation of Continuous Time Series
Using Laguerre Polynomials" defines the nomm
= %

|1£]]= £ (t)e2tdt (9)
0

and the inner product of two functions £(t) and g(t) as

(£,8) = | f(t)gltye ?tdat (10)
0

The weight of Equation (10) is the one primarly used in this paper
and its discrete analog in a later section.

The standard approach to the various types of polynomials is via the

route of generating functions, a very tedious area of mathematics; however,
they will not be discussed In this report,

Before proceeding to a simple derivation via Gram-Schmidt of the
Laguerre polynomials, some terminology, jargon, and concepts associated
with classical approximation theory and modern vector-space theory will
be discussed. Even though Davis' book is quite vector space oriented,
for the state-space orientation of this paper some of the terminology
will be aliased in parenthesis, On page 169 Davis presents a definition:

DEFINITION: Let sj,sz, +++, be a finite or infinite sequence of
orthonormal elements (the orthonormal condition implies linear indep-
endence and for clarification and applications herein the elements are
to be taken from a vector space and form a base for the space or a sub-
space). Let x(t) be an arbitrary element (vector), The series

g

. (x,sn)sn

w1
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is the Fourier Series for x(t)}. (The representation of the vector x(t)
in the particular orthonormal base <g). If the sequence is finite we
use a finite sum. The constants (x,s,)} are known as the Fourier Co-
efficients of x{t} (the constants (Xx,sp) are the coordinates of the
vector x(t) in the orthonormal base <if}. One frequently writes

o0

x(6) = ) (s)sy (1)

to indicate that the right-hand sum is associated in a formal way with
the left-hand side. ({The vector x{t) can always be written as

=]

x(t) = ] | Cosdsy v X (®) | (12)
n=

where the residual or error vector is x,.(t)). The relation between an
element and its Fourier Series has been the object of vast investigation
and theories,

Davis states further that we may write

x(t) ~ EI {(Projection of x on sn)
n=0

and hence the Fourier series of an element {vector) is merely the sum of the
projections of the element on a system of orthonormal elements (base vectors).
On page 162 Davis presents the equation projection of

Kl on X2'= T;'(-Z’sz— Xz 3 (13)

which he states serves to define projection in the abstract case. (See
previous section for concrete projections with polynomials over the
continuous reals).

B. CONTINUOUS LAGUERRE POLYNOMIALS. Two types of Laguerre polynomials
will be used 1n this report corresponding to the weight of Equation (6)

name ly

w(t) = e ¢ (14)
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and for a=l

w(t) = e t .

Not only the Laguerre polynomials with respect to the two weights above
but also two modified Laguerre polynomial bases will be derived. The

Modified Laguerre set will be derived via a Grahm-Schmidt procedure
on the base

=4

t
e2<t.

These are in analogy to the Modified Legendre discussed and derived in a
later section and related to the Classical Legendre Polynomials,

The base change approach will be used for all orthogonal polynomials
starting with the monomial base and in later sections their velocities
etc., will be derived, The previous section derived the 3x3 Gram and
Hodified Legendre polynomials on the intervals (0,1) and (-1,1). 1If
we look at the weights for the Modified legendre case, we see it is
equal to one. If we look at the immer-product interval for the Modified

Laguerre case we see (Om) and this span for the monomial base infinite
entries in the metric matrix without the

-a
7t
]

weight,

We designate the monomial base

@t _ (toatl’tz’ts’ N =<

that is the subscript on the first base element of the sequence will
correspond to the power of t, and

L, . th
><= ! tltJT=!-i,j element—‘
b - : _J
i 1
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(16)

(17)
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If we want the first base element subscript 1, ete,, as before

(£5,E,,65 *o0 £ = <:§}f (18)

and we want

<:§§f = <:£‘ (19)
B[] [

i, = 1,2, «+» d

then

and the indefinite integral is

[tl"ltJ"ldt = [t1+J-2dt (21)

- ¢rtI-l (22)
i+)-1

i, j=1,2,3, <+ d

and the it row and jth column of the entry of the metric for this indexing

is
1+J -1 717
E:><i; L 1+3-1 (23)
Returning to the indexing of Equation (16) where the index runs

i=0, 1,2, 3, - d-1
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i_j i+j Pt
tTtdt = t dt = W {24)

as compared with Equation (23),

If we make a time-varying base change on <:E

-~

<D(t) =<; Ie “% t= <§e (25)

Then the metric-matrix for the this new base is
) - ‘:>>/// ~ag
M, = >tdt= >t et de 26)
tte f e ~e ™~ (
0 0 _
the i-jth element of the integrél matrix is

(v -ar

and by Pierces Handbook of Integrals on page 63

N . + iy
i+ =8t g - L307).

applying Equation (27) to the metric matrix of Equation (26)

“\ _ PR |
J t/‘<e at dt = [¥£1:i);1~1 = gl . (28)
0 - L attt] ) Jtte

or in open-form
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' t ' L1370
M, = | == 0 A2 Ce W-D: | )
e 3-2 a3 a4 ad

1! 2! 3! 4!

22 & P

21 3! 4! 5!

3 ) 5 6 :

a a a a

3t 4% 5! .

= T 3

a a d

{d-1}1! (2{d-1)3 1
ai - » L] azd_l

We now have the inner-product of the base elements and will run a Gram-
Schmidt proceedure on the first four elements

Qe = @te = (1, t, t5, £ e, (30)

We have as before (index starting at 1, 2, »«»

L O O D e
"\.\_\_‘_‘_-_-—-“-_.‘/

g1 ™ fo1= (o £ps oz £4) G5
and the orthonormal vector is
g .
sel = _-.:c—l—- (32)
g, ]
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where

2 2 - 1
||ge1]| = [ g g0t = { e at = =
0 0

or
1

||gelli = .;%E: .

The second orthogonal vector by Equation (308) of section ( 1) is

Ee2 féZ " Se1 Sels fez

\

H

/

The second orthonormal vector

and is -

fe2 <:E;

S D = Pl

s . a2
2 = B ——
" The, Il
and 1 L
=
- i 1 o1
”gezil = ( el 1, 0, 0} Mffe . = a_
G
and \
21\
Se2 T <:§; Va
0
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(35)

(36)

(37)

(38)

(39}



Proceeding through the process one obtains for the first four

Mo =
\\4)ge = <4)fe

or

L

4x

0

4

2 31
—2 = (40
a a
4 18
F “Z
a
1 2
a
0 1
(41)

The first 3 orthonermal vectors are from the computations

<i§3se - <ps,

—

L

1 -1
0 a
] 0

If we shift our index back to zero that

1 Va (42)

is index starting at (0, 1, 2, +++ d-1)

) _ 012 . del
R O 0 I LA SRR TN 5
and
-a ‘t
<€ = (tov tli tzl e td_l e z . (44)

By Equation (25} in Equation (43}

-a
= t B i‘t
= ge e

(45)

17



The Modified Laguerre Equations are defined by Equation (45) and

Equation (40)

-
& -2t 2
qu =8, @ / . (47)
The nth Classical Laguerre polynomials (for n=0, 1, 2, *** d-1) (non-
normalized} are given by (Morrison) reference ( g1 )
n : k|
3=0 L

Expressing the summation of Equation (48) as inner-products of row and column

vectors we have

0
_ (at)
52‘1' (o:

, (at) 1>
1

0

(-1)1(

, et (@n?

0
~ (at)
ko = ( o7

1!
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1!
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(ar)”

(at)’
1!

(an)°
21

(at)>

Ly =1 700

(

3

(at)”

3

(at)

(at)z )

> 731

o

fg1 © (

0!

(at)0

1! ’

2!

)

[at}n>

nl

[at)dﬁl

0!

]

(at)l N

1!

Co(d-1)!

119

|

———— ——, p—— p——,

[FAEER P I I T Y T =

e — “"-—_...-/I

e

A

(d-1)?



Packaging

(20}21:2’2 st

[1
* lor
0
o
d
0,
0
0
0

120

the previous equations as a row of base vectors
2 n d-1, [0
Lgop) = Gttt e T ) |a X
a
2
a
d-1
B a
.
0
1
2!
L
3!
1
(d-13¢
0 2° ny d-1
0
£'1)0(1} -’ (0) ' ('1)0(0) -1) ( 0 )
2 n d-1
o () () G ey
2
0 (-1)2(2>
0 0
n
)
0
d-1
S

. ——e



Define the following matrices

n(a") =

1!

(d-1)!
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and the matrix of modified binomial coefficients by Equation (gg ) in
Appendix A is the Rutishauser matrix

P——

ot (9 e () o0 (oo e (] ©
’ -n° (1) (-1’ (j) SO N (dll)

-0 () -

hence Equation {50) can be written in factored form

G =<e o fH R (54)

which is the matrix representation of the Classical Laguexre Polynomials

and are orthogonal on (0,«} with reépect to the weight "2t or by the
base change

Q =< b Flrge? , (55)
-at
- tTe T (56)

we have the Laguerre functions of Equation (48) which Gillis and Bolgiano
(for2a=1} in separate papers refer to as forming an orthogonal set complete
in L2{0,=),
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If we form the metric of Equation (56) as

r
bq dt = M . (57}
0 £ f Rﬁf

and use the L&f subscript,no ambiguity can occur. Using Equation (56)
in Equation (59) '

Mg ® 7 “w &t (58)
K
or
T

28 £ r Mtter (59)

M

The vectors of Cquation (56) (not nommalized) and their magnitudes (thus
the metric matrix) is a diagonal matrix whose entries are the squares of
the norms, that is

~
.
ME,,Q,f = [ Igooi 12 = [gnrﬂ (60)
2
eyl
i -
i 2
{
!L._ Hgd-l“ N

The squares of the magnitudes of the Laguerre polvnomials are given by

Hildebrand page 276 as

(61)

Enn

|

1 o

I’ = [ e 2t R,I;;(t)dt = -—;- (n'.)2
L 0

. |

where gnh, are the elements of the metric matrix Equation (60) and where
.En(t) is given by Equation (48), hence
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2 (62)

1
i
N
[

- -
o

liMuf= %"sz:

*
L]
L

| (d-1)!

E—

The normalizing matrix to obtain the unit magnitude vectors <§ is the
inverse square root of Equation (62) and (64) or

1.

-~ "
< = <Q'u = <T_\z Mmf : . (63)
and by Equation (62)

-
Aite | (ot

hence using Equation (64) in Equation (63) and Equation (54)

0 N -1 -1 " |
< o) fir gt A (65)

or the Classical Orthonormal Laguerre polynomials are given by

!
0" //t p(a") § 'R V3 (66)

]

The individual elements are given by Equation (66} and Equation (48) as

}i<

i n 7 n ( t)j1
NORGIRERTS) (-1)3( ) at)” | (67)
i tl n 220 3 e '
! j it J

which is the nth
and the metric is

orthonormal Laguerre polynomial for n=0, 1, 2 +<«+ d-1
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. y><,o,\u e Btdt = I (68)
Y

If we now compare the Classical Laguerre polynomials with the modified
Laguerre polynomials for the first four of Equation (50} and Equation (40)
respectively we have

Q = <c 1 1 2 6 (69)

0 -a -4a =18a

and for the modifieds

<g =<g'm =<.' 1 '1/3. 2/32 '§/33 {70)
0 1 -4/a 18/,2
0 0 1 -9/4
LO 0 0 1 B

Cleariy the two matrices differ by signs and a and a~1 powers, Notice also
that the Classical Laguerre Polynomials do not have unity entries on the
main diagondal, hence are not in the monic polynomial form as are the modified
Laguerre polynomials derived via Gram-Schmidt. The monic constraint on

A M —_— 3

functions given by say

Q‘Q” (71)

where U is upper triangular we have
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or

(72)

P b
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packaging Equation (72)

<m = <13 Uy -1 (73)

Hence applying Equation (73) to the elements of Equation (69) and Equation
(70)

)
L]
1]
AN
[ I
.
I
o]
[ ]
It
/*\
Lo I e N e B

74
: / (74)
/1\}
2
.= <t {0 | 75
“1/a \
%
i
0/
2
-4g |
Of

127



w | e
oo

=

) e

-a

or matrix-wise

[
_m\
V2
"

.t <

2/a2

'4/a

“6/43

+18/a2

_gfa

-1/3
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1/32

"l/as

(78}

(79}

(80)

(81}




[

Using Equation (53} in Equation ( 77) of Appendix A

<§E§ - <:j£ 1(-1) D la™ (82)

Using Equation (54) in Equation (82)

<(E§ =<<:£ p(a® F R 1D DHED (83)

Using the commutitive property of diagonal matrices
_ n =1 -1, n
<iE£ = <§E:D(a Y F ORI §D(a) (84)
The alternating sign binomial matrix of Equation (77 ) Appendix A is

R I(-1) = B(-1) (85}

hence using Equation (85) in Equation (84)

E .
i = n, -1, -l..n
< ‘(éiﬂ(a ) ¢ B(-1) g D (a) (86)

“h

L

For the special case a=1, the first six Laguerre polynomials by Equation (60)
are the same as those given by Hildebrand on page 275 of reference (37 )
for the non-orthonormal case

— 1
\/\E = < 1 1 2 6 24 120 (87)
0 -1 -4 -18 =96 ~600
0 0 1 9 72 600
0 0 0 -1 -16 =200
0 0 0 0 1 25
| 0 0 0 0 0 -1
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If we compare Hildebrands' with Equation (86) for the first five polynomials
with a=1

- )
Qm = Q 1 -1 2 -6 24 (88)
0 1 -4 18  -96
0 0 1 -9 72
0 0 0 1 -16
K 0 0 0 i

we sce the disagreement in signs only. Equation (87) becomes by Equation

(54)
- e

l a=1 _j

(89}

and the modified polynomials and

I
é <:E§ ) <:£ ¢-l B(-1) & l (90)

The modified Laguerre Functions are given by Equation (86) and Equation (45)

Using Equation (82) in Equation {91)

- -ag/
me = Q 1¢-1) 0l e 2 (92)
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[R———

R

i

or

me - Qf 1(-1) 0 a™

The modified metric becomes

-1, n -l . n
= - : -]
{0 %f@nf dt = D" (a ) I(-~1) Mo I(-1) D" (a)

By Equation (62) in Equation (94)

2
Mzsz = D-l(an) 1[~1)-% 1(-1) D“l(a“)
(01
a
(12
aS
(20
aS
2
M = (3!
44m
f a7
(1)°
223+l
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(94)

(95)
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or factoring out the a power terms

Misz -

dxd

.

L/a

v

(d-1)3

Define the inverse odd powers of a matrix as

132
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PR

D"l(

2n+1
a

Hence Equation (98) in Equation (S7)

_ -t 2

_ 2n+1
Mgsz = (a ) ¥

which is the metric-matrix for the Modified Laguerre Functions, each

element of which is given as

for

The oxrthonormal Modified Laguerre polynomials are given as

<’E = <f; M 4

~my N eamg

The square root of the matrix of Equation (100} is

v s [ _nt]
M. 2 | e |
f..Q,IIlf an+l§ il
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(100)

(101)
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and the inverse of the diagonal matrix of Equation (102) is
1. an+1i
S
MREmf e (103)
or in terms of factors

5L g (104)

M,E,J?.mf -

Using Equation (104) in Equation (101}

n+ls, -1
G- <™
Using Equation (86) in Equation (105)
(// n, -1 -1, n n+ls, -1
g’ = t D{a B{~1 D “(a’)D{a 106
T, =< 0§ 8D o EoE (106)
observe for the first 4x4
alfz 1/01
1. 1. .-3/
Mo = D" gl = 2’2 ; /14
£ 4x4 Ax4 a>/2 Y
a7/2 21
. 1/3'
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[o—

a
1/, _
Mo 2 (107)
2eme
f 5 1/2
a“a
2!
3 12
a“a
30
1
S a
r-qsz = 5 .‘/E (108)
i a %
: =
3 /
a
-
The first four Modified Laguerre polynomials are given by Equation (70)
<Pim = /E 1 <1/, 2/ ,2 -6/,3 (109)
a 1 -4/, 18/,2
0 0 1 -9fa
0 0 0 1
Using Equation (109) in Equation (105} (110)
) - 31 71 T
szu = 4 1 -1/, 2/,2 -6/.3 1 0 0 0
0 1 ~4/a 18/,2 0 a 0 0
0 0 1 -9/a 0 0 aZjy, 0 a
3
0 0 0 1_..._.1 i ¢ 0 a /Q_L
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or

<(E
I

<

=

1 -1
-2a 3a
a2/, -3/,2°
0 /5y

(111)

=<B
b1

o

which agrees with the first three normalized polynomials obtained via
Gram-Schmidt in Lquation (42}.

The first four orthonormal Laguerre polynomials obtained from Equation (66)

are

<:§; -

<

1 1 Va
-2a -3a

2 2
a Xz 3/2a

0 'a3/3!

(112)

which differ only in the signs hence the connection is

<§E
Umn

ar

L

~ U

—

0 0

8 0
+1 0

o -1
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o

[S—]

[

By Equation (66) in Equation (114)

<:§ - <i£ pa™ LRIy /3

and by Equation (77 ) in Appendix A

Gy =<2 = <G v sy VA

U

The orthonormal modified lLaguerre functions are

Ln,

<§E§ p(a™ gl Be-n /3

e B
=] 5

The matrix Bg is

B_ = p(a™) FFB(21) VA

S

and the inverse is easily obtained

3;1 - B ¢ 0l 2

a

and for the 3x3 case of Equation (42) the inverse is

3

-1 1
B, = = 1/, 1/,2 21/,53
ix3
O 1/a2 4/a3
0 0 2/a3.
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(118)

(119)
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By Equation (359) of the previous section we could also compute the inverse
connection matrix as

-1 T .
B, ~ = By Mtte (122)
The inverse of the metric-matrix Mpy, can be obtained via Equation (3ug8 ) of

section ( 1 )} for the 3x3 case of Equation (29) is

g

e -1 -l 2 =
2t -
1/a Zfaz “'/a3 3 3a a“ /2
/2  21/3 3.4 = | -3  sa%® -a° (123)
a *fa *'a
2 3 4
1 t
21/,3 51/, 4 4./a5 i a”/, -a a'ly
obtained from
4 -1 - T
ntte = BB, (124)

where the general B  term is given by Equation (119).

In conclusion for the Laguerre and Modified Laguerre polynomials
we have by Equation (54) and Equation (83)

ez g (125)

SRR CPN R TR LG (126)

and for the laguerre functions and Modified Laguerre functions by
Equation (55) and Equation (47)

<:Ef = <:E; D(ap)_ﬂ-l R d (127)

n, .-l -1, n
<i§$f =<<:Ee pea® 7} B(-n) § 07H(EM. - (128)
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For the orthonormal Laguerre polynomials and modified polynomials by
Bquation (66) and Equation ( 109)

Qu . <D(an) Y (129)
Qum - < n(a ¢! (-1 V3 (130)

with the corresponding change to the e subscript on <<E:of Equation (129}
and Equation (130) for the orthonormal functions.

The inverse transformations are easily obtained since by Appendix A
the Rutishauser matrix R is its own inverse that is

- R (131)

and

B-1)" ! = B ) (132)

C. CONTINUOUS POISSON POLYNOMIALS, Morrison states in reference {61 )
that The Laguerre polynomials give rise, in a very natural way, to a real-
true spectrum, analyzer. He says that another virtue of the Laguerre
polynomials is that their Laplace transforms are given by very simple
formulas.

Bolgiano in his paper '"Relationship of Poisson Transform to Laguerre
Expansions" reference, states that -+ one obtains the Laguerre functien
used by Steiglitz in his paper " The Equivalence of Digital and Analog
Signal Processing" reference (suy ) to represent positive time signals
for the digital simulation of analog signal processing, He says Steiglitz's
representation offers the convenience of an orthogonal representation for
signals, However, for systems it does not offer as direct a representation
as the Poisson transform, which -.+ permits obtaining the unit pulse re-
sponse for a discrete system from the unit impulse response of the analog
system it simulates in the same manner as discrete-time signals are
derived from analog signals, From the above statements of the two authors
it is felt that the frequency demain study of digital and analog (discrete
and continuous) filters can be enhanced by knowledge of both types of

polynomials.
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If we attempt to apply some state-space techniques to the results of
Bolgianos paper where he treats the Laguerre orthonormal peolynomials for
a=] by Bquation (128)

< Flre <u (133)

Define the Poisson polynomials by

<pte) = < ¢! | (134)

and like-wise the Poisson Functions by

- . ~t/2
Q(tlf=<e#l=~<g$le | (135)
Using Equation (134) in Equation (133)
Gy = <o R (136)

wt
and muitiplying Equation (136) by e /2

The inverse base change is now very simple, by Equation (131} in
Equation (137)

Q ;e Quf R (138)

The metric matrix for the Poisson Functions is

Mpp = Ep(t)>f fth - R E £>ufﬁf dt

R (139)
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or

M_=RR (140)

The 5x5 case yields Equation {95) Appendix A

f—

RR= |1 1 1 1 1 (141)

1 2 3 4 5

1 4 10 20 35

i ) 15 35 60

—-—

Thus we see that the Poisson polynomials are "oblique" that is "non-
orthogenal™,

If one has a finite vector function £(t) given by

£(t) = <%uf é (142)_

and makes a base change given by Equation {36)

£(1) = <{pgle) 2> (143)

= Q{t) ar> (144)

we see that the connection between the coordinates is

al;>= R > (145)

and by Equation (131)

E:;>= R %E:> (146)
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Thus Bolgiano states that the elements of these two sequences have been shown
by Bédard to be related to each other by the symmetrical equations

p I j s
-1 (J) 2, (147)
J=
and
T j n P
(a) =} 0(»1)J (j ) (ay) (148)
J:

which is an obvious deduction from Equation (145) and Equation (146), No
further applications in this section are planned for the Poisson functions,

Another earlier paper in 1955 by Ule "Weighted lLeast-Squares Smoothing
Filters" applies Laguerre polynomials, In an earlier paper 1954 W, Kautz
"Transient Synthesis in The Time Domain" applies Laguerre polynomials,
indeed one can apply these polynomials with Kalman filters, where one
for example, assures accelerations constant over a span, hence implying
second degree polynomials, If we form the dyadic product of the Poisson
Polynomials given by Equation (136) we have

Bl - I

and for the 4x4 case we have,

. M

1y O 0 o 1l1 ¢ & 43 T"I/OI o o o lsoy
o 1, o o lle & & o Yy, 0 0
0 o 1/, o ||t o R VAR
0 R Vo I RS S SR A I I VS

" d B e o
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o

PR

R —

2 3 ]
| Yoo Mg Yy g Yoy 00 0 (151)
2 3 4
ety T v 0 /gy O 0
2 3 4 5
e T iy vy 0 0 1/ 0
3 4 5 6
| P /gy T g g g, 0 0 R AT
_ , .-
=1 Yoo /511 /g1 LRAYET (152)
2 3 4
/g1 1 LESTSY t /a2 LEAYES:
2 3 4 5
t /510 LEYEY LPIPT LT
3 A 5 6
/5100 LRETEY REIPY t /33

Clearly we could evaluate this matrix on the interval (0,1},(-1,1)},(tp,tg)
etc., and obtain finite elements,

D, CONTINUOUS EXPONENTIAL POLYNOMIALS, Exponential fitting functicns are

of interest to systems engineers, economists, statisticis, numerical analysis
or wherever polynomials of the form can be used

x(0) = D) a(> (153)

where
-ipt - =Ad-1t
(fovfl’fzi e fd-l) = (e 0 s€ klt} vev € d 1) (154)

Using the integration formula
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-At 21
e dt—r

0

From the dyadic product of Equation (154) for the 3x3 case and integral

Aot \

><dt - oMt
0 ¢

RV //

“2hnt e~ (Ag*At
o e 0
0 e~(k1+k0)t e-2klt

em (g*2glt o~ (RNt

Using Equation (155} in Equation {157)

P | L L

1 1
Al+k0 211
1 1

For the special case

ln = (n+l)k0

144

(e ot oMt omAatyg

e~ (g*hp)t
eu(Al+A2)t

e-tht

(155)
(156)
it (157)
(158)
(159)

n_,——-./.

[R———

R



for

we¢ have

(\f‘ = [e-lot,

0, 1, 2, «++ d-1

gt At

and Cquation (160} in Equation (158) yields for the special case Aoz i

M
ee

1/4

1}5

-3t
e

3

ity

-4t
e
-

-5t

L2 ]

ce

(160)
© (161)
0

(162)

Wendroff on page 120 of his book reference (8% ) calls the matrix
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Hn = r_lfz 1/3 1’4 lfs see I/n:;-
1/3 1/4 1/5
1, 1/, \
1/ - !
|
; E ;
1/n+1 l/Zn i

a Hilbert matrix of order n and says it is ili-conditioned also.

We find Fox in his book on page 75 gives the inverse of the 4x4 case
of Equation (163) as

pr— P

u'1= 200 -1200 2100 -1120
dx 4 )
~-1200 8100 -15120 8400
2100 -15120 29400 ~16800
|
-1120 3400 -16800 9800

s —

exactly., Paul Brock uses exponential polynomials in his paper "A Relation
Between Exponential and Polynomial Methods For the Numerical Solution of
Ordinary Differential Equations' reference (15 ).

E. CONTINUOUS GRAM-POLYNOMIALS, The Gram-Schmidt proceedure for the
interval (0.1) was derived 1n the previous section, The general Hilbert
matrix is

1
M, (0,1) = ';E><i£jdt
0
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- [(i+j+1}'l:| (166)

for

or in open form

M = 1 1/ 1/ i/ 1/ (167)
dxd 2 3 4 d _.

1/2 1/3 1/,

3 Yy

/4 C . /541

—)

The Gram-Schmidt proceedure applied to the monomial base on the interval
(0,1} is given by Eguation (337) of Section { 1) for the 3x3 case as

_ o T 7
<i% =T Ty, (168)
i
Lo 1 -1
Lo 0 1|
and for the orthonormal case by Equation (338) Section { 1 ) as
r
é=4 11 /3 /g-‘ (169)
S :
‘0 2/3  -6/5 |
i
| 0 0 65 | .
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The polynomials of Equation (168) will be designated as the Modified

Gram Polynomials as in the Laguerre case because of the sign differences

and diagonal terms to be discussed next.

Milne in his book reference (50 ) on page 257 gives the general
term for what I will call the Classical Gram Polynomials, the nth element
is

n . . . .
= -1 J Tl i Tl'i'J J
5 (8) §=0( ) (3 )( J ) t

for

n=0,1,2, 3, *** d-1

By Equation (176} we have

\
2y = <i§§t 1 O -1° (g) E
0 0 |
(:) '.‘ 0 ;
0 0 /

-
- [
T

148

(176)

(171)

(172)

" [



(173)

(174)

.........
e
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and for the dth

The first nine
page 260 as

vector n

(2d-2\

d-1/,

(-1)0( 0

(-1)1( 1

L]

d-1

d-1

d-1 ( 1
NS

-

)
)

d—l\

Gram polynomials are given by Milne reference ( 60 ) on

-2

-6

=12

30

.20

=20

2lH

=140

70

150

-30

210

-560

630

-252

-42

420

-1680

3150

-2772

924

~5b

750

-4200

11550

-16632

12102

-34352

=72

(175)

1260
-9240

34650
-72072

84084
-51480

12870

e



S

QRN

LA—

If we compare the first threc of these we see as before that the signs
differ as well as thc main diagonals of the Classical Gram polynomials are not
unity, MNormalizing these diagonal elements by Equation (73) we obtain

;
<§:% =<i:% 1 11 . 1 0 0 (177)
0 -2 6 1| 0 -1/ 0
[
l 1
c o 6 ;| o0 I VA
f(:é - ! 1 -1y, 1/ (178)
0 1 -1
0 0 1

which is an agreement with Lquation (168) for the modified Gram polynomials
obtained via the Gram-Schmidt proceedure,

The metric-matrix for the classical Gram polynomials is given hy Milne
on page 261 of refercnce { 60 ) as

.fl
| luar = 5 (179)
0 n n+l

for

n=0, 1,2, <+ d-1

and for the dxd case
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. 1/3
My, = > g de =

g 1/

or element wise

1Y =

1 7
Yon T [EETEJ

The metricematrix of Equation (180) will be referred to as the Gram-
polynomial metric-matrix, The orthonormal vectors are obtained by

L V2d-1

which are the Classical orthonormal Gram polynomials.

Returning to Equation (171) we have

Y

oD

M)

152

{180)

(181)

{182)

(183)

(184)

e

[—

———

S —



By Equation (172) normalizing the second coordinate

L= =<('1\ (185)

e 1lm

(i)[-l) (i) (-1)
1
0
0

L)

the nth term by Equation (174} is

1) - 21‘11} ( 1 86)

(2: )( 1)

rd

and the dth vector is

(187)

i [
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where

NOBC

(an
nj

(2&-23
a-1/

b R

and by Equation ( 34 ) in Appendix A

(2n\ _ (@) (190)
nj n!(2n-n)!

or
2ny (2n) !
' (191)
( n; {n!)Z
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The metric-matrix of the modified Gram polynomial is by Equation {188)

1
T C
O {:;> <:§% dt = I(-L'M L I(~1) {192)

and by Equation (181) and (187)

{ 1 1 i 2n )
ity
1 I(=-1 193
i (MI(J (193)

for

a diagonal matrix.

Using Equation {191) in the inner matrix product of Equation (193) all
diagonal matrices

| T 7
r, il 1 ( Y [ PN
L [2n) i i | 2n ’E I i (2nl}) (194)
A LT (Ul T D xvenll ‘
[ L i — 1__ (n* } _}

and the metric matrix for the modified Gram polynomials is
b T 27

] It : i

| M, = dig | ! (a)”, (195)
; mn L‘(2n+l) mnt

since I{-1) enters as a sguare with respect to diagonal matrices in Equation
(193}.

One can now obtain the inverse of the Hilbert matrix by Equation (348 )
of section (1)

-1 -1 T
My (0,1) = Higg = BB, (196)
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where the matrix Bg connects the orthonormal Gram polynomials to the monomial
base, that is

-1/
A=<Bs= M 2 (187)

~u Le

-1/2
where«(ié is given by Equation (176) Mpp is obtained via Equation (181).
The details will not be carried through here.

D. CONTINUIOUS LEGENDRE PQLYNOMIALS, The continuious modified Legendre
polynomials oh the interval (-1, 1) were obtained via a Gram-Schmidt process
for the 3x3 case in the previous section ( 1 ) Equation (383 ). This
section presents some relations for the general case on the interval (-1,1),
and a latter section derives the state-space relations for an arbitrary
interval and a re-scaled time axis.

The general metric for (-1,1) is

1 0 1
f\_ ~ < d . . . - \\. /

4[/,-'- < t /f,’{dt + [ /f/ \f:\‘dt (198)
-1 -1 0

and

\\.
.

0 -1
[ pfas-| p<ta (199
-1 0
For the monomial base

<F- (200)

we have
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T e

S
2 3
-1_
5
£> <€ dt = t
J 2 z
0
¢4
d
! 1 -1
: 2 3
{-1 U 1
~ 2 3 3
tﬁ><://dt
J/
0 1
Y
(-n¢
d

157

(a4
-b]h

o

- an

S

(201)

]

[»
1

e

ba
3
i —

(202)

2d-1
(-1)
2d-1




Using Equation (202) and Equation (167} in Equation (198)

2 0 2 0 2 ...
3 5
1 0 20 2
\t\){_dt= 3 > {203)
-1 i
2 0 2 0
3 5
0 2 0 2
5 7
2
g
0 I

—

The 3x3 modified Legendre polynomial case is given in the previous section
by Equation (384). Applying the Gram-Schmidt formula of Equation (308) of
that same section, one finds

[/ ™,
[ o
!
|
gs = \\é)t 5 (204)
. ?
: 0
|
i
{ 1
. A
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One can continue the orthogonization process, the firs
polynomials are given by Barker in Reference ( 9 ) as
is due to Barker).

1 0 -1 0 3 0 -5
3 15 231
> 0 1 0 -3 0 5 0
/_ g 21
.\g i
0 0 1 0 -6 0 5
7 11
0 0 ¢ 1 0 -10 0
9
; 1 0 -15
: 1T
!
i 0
e
1
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t nine modified Lagendre
(The modified terminology

0o 7
1287
=35 0
429 (205)
0 -28
143
105 0
143
o 1
13
«2]1 0
13
0 -28
15
1 0
1




Note the alternation of zeros in the coordinates and the corresponding
alternation of zeros in the metric on the interval of Equation (203). The
first three modified Legendre polynomials are given by Davis on page (168)

of reference and agree with those derived here via the Gram-Schmidt approach.
Davis calls them Legendre polynomials even though he uses the Gram-Schmidt
proceedure as done in this report.

The metric for the first four vectors of Equation (205) is

2
1
~ 2
M = ' dt = 3 206
g £-8 (206)
-1 8
15
8
B 175 ]
The first three orthonormal Modified Legendre polynomials are given by
Equation { 3gy) of section { 1 } as
L1 0 -5
=7 2v7
5=t | (207)
i _
0 i 0
/3
;
0 0 35
V2

Erdelyi on page 180 of reference (29 ) and Rice on page (68) of reference
both given the following general formula for the nth Legendre polynomial,
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£

_ =T j {n 2(n-j) n-2j
L (1) = 2 §=o (-1) ( j> < n ) t (208)

n=0,1,2, - d-1

where g- means the greatest integer less than or equal to %— depending

on whether n is odd or even,

I1f we evaluate the formula given by Equation (208) for the first seven
polynomials we obtain the first seven 'Classical” Legendre polynomials.

(209}
1 0 -1 0 3 0 =5
2 8 16
0 1 0 -3 0 15 0
2 )
/721; =/t
\\)(} t
0 0 3 0 -15 0 105
2 4 16
0 0 0 5 0 -35 0
p) 4
0 0 35 0 -315
g 16
0 0 63 0
8
00 231
16
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We see that the main diagonal terms are not unity, hence the polynomials are
not the result of a Gram-Schmidt as applied in the previous section. Rainville
on page (160) of reference gives exactly the polynomials of Equation (208).
Also Hildebrand on page 273 of reference gives the first six polynomials which
agree precisely with the first six of Equation (209}.

Hildebrand on page 273 describes the nth Legendre polynomial 4in the
usual way as

L) = —— o — (2.)" ' (210)

[y~
=
=

[l

L
=

which is the Rodr;gpes' formula,

Luenberger on page 61 of reference ( 54 ) relates the polynomials applied
on the (-1,1) interval via the Gram-Schmidt orthonormal proceedure to the well
known Legendre polynomials satisfying Equation (210} and Equation (208) as

_ v2n+l
(Ru)n = 2n(t) (211)
for
n=2¢0,1%1, 2, ' d-1

and package-wise we have
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[N—————)

__l .
V2
/2
<o, =<o 2
/5
2
/T
2
/ 2n+l
d
2d-1
// 2
T —d

which connects the Classical orthogonal to the orthonormal polynomials.

Luenberger on page 61 of reference ( 54 ) states that the polynomials
obtained on the {-1,1) interval via the orthonormal proceedure are related
to the well known Legendre polynomials satisfying Equation (210} via

(ﬂ-u)n = 211;1 2 () . (212)

Luenberger is correct in his statement for this case since we see by
Equation (209) the main-diagonal non-unity numbers are all positive, hence
the alternating signs which occurred in the Laguerre and Gram polynomials
are not present for the Legendre polynomials,
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Rice also gives on page 47 of reference ( 75 )}, the elements of the
diagonal metric-matrix for the Classical Legendre polynomiais as

1

2
Rn (t)dt = TS| (213)

the metric»matrix'(diagonal) is

1

|

| . 7 ,

} My, (-1,1) = ’E:><£:?t - dig [§§;1J (214)
|

|

_].

In open form the Classical Legendre polynomial metric-matrix is for the
dxd case

[ZTE 8

2L

Mo (-1,1) = | !
dxd :

(215)

RIS

~{ b2

e



Clearly the normalizing matrix to obtain the orthonormal Classical
Legendre polynomials is

' -1/2 -1/
Gy = oy, =< g [5%-1—} : (216)

or

/ = / i +
\\%u(t} ~\£ dig J 2121 1 ) . {(217)

which are the elements of Equation (211}.

The connection between the Classical (non-orthogonal) polynomials of
Equation (209) and the modificd Legendre polynomials of Equation (205)
derived via the Gram-Schmidt proceedure of this report can be obtained.
By Equation {73) we have for the 4x4 case

P -
1 ‘
: (218)

W

(STRN]

or
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which yields

which agrees with Equation (205).

0 5/2

_]_/

1 0
0 1
0 0
0 g
0
_3/5
0
1

0 0

0 0
2/3 0 |

0 2/S

If we put the polynomials in Equation (208) in monic form we obtain
the connection matrix between the modified Legendre polynomlals and the
Classical Legendre polynomials

N\

i

/

p—

1
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!

2d-2

d-1,

-1
) ,d-1

(219)

{220)

(221)

[



or

' f2m) La
A (B)
L =<8 di n (222}
\m _‘H\gL
where dig ( ) designates the diagonal matrix of Equation (221}.

We can now obtain the metric-matrix for the modified Legendre polynomials
via Equation {222}

1 _ r 21}
om T J. (Zn y 1 ol .
-~ o s n dig L [ (223)
?’/m <{Fm dt = dig ( n) 201 Mgy & _
-1
or by Bquation (215)
)
R O il 2n ) (224)
Loy ® G (2n+1) n ’ .

[

With the transformations derived above one can relate Legendre polynomials
to the Laguerre polynomials etc.
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Section 3

TRANSLATION OF ORIGIN AND SCALING O THE TIME AXIS AND INDUCED TRANS-
FORMATION METRIC MATRICES AND GRAM-SCHMIDT VECTOR. The continuous metric
hairices and the Cram-Schmidt obtained orthogonal polynomials of the pre-
vious section were all with respect to inner-products on classical in-
tervals. This section will extend the classical intervals (0,1} (-1,1),
(0,tp)etc., to arbitrary intervals on the independent variable axis (time)
and derive a number of the corresponding polynomials orthogonal on the
arbitrary contimuous intervals which actually occur in optimal estimation
and approximation theory in practice. The necessary induced transforma-
tions for the monomial base metrics on these arbitrary intervals and the
corresponding orthogonal polynomials with respect to the arbitrary metrics
will be defined in terms of new upper triangular connection matrices for
Gram, Legendre, and Laguerre polynomials over thse intervals.

Monomial Base Metriec Matrix for Arbitrary Intervals. For the pur-
poses of this section we will assume that the classical time axis varl-
able is T that ranges over the classical intervals and we have a linear

relation

T=bO+Blt=<7tb> (1)

where by is the translation to the new origin and b1 is the scale - fact-
or.

Consider the metric matrix

2
[ e > G de

J
tl

case I - Transformation Metric (0,1) - (0,tp). The first case con-
sidered is the interval

= Mtt(tth) (2)

(1,,7,) = (0,1) (3)

for which the metric is the standard, Hilbert matrix given by Equatlon

1
J -F,}<T dt = M(0,1) = Hyjy (%)
0

and we want the metric for the inner product defined on the variable t
for the arbitrary interval
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(tl'tz) = (0;:2) (5)

By Bquation (1)

il

t. = 0

1 (1,0) B (6)

and

T, = 1

7
» (1,t,) b> (7)

Packaging Equation (6) and Equation {(7)

)

-0 _ib (8)
1t2_l>

1 . 1
b> = jc;rtz 0 P = [0 o (9)
SR R

Using Equation (9) in Equation (1) we find

or

S S (10)
t2 Wg _

where the interval width is

t
J ldt " t.=w (11)
2 g
0
hence
t = w T = t,T (12)
24 2
and
dat = thT {(13)
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packaging the powers of Equation (12)

- n
CERGIGY (14)
where the diagonal matrix
() -1 ] (15)
T
2
)
3
)
L4l
2 —

Transposing Equation (14) and forming the metric

t2 1
J ‘t><cdt = D(wg) J 'L'><"E dt D(Wg)t2 (18}
4] 0

o

- n n
M, (0,t,) -tQD(tQ) M, (0,19D(t,) (17)

Case I1I = Transformation Metric (-1,1) - (-t2,t?2). Counsider next
the case for the interwval

(Tlst) = (*lal) (lg)

and we want the metric for the case of symmetry about 0

(tl’tQ) - ("tzstz) (19)
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as shown in Figure (1)
] | |
{ | . i
to=-t, 0 t

FIGURE (1)
SYMMETRIC SPAN ABOUT ORIGIN

Using the limits of Equation (18) and (18) in Equation (1)

[j ] |:l] ) B :Z 5 | (20)

Inverting
by =(t, t, |[-1] , (21)
RS I
b>= t, ] 1 [0 1 (22)
11 [Pt

Using Equation (22) in Equation (1)

T = % (23)

J—t ldt = 2t, = w, (21)

T = — {25)

or

171



w
t = 5&'T = t,T

and

dt = t2 dr

and packagewise

Ik :

or

G- 0]

(28)

(27)

(28)

(29)

Note that Equation (29) is the same transformation as Equation (14), how-

ever the metrics are different, since
“2 n, [+ n
J t> <t dt - t,p(t,) J t><t dt plt})
-t, -1

or

Ny, n
M(“tzgtg) = tQD(tz)M(_l’l)D(tz) 1

|

172
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(31)




[RR——

since the metric M(-1,1) has zeros and even powers as given by Equation
(145) of Section ( 4 ),

Case III - Transformation Metric (0,1) »(ti,tp). Consider next a
translation to a new origin at t, as shown in Figure (2)

Y
T
. Ay

FIGURE (2)
TRANSLATION TO t ORIGIN

where the interval

(t,,7,) = (0,1) (32)
is translated and scaled to

(t),t)) = (t,,t,) (33}

Using the integration end points of Equation (32) and Equation (33)
in Equation (1)

o 1 tl : (3i)

) i
by = t, -t o (35)
-1 1 1
or
1
:b>: _'t (36)
t2-tl L
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Using Equation (36) in Equation (1)

T = + {37)

and solving for t

t = RSPk (38)

tl
dt = (t2—tl)dT (39)
The width of the integration interval is

1dt = t.-t. = w (40)

By Figure (2) set

t 7= W T (41)
hence

t=t +t ‘ (42)
and

at = dt “ = wd T (43)

If t; is different from zero normalize Equation (42) as non-dimension-
al time

=—+1 (44}

oxr
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N

=R+ 1 (45)
Using Equation ( 22) of Appendix A

<% = <§€ B (46)

where B is the binomial matrix. Also

=(t 1 1 (47)
&= G

1
Ty

[
[l

and by Equation {41)

<x‘;' = <1: [ 1 N (u8)

1
Ty

Using Equation (47) and Equation (48) in Equation (46)

<

<§ D_l(ti) B D(t?) (49)

<:T TTt

Transposing Fquation (49)

ﬁ) = D(t?) BL D“l(t?) €> = T?t i) (50)

I
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and forming the metric-matrix

to 1
Ll £ G at = wr, Jo G oat |t (51)
oxr
M (t.,t.) = w ol (0,1) T (52)
tt 172 L TT
where
T, = D'l(tﬁ) BD(t?) (53)

Using Equation {53) in Equation (52)

-1, n n
EED (tl) BD(tl) {54)

. n, T -1, n
Mtt(tl,tg) = (t2 t)) D(T{) B'D (tl) Hy

As example of the validity and the appearance of the results of
Equation (54) consider the 3x3 case which the left hand side of Equation

(54) is

ty 2 2 3 3]
Mo (t ty) = J €><<% at = | ty-ty to-t] Tty (55)
t
1 2 3
2 2 3 3 T~
Tty Tty By
5 3 m
3 3 TR 5 5
oty Tty Ty
| 3 n 5|

The three center matrices of the right hand side of Equation (84 )
are where w is given by Equation (40),
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[NP—

_ ) s
=1, n -1 _ W W
wg D (tl) Hipy D {tn) =} w O 02 (56)
1
2 3 I
W W w
2t 2 3
1 3tl utl
3 b 5
W W W
2 Iy
_?t 4tl 5t, |

and Equation (56) used in Equation (54) is

Mo (e),t)) =
B (57)
B 2 3T 5 "
o W W
T ks 0 1
1 1 9
2 2 2 3 L 0 tl 2tl
t. 2t t W W W
1 1 1 T 3
— 2
1 3tl bt 0 0 +
 — l _—
3 I 5
¥ w__ v
2 L 5
_?tl utl Stl_
' w WQ J—
= W 1 —_— —
Etl Stl
2t1+w E.+ w2 HE . w3
2 2 Stl 3tl th
1
t2+t w+w2 3 2 3 5
1 71 Wt +W2 g_+ w W + N W
e —— e N, x
4 1 3 tl 3 Qtl Sti
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1 tl tl (58)
2

0 t Qtl
2

0 0 ]

If one multiplies out the terms of Equation (53) and uses the rela-
tions

tg ~ ti = (t=t Mt +t)

£ - £ = (£t ) (Eort b HEr) (59
(tz—ti) = (tz—tl)(t2+t§tl+t2t§+ti)

(tg—ti) = (t2—tl)(t;+tgtl+tgti_¢2ti+ti)

or in general for x and y

o3

x - Yn = (X_y)(leay2a"'yn—l)

r~ 1 (60)
" 1

e

.
L

o

xn—yn:x@yL};\(‘P—y<Lx® (B1)
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where the linear convolution matrix L is

L=|2a

It is shown in Equation (117) of Section (4 ) that

_ n n
Mtt(tltz) =t D(tz) Hizg D(tl)

i) n
-t D(tl) Higz D(tl)

If t,=0 Equation (£3) reduces to

Mtt(D,tQ)

_ n n
= t, D(t2) g D(t2)

Which agrees with Equation (17).

Case IV - Transformation Metric (-1,1) - (-t2,tc,t2).

(62)

(83)

(64)

Consider next

the translated and scaled symmetric intepval corresponding to (~1,1) the

Legendre case about a translated origin at
symmetric interval as shown in Figure (3).

te the center point of the

SYMMETRIC SPAN TRANSLATED TO ¢

179

t .

T tn e
v ! {,” __{
+1. ; ; ;
: CENTER !
T -+ POINT \
I f i
e i :
Tty ——

FIGURE (3)



The variableg are
t =t 4+t (85)

By Equation (1) the T variables end points with midpoint at zero is

(Tl,TC,TQ) = (-1,0,1) (66)

Consider next the translated and rescaled end points, the span length is

ty
. d‘t=‘t2—tl=w£ (67)
1l
and the midpoint is translated to
Tt
_ 27 1
R (68)
or
T+t
_ 172
t, == (69)
The end points in Bguation (1)} yield
Tiw = -1} =Tl ot [ p (70)
or solving for b>
- .
e (tl+t2) s
(t,-t )
2
| 7t |

180

JR——



JE——1

Using Equation (71) in Equaticn (1)

(to+t,)
271 2
T{t) = + t (72}
(tQ—tl) (tz—tl)
and solving for t
(£t .+t.) {(t.~t.)
_ 2 1 2 1
t = 5 + 5 T {73)
or by Equation (64)
t = tc + £ {74}
where
(t,.-t.) w
- 2 1 _ R
t = 5 TE S (75)
The differentials are
(t -t.)
gt =~ ar (76)
dt = at~~ (77)

We see by Equation (73) if t1=-t2 then Equation 68) reduces to Equation
(26). : '
If we normalize Equation Equation (74)

£t _
s + 1 (78)

or

= x "+ 1 {79)
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which is of the form of Equation (45) we have

<X = {X,‘B
and

<x,, - P f"'l

and by Equation (75}

<" = <1 {1

also we have

<x = <t ] 1

182

(80)

(81}

(82)

(83)
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Using Equations (81), (82), and {(83) in Equation (80)

BRI
o (] (2] -

&= T, (86)

Transposing and forming the metric via use of Equation (76)

or

-,

or

1
. T
< = -
s t>>_¢ dt =T  J T:><§d1 T (e, - ) (87)
tl -1 2

By Equations (74) and {(14¢Q in the Appendix A we can also express

<} = {%*’ Tu(tc) (88)

and by Equation (70) in Equation (88)

r n

Go= <3D t, - tl\ T, (te) (89)
2}

G=ar (30)

By Equations (89) and (88)

T (te) =D [(%—C)DJ BD [(%C}“] B (915

Note that there are three different metrics corresponding to the
intervals of Figure (4)

t .
tc :{ E
o] habe s
1 . § | |
1 T T ! T
e _ W
-1 1 timte=(ty=ty) o t.=te + ==
—_ 2 2
2
FIGURE {(4)

TRANSLATED SYMMETRIC SPAW
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The transformation relating the metrics are

<‘t = <t” T (tc)

and
=
3
and
t Yy
2 ) . —a
It e ¢ at = 7 (re)s F e D erar T (te)
1 ‘i"’&
5
and
Y
3 1
- - N W W
D T Ga e D(_j%j%i} {adr D(_&)wg
-W 2 2 f—
A L1
7

Case V - Transformation Metric Due to Sign Change.

variable change in sign on the interval (0,1) by Equation (1)

1
we want
(11,12) = (0,1)
and
(tl,tz) = (0,~1)
or
Tl 0 1 O
- = b>
T, 1/ ro-1
or
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(93)

(9y)

(95)

Conslder next a

(96)

(97)

{98}

(99)

(100)
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or
T = -t

as shown in Figure (5)

S S —.

and
dtr = (-1)dt
packagewlise
Ce = o1
The metric is
-1

;oty ik at =
o

—

0

FIGURE (5)

AXIS REVERSAL

1
1(-1) / (-1)ty <7 dr I(-1)

o]

For the 3x3 case is for example

f_lt(e>é)t at
[0

The right hand side of Eqaation (104) is

—

~1
1
2

-L
3

1oL
2 3
L1
3 4
B
L 5
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(101)

{102)

(103)

{104)

(105)



1 0 o}j[1 1 17¢f1 o 0O
2 3
1|0 -1 of |1 1 1fjo -1 0o =
2 3 4
o o iff1 1 1|jo o 1
| 113 © 5
Tl 0 0] |1 -1 17
2 3
-1{0 -1 0} |1 -1 1
2 3 4 {106)
o o |1 -1 1
E iy 5 |
(1 -1 1] (-1 L 1]
2 3 2 3
=(-»]1 1 -1{ =] 1 -1 1
2 3 L 2 3 4 (107)
1-1 01 11 -l
'3 % 5 L 3 T 5
which agrees with Equation (105).
Case VI - Transformation to New Origin with Sign Reversal t=t.-t""~.

The next case corresponds to Figure (6) where the origin is translated to
the front of the time span of length Tty and the sign of the new variable

is veversed as shown in Figure (6)

1 1 o

} 1 1

FIGURE (8)
ORIGIN TRANSLATION, SCALING AND AXIS REVERSAL
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By Equation (1)
T = bo + blt
at the T end points
(Tl, T2) = (0,1)

and at the t end points

(tl, tQ) = (tf, tb)

or
(O) 1 tf ]::O
1 1 tb bl
o
te
B = Tty
t_wtb
and
- i
T IEE I
f b £ b
and solving for t
to=otg - (tf—tb)T
Define
t = (tf—tb)r = wg T
hence

T

and differential-wise

dt = -dt = (tf—tb)dT

187

(108)

(109)

(110)

(111)

(112)

(113)

(114)

{(115)
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The end-peints on the t variable are

t2 tf—tb Wg
Package-of-powers Equation (113) yields

<t“' = <t D(wg)

also by Equation (114)

7" = bt

f
or nomalizing
‘tJ’) _t
—_ =] - —
e N

and packaging into a row vector

The metric-matrix for <&'”’ is by Equatiom {120}, Equation (118) and

e = GpTHeRD(EY)

<t T e

Equation (115}

wg tb
f t"i><it"”dt"’ = ~T$t,,,jh€>-<} dt Ty san
o tf

also by Equation (117) and Equation (115)

or

w
g

o

M (O,wg) = wgD(wg)HillD(wg)

t;z/ e
3

also by Equation (118)

t = —(t-tf)

188

1
St t*27dt” " = w D(w )S 1y <t dr D(w )
Pl T e 2t

(118)

(117)

(118)

(119)

- {120)

(121)

(122)

(123)

(124)
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and by Equation (170) Section {( A)
IR R <R RE D (125)

and another expression for Equatlion (120} 1s obtained by equating the
matrices '

-t _ '
Tt,t,,, =D (tf)RD(tf) = Tu(—tf)l(—l) {(1726)

-

As examples of the way the results look let the t end points be

(tlifa’tQJf)) = (O,l) (127)
and

Lty =W, =1 (128)
and

tf =1 (129)

and by Equation (129) in the diagonal matrix of Equation (126)
D{ty) =1 (130)
hence Equation (126) becomes

T_t’txwx =R = Tu(_l)I(_l) (13]—)

Where by Equation (33 ) Appendix A
T, (-1) = B(-1) = BTt (132)

and the connection matrix is

Gl (iR (133)

The metric of Equation (121) using integration limits of Equation
(108) for t becomes

1
f t"f><%"‘dt”’ = RTI?—l) t>><:t dt R (134)
o 1 ’

or

T .
Hill = R HillR (135)

a novel result which says that the Hilbert matrix is congruent to itself via
the Rutishauser matrix.
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also

-1 .T.-1
Hill =R HillR {136)
For example the 3x3 case is for the matrix H

— - .

1 o1 1] oo o} 11 {1 r 1]
2 3 2 3]
i1 1 1t=fr - offlir L 1py0 -1 -2 (137}
2 3 & 2 3 4
101 1 @2 1]ji L Lipf{o 0
[ 3 b 5 ] R 5_|

Case VIT - Transformation Metric (0,1) {-1,1). This case will show
the application of the methods to the two classical intervals. Consider
the transformation

T = bo + blt

where

(Tl, T2) = (0,1) (138)
and

(tl,tQ) = (-1,1) (139)
or

o\\ 1 -1
;:( >§> (140)
1/ A\l 1

and solving ¥or b

b o= 1 {21}
5—(1) (141)
or
T =1+ t
=7 (142)
and
t = -1+ 21 (143)

and differentlal-wise

dat = 2 drt (1h4)
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The package of powers of Equation (143} is

& =<xpe") 37t

(1u5)

and transposing and forming the metric (B is binomial matrix)

1
7 ﬁ) <:t dt
-1

o

Mt’t(ﬂl,l)

For the 3%3 case one

-

2

iwim

0

wro

2
3

1N

—

has

1

0

o

0

=T n n..-1
B "D(2) HillD(Q B 72

ral

w|

-T n 1 n,.-1
B” D(2 {J (2)€><3 dr D(2™")B
o]

] [T

Fi

=l

|

|~

(148)

{(1u47)

(148)

Multiplying the matrices on the right yields the equivalence relation,

The interesting aspect of the above case is made apparent when one
attempts the transformation (0,1) to (o,-1) simply by changing the

limits of integration

T

-
LT LG I ]

"-l

L

— A A
iy B NV S T Y S
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t
i

£l wle e

gl Ele W

which does not qualify as a metric matrix since the norms on the main

diagonals have negative signs. This is avoided when onechanges variables

Thus

and
dr = -dt

and by Equation (150)

o= Go1-1)

and
-1 Py 1
I t;} tdat = (-1)I(=1) f ¢t dr 1(~-1)
, oK RS
—1‘> <: 1
ot t (-dt) = I(-1) f <K de I(-1)
- , o<
o
-1
Mtt(o,—l) = f Ot t(~dt)
and

(0,-1) = T(-1) M (0,10 T (-1)
T T

(150)

{151)

(152)

(153)

(154)

(155)

(156)

B. TRANSPORMATIONS ON GRAM-SCHMIDT VECTORS FROM CLASSICAL TINTERVALS

TO ARBITRARY INTERVALS,

Case 1 -~ Transformation Cram-Schmidt Vectors from (0,1} Interval to

{-1,1)., The orthonormal Gram-Schmidt vectors were derived in Sectlon

{1 ) Equation (337) for the (0,1) interval as

<s(0,1) = <& B_(0,1)
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where the coordinate matriz is for 3¥3 case

1 -3 V5
B (0,1) = |0 /3 -6Y5 (158)
0] 0 675

We seek to derive the orthonormal Cram—-Schmidt vectors previously obtained
on the interval (-1,1) called the modifled Legendre polynomials via trans-
formation matrices rather than proceeding through the Gram-Schmidt con-
struction equations given by Equation (agy) of Section ( 1 ). Let

G(-1,1) = < B_(-1,1) (159)

where BS(-l,l) is unknown and where the connection of Equation (145} is used

n,.~1 _
& =& p(2MBT =G T (160)
Using Equation (160} in Equation (159)
s(-1,1) = <}D(2H)B'1B (-1,1) (161)
8
Transposing
s(-1,10) = B, (-1,13 377 D2 (162)

Forming the O,N metric (constant)

1
iy s(—l,li} (-1,10at = T = Mg (G1,1) | (163)
-1
or by Bquation (14)
T ~T n 1 n,.—1
1= Bs(—l,l)B D(2™) f (2) © tdrD(27)B BS(-l,l) (164)
0
or
~ opl =T ol ny,~1
I = 28 (-1,1)B" D(2 ), ,D(27)B B_(~1,1) (165)

By Equation (348) of Section ( 1 ) the triangular factors of the Hilbert

matrix are

_ . T -1
MTT(O,l) = H;p, [BS(O,l)BS(O,l)] (186)
Modifying Equation (165)
T -1 B T -1
BS(—l,l) B (-1,1) = [Bs(—l,l)BS(—l,l)]
:QB'TD(2“)[38(0,1)32(0,1)1'19(2“)3'1 (167)
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Inverting Equation (167)
- T -1 T
B_(-1,1)B.(-1,1) = 1 BD "(2")B_(0,1)3_(0,1)D (2™)E (168)

2
Equating factors of the metric matrix

_ 1 -1, .0
BS(—l,l) = /5 BD (27) BS(O,l) (169)

and for the 3x3 case using Equation (158)

11 1|1 o ol -2 5
B(—L1)=f: 0O 1 2 o 1 © 0 2/3 -6/5
=3 2 -'2"'
3x3 o 0 1fjo o 1]|j0o o &5 (170)
52
o —_ —
T 0 -5
2
B (~1,1) = 0 7 0 =
s 2 /2 (171)
0 0 3/5
| — 2 —

which agrees with Equation (38y) of Section ( 1 ). One can easily obtain
the general expressions for the dxd matrices. Using Equation (160) in
Tguation (159)

I . Ty .
s(-1,1) = ggD(? ! BS(—l,l) (172)
Using Equation (169) in Equation (172)

P _ ny.-1_ -1, n 1
G-1,0 = {op2hET BT (2 B (0,1) & (173)

- _ 1
\f(—l,l) —<% BS(O,l)/E (174)

which relates the 0.,N., Schmidt vectors to the old base.

C.  EXPONENTIAL BASE METRICS. The modified Laguarre polynomial metrics
with translated origins and time axis sign change are presented below,

The interval (Q,«) will be referred to as the classical interval and
by Equation (20 ) in Appendix D

fm€><§e_aTdr = Pt (175)
0 0
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(L + 3) !
MTT(O°N) - ;Edinff;_;

for 1,3=0,1,2,...4~1

Case T - The Variable Change.

T = -1
and
dr = -dt
and
-ar _ _at
e = e

yields for the powers

& o= er(-1)

The end points for the new variable are

(tl, t2) = (0, —=)

and the metric is
&G e Mar = 1(-1)r & 2T at)T(-1)
0 0

By Bquation (23) in Appendix B

J eatﬁ><<% dt = [(i + j) 1 (—1)i+j+%]-
0

e
at 3t+1

-1 -1 -2
a 2 3

a a
= 1 -2 3t
2 3 i

a a a

-2y . 3r 41
3 4 3

L a a a 4

(176)

(177)

(178)

(179)

(180)

(181)

(182)

(183)

{18u)

and we see as in Equation (149) that the diagonal elements have negative
signs, hence do not serve as a good metric. By Equation (182) define the

metric
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My (Osme)

[++]

=f
0]

t > <teat(—dt) = —fm t><t e?tat
0

and using Equation (184) in Equation {185)

M (Oyme) =

E

-1
2
a

2!
3
a

-1 2L
2 3
a =}
2! -31
e u
a a
~31 41
s u
a a® ]

and the metrics are connected via Equation {(186) in Equation (182)

M_(0,@) = I(-1) M _ (0,-=)I(-1)

and

M (05e)

I(-1) M (0,=)I{-1)
TT

and the inverse metrics are related

-1
Mtt(oa_ )

The inverse metric on (0,«) is given by Equation {123) Section (

as

M_l(o,m) = a

and the inverse of Equation

-1 _
Mtt(o’_ } = a

—

3

-3a

-1
I(—l)MTT(o,w)I(-l)

Case II - If we translate the origin to a new origin t. 0 where

T =t o+
] T

1

196

(185)

(1886)

(187)

(188)

(189)

o)

(190)

(191)

(192)
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then the metric for the variable 1 on the interval (0,«) can be written as

t
1 o
f%;{&e ar =5 p a_dv 4/ D & dr (193)
0 t - |

0 1

The first term on the right is rather messy, however the second integral
is interesting. For the 3x3 case we obtain

—-aT
o) = T : 194
MTT(tl, y = f T> < e dr ( )
T
1
: 2
1 {t,+1) (t5+2t,+1 )
1= 1771 =
a S
a ad
-at 2 3 2
= +3
e 1| {tt0) (ti+2t +1 ) (t +8t +6t +3 )
a a —_— 2 —_— -3
a a a 2 a
a
(t2+2t +1 ) (t3+3t2+6t +3 ) (t4+4t3+12t2+24t +12 (195)
1 = 1 1 1 — 1 1 1 1 —
—_— 2 —— 3 i
a a a 2 a a i 3 a
b a d a .

D. TRANSFORMATION OF THE GRAM-SCHMIDT VECTORS FROM (0,w ) (O,-= )
INTERVALS. The Gram-Schmidt proceedure was applied to derive the ortho-
normal modified Laguarre functions of Equation (42 ) Section ( 2 ) for
the 3x3 case as

(o, ) = G B (0,) (196)
where
1 -1 1
Bs(o,m) = 0 a -~2a (187)
0 0 .EE
2

The 0, N. Gram-Schmidt vectors on [0,-~~] is given by
0,2y =t B_(0,-=) (198)
e s

where BS(O,—W) 1s unknown.
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Transpose Equation (198) and form the metric

-0

0 g
or

I = Bl(0,-0) M, _ (O,-=) B (0,-o)
= S

t t
e e
Using Equation (188) in Equation (200)
T
1= BS(O,—W)I(—l)MT . (o,-m)I(-l)BS(o,-m)
e e
and the triangular factors of Equation (417) Section ( 1 )
T -1
Mo (0,%) = £BS(0,w)BS(0,w)J
e e

and as before

[B_(0,~)B (0,-)1"1 = I(~1)[B (0,=)B (0,1 1(-1)
s s s s
o
B_(0,-#)B(0,~») = T(~1)B_(0,=)B (0,0)I(-1)
s 7 g 2 N - g 2T g Y -
and if cne attempts as a solution
B (0,=) 2 T(-1)B (0,e)
s 5

and for the 3x3 case we have by Equation (137) in Equation {(205)

1 0 0 1 -1 1
B (0,-=) & [0 -1 0 0 a -2a | Ya
0 0 1. 0 0 EE
2
o
1 -1 1
BS(O,wm) 2 |G -a 2a
o o a°
2

If we perform the 0. V. Gram-Schmidt process using the métric of
Equation (186)

198

fos(0,-2)) s(0,-)(-dt) = Bg(o,-m>f“mg>e e (-dt)B_(0,)

(199)

(200)

(201)

(202)

(203)

(20u)

(205)

(206)

(207)

P



—

[A——

EE
2 i
a
g(0,-») =t [0 1 22
’ = (208)
0 C 1
and the 0.N., vectors are
1 1 1
$(0,~=) =<t |0 2  2a (209)
o o &
2

Equation (209) is seen to differ in sign from Equation (207), however
if we use the sclution of Equation (24) in Appendix C that is

B {Q,-») = I(-1)B (0,=)I(-1)
=] 3

we obtain the correct matrix

1 1 1
B_(0,-=) = 0 2a 2a | va (210)
0 0 EE
2
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Section 4

POLYNOMIAL VECTORS, BASES, BASE CHANGES, POLYNOGMIAL DERIVATIVES,
BASE DERIVATES AND BASE INTEGRALS, It 1s well known from elementary
algebra texts {see for example Halmos Ref [36 j} that the set of noly-
nemials of degree d-1 form a vector space of degree d, for example

d-1

x(t)=agta; t...a, ¢ (1)

is a vector, The coordinates are ap,a; ... 23] and the base elements
are the powers of t, If we separate the coordinates from the base
elements

x(t):(l,t,t2 enn td“l)ﬂ‘a . (2)

or

x(t)= Q; 2 . (3)

where the column of field elements is

@ -
a =/ a, (4}
rd .

83.1

and the row of base vectors is

<& . (to’tl’tz L td-1J (5
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Equation (5) is a row of d base vectors, that is the ith base vector
is the polynomial t!, The d base vectors are linearly independent
etc, Any full rank invertible dxd matrix B maps the <? base to a
new base, for example

/
t R =) (6)
SR E

or

< = \/\xb B-l.=-<b bet (7}

Some examples of base changes commonly occurring in classical mathe
enatics are given below,

Linear Scaling and Translation on the Time Axis,

T = b + b t

11 12
or simplifying the notation (3)
T = b0 + hlt

or nomalizing the coefficient of t in Equation (8)

T

b, (B+t) : (9)

where

B = b,/b (10}

G' "1

By Equation {sg-a ), the binomial term of Equation (8) yields

(TO,T,TZ, 1o Tdﬂl) = <£:= <£:D(b1)Tu(B) (11}
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where B T
0 0 L3 I ]
b1 , .
b 0 .
Di(b,) = 1
1 b3
1 »
. L d-1
bl__
and
1 8 g2 g3 gt g von
4] 1 2R 382 483 584 e
0 0 1 3R 682 1083 e
Tu(B) = 0 1] 0 1 48 1082 e (12)
1 0 0 G 0 1 SB .
0 0 0 0 0 1 sen

By Equation (12) we see that the bases are connected by a diagonal
matrix D times an upper triangular matrix T,{8) containing the
binomial coefficients or

< <£‘Mtt (13)

where

M

1 D(b,) T, (8) {14}

The inverse hase change is

<:i= <£:T;1 (8) n“l(bl) (15)

The diagonal matrix inversion is simple, the upper triangular matrix
inversion is more complicated, However the inverse can be constructed
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easily, for by Equation (9)
t = 2 (t-b,) (18)
E; 0

and by Equation {60-4 )

- 1 7
£-4
-1
b] 0
b'l X
0 .l
i *
— 2 3 4 5 |
1 by by by by -by (an
2 3 4
0 1 -2b0 3b0 -4b0 ShO |
2 3
| -3b,  6by -10by
0 0 0 1 4b 1062
-* 0
0 0 0 0 1 -Sbo
0 0 0 ¢ 0 S

Consider the derivative of Equation (2)

_ DN
o (L) b« 2 0®

For many studies the vector a > is a constant and
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For filtering example of varying parameters see paper by Luenberger [54].
The derivatives of the base polynomials in the same base is

2 4= 2 -2
g,t- a,t,t2,65, «--t9 Yy = 0,1,2t,3t2, o0 @-neth (20)

or

%(y:éif 1)

where the dxd velocity matrix is

- 1

v ={f0 1 ¢ o . . . 0 (22)
dxd 1o o 2 o .

0 0 0 3 .

. 0 .

. 0

. (d-1)

0 o 0

The higher derivatives are

-GV | (23)

LGV D

s

x(d-l)=<‘§ ya-1 z>
x(d) =Q Vd >= 0
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The matrix of Equation (22) is singular, or the polynomial derivatives
are linearly dependent, From the above we see that

e e
2
7 <

m

LGy

d

d . .
i—-a < = <t. Vd = <t [OJ
t

(24)

and the singular velocity-matrix V is said to be nilpotent, index d, that

is

Note the interesting dyadic decomposition of V as a sum of rank one

dyads

V=1 El2 + 2 EZS + 3 E34 + 0+ (d-1)

where each rank-one dyad is
L+1

o/l T %EB>(QEF

E
R

205
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(25)

(26)
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and the row-vector of dimension d has a 1 in the zth position

Q)e = (0, 0 ... 1,0,0 ,.. 0) (28)
b2 Rth position
The matrix V can also be partitioned into its column space or row
space as
v =

L}, §1’ @22..>d(d-1j (29)

v = 2@ (30)

2 3 e

3 4 e

(¢-1) &%
<

L et

or as factors

—_ C
V=NS_ (31)

where the shift right-and-out operator is

R RO

) ] | “
S,= 10 1 0 .. E -E>, él, éz’ 3,»_1(32}

0 0 1 ... d
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- The shift is on the identity matrix

did ) [jé?i’ %;3 e ‘Eﬁ?d_l) ??)é] (33)

N is a diagonal matrix of natural numbers

N=t{1 0 ... 0 (34)
0o 2 0
3

0 d-1

L 4

Powers of V can be obtained from Equation (22} utilizing

0 jk
Eij B = b ik {(35)
L7im

since

L By (56)

k

where the inrer-product is

I

85k is the familiar Kronecker delta function. Consider the square
o% the expression of Equation (22)

V2 = 1,2E

(38}

+ 2-3E24 + 394E,_ + 4°5E,.  + +«++ + (d=2)(d-1) F

13 35 46 (d-2)

207



or in open form

volo o
o 0

6 0

5 0

00

0 0

[0 o

The third power 1is

+ 4-5-6 E

or in open form

{

dxd

3.4 E + 34.5 E36

25

(d-3)(d-2){d-1) ¢

208

(d-2){d-1)
0

0

(d-3} 4

(39)

{(40)



(a-3)"" pow

th

0

0

The m™" power is

n

ir
W

H

+

for
m < d

or in open form

1-2.3"

(d-m¥{(d-m+_}

oo+ m{m+: X 2n+l) B

0 0 3! 0

0 0 0 (3+1)!

0 0 0 0
L.

+ L

m{ 2m)

(d-2){d-c) E

209

{3+2)!

21

El(m+l) + 2¢34 ., ., ., m(m+tl) E

{d-m)d

2{m+2)

(d-1}1!

{d-1-3)1

(41)

(42)

(43)



L 0 0 ... 0 (44)
0 .es 0 {(mn+1)? ¢ aee 0

(m+2)?
A

o
-
]

(d-m) row . (d=1)!
: (d=T-mJ)!

m rows
of zeros

A

the (d-1) power is

d-1
7 = (d- 2
\! (d-1)! Rld (45)
the dth power is
v o (46)
as an example consider the fifth degree polynomial, or
K=, 8, ) (47)
for which
v ={o 10 0 0 o] (48)
66 1o 0 2 0 0 0
o 0 0 3 0 0
o ¢ 0 0 4 0
0o 0 0 0 0 5
0 0 0 0 ¢ 0
L_-_ ——l
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(49)

(50)

0 3.4 ¢

4,5

2,3.4

0

0 3.4.,5

¢

0

°

(51)

{(52)

2,5.4 0

0
0

uan

0 2.3.4.5

¥

2,3.4,5

0

0

8]

Y]

=

V4

— . —m
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v = fo] (53)

The dyadic expressions are

vV = E12 + 2E23 + SE34 + 4545 * 5E56 (54)
6x6
2 . ' .
VO = 102E o 4 2038, + 3B + 4+SE (55)
. : 56
Vo= 1.203E), + 2°3°4E, . + 3°4°5E (56)
v 2 1°2.3°4B. + 2+3-4+5E | (57)
15 26
V? = 142+3%4°5E (58)
16
vé = ¢ (59)

The coefficients are factorials and factorial relations,

The matrix V can alsc be written as the product Equation (32) and
Equation (34) as

vV = NS (60)
dxd uo
=/1 0 06 0 0 \\ ¢ 1 0 ... © (61)
2 0 \ 0 0 1 :
3 1 c 0 0 .
/ 0 0 1
e a o 0 0 0 0

The psuedo-inverse of the singular matrix V is used later in multi-

ple integrals, Two expressions for the psuedo inverse are

v o= viewD)” (62)
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= (VT

The transpose of Equation (61) is

vi = Ty
o

The symmetric Grammian matrix of Equation (63)

VUT = NS T
uc  uo

The product by Equation (32) is

U 2<§-W [:«‘e;)2 ...‘:>a, Etﬂ -

and
owhys =1 . . .
. 2°
: 32 :
Co (d-1)2
. : . 0
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(67)



=1 0 0 0 0 0 o
1 |
0 " 0 0 0 0 |
1 I
0 0 = 0 0 0 i
3
0 0 0o e, 0 0
o 0o 0o o0 —F— o
(d-1)
0 0 0 0 0 of

Using Equation (67) in Equation (62)

— — _
V¥ = | 0 0 0 0 0 0 0 (68) )
1T 0 0 0o o0 0 0 ‘
o X o0 o o0 0o o ]
>
1
o 0 5 0 0 0 0

The mth nower of Equation (68) is 'l
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()™=

(m+1)th -

The associated projectors are

Vy* = 1
dxd 0
0
0
and
I - vW=* =

From the preceeding we have

[T o T aie B - B e |

oo o o Q

[ T e S v FS o S

[ T o N s R e S .

0 0 0
0 0 0
0 ° 6 0
D * 0 0
0 0 0O
0 0 0

(dwm) !
d! O...
1
{d-1) (d-1)
@}0

-

0

0

0

0

1——
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e

d-1
X

—

L %]

or the d states in matrix form

in) = Tv(t) aEE)

The derivative of the state vector of (69) multiplies the package by

V, that is

x()\p = T,(t) VY a@>

r 1

.SE.

Consider the matrix Tv(tJ of Equation (72)

-

<« | »

e
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b

The matrix evaluated at t=0 i

0

Tv(o) =

DOOQJ—'}

4t

3.4t

2,3.4t

2,3.4

[ e R

[T o B S T o Y i

t - L
5t4 - -
4.5t3 L] L]

3.4.5t - -

0 1:2.3.4

3t
0 4t
0 0 0
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td--l

(d-l)td‘2

(d-2) (d-1)t4"3

(d-3) (d-2) (d~1)t%

voe(d-3)(d-2) (d-1)

—
. 0
0

0 {d-1)!

-

(75)

4

(76)



The inverse of T;l(o) is

- - ]
Tvl(o) = 1 0 0 (7)Y
0 1 0
1
+ 0
0 0 3
1
3!
4]
1
(d-1)1!

The inverse of the triangular matrix of Equation (75) for a second degree
polynomial i1s the 3x3 matrix

-

T;l(t) =11 -+ t%/2 | (78)
ax3 0 1 -
0 ) 1/2

and for a third degree polynomial with a d4x4 matrix

T;l(t) = ”1 -t %75 ~t3/2-3+ (79)
Ly 9 1 -t t2/2
0 0 1/2 -t/2
Lp 0 o 1/2°3 |
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and for a fourth degree polynomial the 5x5 matrix is

L CO I IS SR S AVP t3/2:3
Sx5 0 1 -t t2/2
o 0 12  at/2
6 0 0 1/2*3
o 0 0 0
[

The nested-nature of the size of the matrices can be seen from the
above relation, A size expanding recursive inverting algorithm

_—
t4/2'3°4

-t3/2.3
t2/4

-t/2+3

1/2-3+4_|

(80)

could be worked out (the analog of the recursive Householder invexsion

lemma for a matrix plus a dyad),

Time Derivatives of Two Time-Varyving Bases.

?5hn<(§ or < where

ot e e
<= 1, T, -52 A Td‘l)

can be referred to as monomial bases,

and

An arbitrary base of Equation (6) is

Gx, = <

and the time derivative is

Gy - (GO <
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(82}
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or by Equation { py) and Equation (g3 )

Qb = <’2 [B';l‘u’tB +p7t 1%

or the velocity of the <§; base elements in the <<§; base is

<xb - <&, Yy =<b [B‘lvt B+ BT fz]

oY

B = BVx - VtB

[
1f B8=C a constant matrix one has
C = BVx - VtB

Equation (83) is exact analog of time varying-bases in classical
dynamics of Gibbsian vectors.

If Vx = -Vt Equation (86) becomes

-

B = BV + VB
1f the transformation between the hases is a constant then
BY =V_B
x

t

or

which is the familiar similarity transformation,
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(86)

(87)

(88)
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Multiple Integration of Bases and Base Dyadic Product Integration.
Consider the inderinite integral of the pase

[ on( o eo )

‘[:2 t3 td
At 37 e T

Equation (91) can be written as

J{ dt = < v+ %‘;. 5 (92)

where the psuedo inverse matrix V* is given by Equation (65), Notice
that the derivative of Fquation {g92) yields a matrix Calculus or
linear product relation

& I‘(E:dt

(91}

~ a1 @
SR £91 Zhe

< -—I '{).1 + t(d'l)%a

(d-1}x(d-1)
@ 0 0
" —
= <= (1, t, tz, ven, t47h (93}

——
—
[= B
o+
1]

- .. 4 d . . L+1) d
Kf + 5_ @e] V¥ + ~Tay dle
2 ad (I d
t(V*¥)" + t dle V¥ + Je
<:: q <::e id+}) <3:

(94)

M
——
+
&

1]
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Relations for higher orders can be written out.

Integration of Dyadic Product of Bases. Among the many relations
occuring in poiynomial analysis the integral of the dyad

f Dt

is used,

It is useful to exoress Equation (91) as

I<dt = t(l, 1/2, 1/3, 1/4 ... l/d) D,

where the diagonal matrix Dy is

- -
1 ¢ 0
0 t 0
0 0 t2
d-1
L0 0 ]

The integral of t <j£i£

t

2
J t <dt = ¢ ( /2, 1/3, 1/4, ... 1/4, T}«T) D,
t
1

and the integral of tm<<£ is

t.
% m+1
t t dt =t i/m, 1/m+l, ... 1/m+d Dt

Y

The integral of td'1<i£ is
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[

2
l td’]'<§:dt =
3

From the above relations
t) t, _
J> <K - K | a
Y Bl <Ei |
t@(?
.
d-1
t t
SN
= t (1 s /2, 1/3 , . .. 1/d)
2
t (1;2,1/3, 174, ... &;%m)
mlf1 1 « e . 1)
TR m+d [
- :
d-1 1 ) 1 1 1 ‘
L da-1’ @ @*1 2d-1/_
or
s t

LA 11
-1+ d* &1 ' W2
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(100)
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(102)



where the well known liilbert matrix sy is

{103)
—_
1fi£= T"l 1/2 1/3 1/4 e 1/d
1/2 1/3 1/4 1/d+1
1/3 1/4 ) 1/d
1/4 1/d+1
1/4d 1/d+1 e 1/2d-1
L—‘ dxd -

Note that the Hilbert matrix is a special case of the Hankel matrix,
The integral of Lquation (102} is given by Equation (19) Section II.

B. INNER-PRODUCTS, BASE METRICS, HANKEL AND HILBERT MATRICES,

The classical vectors and dyads of Gibbs carried along the bases with
the vectors and the operators (or transformations). Modern abstract
mathematics attempted to surpress the bases and represent the vector
as a row or column n-tuple and the matrix as a nxm matrix of elements
(usually field elements), This was adequate for simple systems hut
where derivatives and many base changes are needed for large scale
math-models, the matricized version of the Gibbsian representations
simplifies many operations on multi-linear dynamical algebras. These
extended Gibbsian technlques have been well developed for flight
dynamics of multiple inner-acting bodies characterized by symmetric

inertia matrlces or variance-matrices of measurements in many onboard

moving bases (reference 69), The extension of these techniques to
polynomial vectors, etc. provides some interesting relations and
relates matrices to some very tedious age old classical analysis
techniques,
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Consider two polynomials

< > (104)
i 1
xl[t) dot ta it oL, a; 4t = f(é: :f>

(where <§: :§> is conventional inmer product on real n-tuple vectors},

ad .
) = <g:_:f> - <§: :§>2 (105)

then the "dyadic product' of the two vectors x

H

x, (t)

il

1 and x2 is

*ptg T f:g ::E> <§: :§>é | (106)

where the square dxd rank - one watrix or dyad is

>< ¢t (t, th, ¢ td'l) (107)

2

.2

td—l

3 - 1
>< S T S £~ (108)

S
20
.3
11 (-1 d-1
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or as a colum of row vectors

> - [ <
<
2

and as a row of column vectors

>< = [> , > t, > = > td"l] (11

Clearly, the symmetric dyad is a rank-one Hankel matrix

—
\\. — T =
/£> <i: - 1 . t2 3 t4 . .. td 1 (111}
t !:'2 ‘t3 ‘td
t2 ‘t3 t4
t3 t4
4
b
T~
‘_“d+l g+ 2 t2d—%_

The psuedo-inverse of (I11) is

= < (112)
(<) < >

The inner produce of the two polynomials on the interval O to 1 is

J'; X %, dt = l<< J; j><dt>>2 (113)
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The integral over the unit interval is the Hilbert matrix

B -

The matrix of inner-products hetween the base vectors is classically
callied a metric-matrix, thus the metric matrix with respect to the

B 1/2
1/2 /3
1/3

S 1/d
1/d

1/3 1/d
. 1/4+1
1/d+1
1/d+1 1/2d-1]

inner-product so defined is a Hilbert matrix,

The inner-product defined over an arbitrary normalized interval can

be written by Fquation {148 ) sec (1) as

2

t‘?
l k
— D ot =N
2 1 1
t
1
t2 .
=t D_ H, h |
t 1 t + t2-t1
1
or
M = [t 3] H D
t1t2 2 2 8 t2
For example if t1=0, then
M =D H D
Ot2 _ t2 il t2
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e

For example for the fifth degree polynomial of

1/2

1/3

L—

(0,1) interval of Equation (113} is

H.
14
6x6

|1

1/2
1/3
/4
1/5

1/6

—

1/2
1/3
1/4
1/5
1/6

1/7

1/3
1/4
1/5
1/6
/7

1/8

1/2

1/3 .

1/4
1/5
1/6
1/7
1/8

/9

1/3

—

1/5
1/6
1/7
1/8
1/9

1/19

1/6
1/7
1/8
1/9

1/1

1/11

{119)

teney
t, 0 .
2
. t2 L}
O - .
d-1
- L t2

Equation (3} Section I, the

—
(120)

0

For the third degree polynomial the interval (0, tf), t,=t, of
Equation (118) is )

MOtz
4x4

——

1

£/2
£/3

tesa

ten

2

ters
3

tera

4
Cers

2
ters

3
tera

4
tess

In
Lo
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tesa

4
tess

£

£/6

6
ter7
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Note that the metric matrix of Equation (121) is a Hankel matrix.

By Equations (117) and (121) it is seen that the upper and lower
intervals are Hankel matrices and the difference between the two
Hankel matrices of Equation {117) is a Hankel matrix

— =l -

M . W/2 w2 /3 w3 /4 . L (122)
tlt2 d
dxd W2 W3
W3
d-1 y24-2
; . o 7d-1

W= tz-tl {123)

; n Section it is
shown that a linear scallng and translatlon on the time axis generates
a triangular-matrix base change, In Section I it is shown that the
metric-matrix for a monomial base change on a normalized time interval
t] to ty generates a Hankel matrix, This section will show how trans-
lation on the time axis (to the front, back, and center of a time
interval) change the form of the Hankel matrix. Clearly the most
simple metric would be an identity matrix, the result of a Gram-schmidt
orthogonalization process (orthogonal polynomials). Smoothing over

a span and estimating states at forward, backward and span~center
occurs quite often.
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The time changes and variables are shown in Figure (1). The variable
t, is some fixed initial time, the variable t, is the time point at
the back of the span, the time tg is the front point, and t. is the
center or mid-point, The width of the interval tg-tp is designated

as W,
e —  SPAN +
W
| «~ We » + Hﬁz >
l ! ' |
G tO tb tC t t'p

FIGURE (1)
TIME-AXIS POINTS

In discreet smoothing as well as in continuous smoothing one can use a
moving span; however, for purposes of this section, one can consider

the variables of integration as t, t*, t77, t7”” all four to be described
below and considered to be varying over the span W,

P

t'-:—+
J ‘— TIME AXIS

FIGURE (2)
FOUR VARIABLE TIMES
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The equivalence relations by Figure (2) are

If we solve each of the new variable equations

L R T

The lower and upper limits of integration are tp and tg for the
variable t ; for the new variable by Equation (125) [parentheses
meaning functions ofl

t"(t) =t - tb

and at the lower limits

it
=

t‘(tb) = tb - th

and at the upper limit

1
=

t’(tf) = tf -t

In a similar manner the lower and upper limits for t~° are

t“(tb) =t -t = - W/2
and

Tt (ty) T te -t s W/2
The integration limits for t”“°° are

R . - = U
t7oo(ty,) = te - g =W
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(125)
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(127)

(128)

(129)

(130)

(131)

(132)
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and

t77 7 (tg) = 0 (134}

If we define powers of the variable t°, t°°, and t”“” by Equation
(11) Section I we obtain for a fifth degree polynomial

<§?

[(ln t', (t‘)zﬁ (t’)st b (t‘)sl

-

. 2 3 4 5 ™
< «-< 1 -t ty -ty t -t {135)
0 1 -2t 3t§ ~4t§ Stg
0 0 1 -3t, 6t§ -IOt:
0 0 0 1 -at, lﬂti
0 0 0 0 1 -st,
0 0 0 0 0 i

Equation (I135) can be extended to higher degree nolynomials, where
the binomial coefficents continue along the columns,

The translations to the origin at the center of the span by Equation
(126} yields

™ 2 2 5
<" =< 1 -t t -t2 t -t (136)
Cc C C 4 C
0 1 -2t 3% o4 std
o4 C c C
0 0 ] 23t 6tE -10t>
Cc o4 C
2
0 0 0 1 -ar_ 10t
0 0 0 0 1 -5t
0 0 0 0 0 i
b !
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and the translation to the front of the span by Equation {127) yields

< -_<§ 1ot ot th ot (137)
0 -1 2t -Sti -4tg
0 0 2
1 st 6ts
0 0 0 -1 -4t
0o 0 0 0 1
L _

The inverses of the three transformations of Equations (135),(136) and
(137) are for 4x4 cases

—

e 2 3
=<t 1ttt
2
b

b
0 0 1 Stb
LE 0 0 1 B
[, 2
G 1 2tc 3ti
0 0 1 3t
L_O 0 G 1'_
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- <Eoe [ t, ti. tf__ (138)
0 1 2t 3t5
o o 1 st
0 o 0 1

The primed base of Equation (135) and its transpose are

<t* = <Ery)
> = TT[tb)> (139)

and the dyadic product is

} < = T (t) D <TT(tb) (140)

The metric of the new base by Lquation (139) and the integration
limits of Equations (129) and (130) are for fixed tb

T (¢

t
) f
T ? L < ar| Ty (141)
b

W f-tb

W
l A A
..J.{jﬁé\ dt” =
0

The center-referenced metric matrix by Equations (131) and (132) is
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wW/2 TT(t ) te
%- J t53>‘<£" e p—- [ ;§><i: dt | Tt (142)
%y

-W/2

Note the symmetric integration limits of Equation (142), it will be
shown later how they simplify the Hankel matrix, The metric-matrix
for the transformation of Equation (137) is

T (¢ )

0 t
. f
J t”><“' dt*r = i I B<E o) (e (143)

The metric-matrix of Equation (141) by Equation (122) 1is

W _
E.J <t ar=1 w2 Wz vy LT as
0

W
W2 We/s Wos4 w5 s
4
wers wira whs w6 .
6
w4 W we w077 -

The metric-matrix for the transformation to the center of the span by
Equation (142) and Equation (117) is

W,
% J “ t}}> <i§" de~~

-W/2
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J 0 LA '
3.2° 5.2
0 W 0 [k 0
3022 5.29
w2 0 W o W
3.2° 5.2 7.25
0 w4 0 w6 ¢
5.20 7420
wt . u® 0 WS
5.29 7429 9.28
o Wo 0 W .
7420 9.25
W@ . WS 0 wi0
720 9.2% 11.200
}

The third transformation Equation (143) is the negative of the first

one, Equation (144} or

0 W
-1

W tﬂ;:;)} Q»:w dt;ao—__‘w It>%’

W ¢

One can also obtain the transformations from the t° to the t*~

10

W
11210

dt”

10

W

11+210

12

W

12+2

w10

11,2

wl?

13+2

variables etc., as done in Equation {138) and the related dyads of

Equation (140).
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D. TOEPLITZ STATE TRANSITION MATRICES IN CONTINUOUS POLYNOMIALS.

Polynomials are pernaps the most widely used approximating functions
in numerical analysis approximation theory and in estimation theory,
They are essential to structure studies of matrices from the spectrum
point of view in that one considers characteristic and minimal poly-
nomials over the complex field as well as matrix polynomials,

approximation of exponential functions yeilds polynomials

A A2

An
e=I+A+?T+¢oo?l'!_+'l-

Consider the polynomial

and its

_ 2 d-1 _ =%
x{t) = 2q * alt + azt *oeee 34 t = <Qgt 3E§>

derivatives by Equation ({72) Section I
x=<t V

x =<KV 2>

NP S

Packaging Equation (149) as a column vector of dimension d

L MCE & v Cy
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or

x(t) @>=T () a E§>
dxd
where
SCE RO
e
} {iivz
ll'<Vdull

and by Equation (21}

d .
T 6 = T8 = T ) v

Solving Equation (150) for the comstant &>

;§?*= T;l(t} x(t)E§>

Note that the vector 5) is a constant (usually taken constant over
a time interval) and can be evaluated at peints t=0 or arbitrary
point tb hence

=1 o1 B
D = TS, )x(0}> = T " (t, )x(t,)>
Using Equation (1541 in Equation (150)

KO @ = T, T,H) x(e) @
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(153)

(154)

(155)
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also

xt’t)(} = T,{t) T;I(U) X(O)(> =3 (t,0) x (0) @ (156)

The product of the upper triangular matrix T (t) and the diagonal matrix
T; {0) by Equation (75} and Equation (77) is

-1
T (t) T, (0) (157)

0 (d-1)!

<

o

o

-

=
[ |

o 0 /2 0 ]

1/3

A

ar
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B — 2 3 L
x¢) - 41t g3y DT || x(0) | (158)
' 2 3 d-2 .
k@) |0 1t g e T | O
% (t) . . L]
T x(0)
i
. 0 1 t .
c 8- BlCR
| x(t) L. " . 0 1 : X(O}

Note that Equation {158) develops the finite Mclauren series expansion

Terms for exact polyhomials. 1hls same technique 1s used to develop

a lavior series approximation of functions in Section V

The state-transition matrix of Equation (155) is

x(t)>= o(t, t,.) x(t, >

where

. -1
¢(t,tb) = rv(t) TV (tb)

By Equation (75} and Equation (80}
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1

1

3t

6t

12t

24t

2/
_tb tb 2
1 -tb
0 1/2
0 0
0 0
3
(t'tb)
3!
2
(t'tb)
21!
(t-tb)
1
0

241

3/
/6
2/ 2
-t /2

1/6

3724

3/
274
-t, /6

1/24

(160}



By Equation (160) for a 5x5 matrix

242

~
: ay 2 3 |
o . (t*) {(t*) (t")
plt,t) = 11t 7 3T a7
' 3
. (t*)? (t°)
0 1 t 21 3!
. t°)?
0 0 1 t LET—w—
0 v} 0 1 t”
0 0 4 0 1 '
e _J
where
t" = t - tb
the inverse matrix of Equation (160) is
Bt ,t) = ¢TI, ) = T (t) TON(E)
b? *"b v''h v
‘and by Equations (80) and (75) 1S
B 2 3 4
-1 . {t7) {t") ("}
e y) |1 -t g ry
o2 a3
0 1 _t- " (7
2 3
(£*)”
0 0 1 -t -
0 (8] ¢ 1 -t
0 0 0 0 1

(161)

(162}

(163}

(164)
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By CEquations (161} and (166}

x(tb) = ¢"1(t,tb) x(€I>

Note that the inverse transition matrix is obtained merely by a
negative time sign, that is

-t7 = -(t~tb) =t -t
substituted in Equation (163},

Powers of the Transition Matrix @(t,tb).

2 a3 PR
2 N 2t 2t 2t
vt,y) =1 2t (2: ) (3: ) (4: )
' 2 3
. (2t”) (2t7)
01 2t - T
2
. {2t7)
0 0 1 2t =
0 0 0 0 2¢*

T ¢ 50 S C 50 R ¢ 30
; 21 31 4}
01 dt” : .
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and similar for powers of the inverse

g Lae? ey’ ]

q) - - t 2! - 31 L ]
0o 1 .. .
0 Q ] 0 1

Transitions over Integer Multiples of Time

Intervals, The transition

matrix by Equation (161) from some time ty

x(EI) =0 (1) x(t;j>
i

nt

ﬁ
I

t-t, = {n-1) t, = t”

x(nt’3;>= ¢(ntb,tb) x(tb;/;
where it is easily established

n-1
ﬁ)(ntb,t = ¢ (tbsU}

b)

alsc

_.n
@(ntb,tb} = (tb,O)
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TOEPLITZ STATE TRANSITION MATRIX IN TAYLOR SERIES APPROXIMATION,

Consider the scalar valued function of time X(t) where

then

t=t o+ At (175)

2 3
X(£) = x(t) + X(t)) At + X(t)) S5 +K(0) S+ il e
. . . - 2
x{t} =0 x[tb) + 1 x(t,) + x(tb} At + x(tb) AT+ ., Ei (176)
Vilm

@-1) (a-1)
x(t) = x(tb)+ € d-1

In state vector form

X \ 1 At atl2 ac¥ar actrar L. —} / X \
X | o 1 At st?2r 4 Ll Fox
x % 0 0 1 At ac?lar L. %
A S 0 ) .
. i , 0 ey .
. " | .
x(d"l)) o o 0 0 ) _j \\ x(d'l)'/

o
+

+ e(d (177)
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or

~ -
x(’c)(d) = Tay(t-t, ) x(tb(> + a@

(178)

The Taylor-Toeplitz-transition matrix transforms the states at time

t

¢(t,tb) =

[~

1

b

t-t

b to time t, and can be designated as

(t-t,)°

2!

(t-tb)

1

1

(179)

If x(t) of Equation (176) is a p dimensional column vector and time

differentiable then as a column of column vectors

/i

Ry | -

(d-1)
\\ @y

bxp

I

At

At

1 &t2

2!

H
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. >x \ (180)
~
e .
X
If the column vectors x(t&? . ;{(t) {(p.> ... etc, are packaged as
a row of column vectors o obtains
/ . (d-1)
(xOE>, XOE> x © (1.>)= X(t)
\ 't . o
and
xm{ Xy X5 s ML) 0 9 o
pxd 4, Iat I
1at%/21
r 0
! At 1
+ F (181)

nxd
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X(t) = X(t,) sz{t-tb) « B (182)
pxd nxd

Note that the state of Equation (180)are column vectors of dimension
pxd; whereas the vectors of Equation (182) are rectangular matrices
of size pxd,

F. STATE DYNAMICS FOR CONTINUOUS POLYNOMIALS AND POLYNOMTAL BASE
CHANGE.  This section shows the conventional state-vector differential
equation and solution associated with polynomials, plus novel results
obtained from the time derivatives of a pair of oblique bases connected
by a constant matrix,

1f the dth derivative of a continuous polynomial (monomial form} is
a constant, that is

(&) (d)
x(t) = x (0) (183)

and the state vector is

x(t)

x(t) (D> = // x(t) (184)

f

. !

x(t) /
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(185)

and -
. 1,
X 0 1 © 0 x /o \
. ;
. X(t) 0 0 1 9 X Y
> - - .. .|
: ! 0 0 0 1 * Lo /
'_ - N C Y
xd(t)/ 0 0 0 0| Bt x (0)/
or
,;?’= F/é) *e %y @ 0 (186)
Note that the matrix F is nilpotent index d, that is
P4 = 0. (187)
The companion-matrix form for a drh order dynamical system with
state feedback term is given as
[d) _ -~ T Y/ ".\
x2e) = {Foatys ees fd-l)/( X gt (188)
X

d-1 /

and the companion matrix is

i
[}
)
fony
o
-
]
A
S oo

; (189)

W

/

o
[
=t
o
[
P

'-l-‘
,—h
h
=

]

3
-

/
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Clearly Equation (185) holds for

@<

For the general case of Equation (188} one has

(D> -

and the solution in terms of the fundamental matrix &(t) is

~

x(ti> =
where

d(t) = e
and

-1

® (1) =
or

x{t.')\‘z' =

The companion matrix of Equation (189) can be expressed as the sum

Fx(d> + e
o -

E?> g(t)

d

5 (t)[:%(téj:>+
dxd

Tt
I't

e_.

eth(tQj¥j+

t

t

0

-
2l (r) &> g(r)dr|
P |

ty

eF (t-7) gj> g{t)dr
4

of the nilpotent matrix of Equation(185) plus a dvad
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P——

where shift-up and out matrix S is given by Equations (31)

uo

The shift operator of Hauation (197) has the powers property given

as

[o——"

-
NS

1
]
i |
|
!

%//g.

s

e

e

70

N

Y
;o

/‘\ .
Iy

i

B
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(198)
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s¢ - [o] . (200)
uo

By the matrix exponential expansion of Equation (1 ) Section A

t 2.2 Sd—ltdwl

eSuwo T ooy + S t+ 8 Tttt ... (201)
uo uo uo
2! {d-1)!
) 2 d-1 \\
3(t) = (I, 8 _, 8 , oo ) / 1 (202)
t
t
21
\ td—l /
(d-1)!
For the 3x3 matrix case o
1t t¥on
) N 2 .2
p{t) = I +S t+s5 t° = 0 1 t (203)
uo uo
e
2! 0 0 1 J
We also have the fundamental matrix differential equation
=T & (1) (20u)
and for the I of Equation {(185)
=85 & (t) (208)

uo

and by Equation (202)
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'
[RR—

e

& = S [1, s, §2 ] 1 \ (206)
uo uo uo

The extended state vector is

[ x| B ]

| | . X@ (207)
@1y

L@ -

or a d+1 vector, If the (fvector and g(t) are known then there
are only d independent variables and by Equation (195) the solution
vector is completely known if theg initial state vector is known,

If <f is known {(for example: 0) and g{t)} is assumed an unknown
constdant over 4 time interval, then one has a (d+1) dimensional
state vector to estimate, As an example a constant acceleration
scalar system over a time span is described by

x(t) = x(ty) t >ty (208)
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and

. X } 0 1\} X s 0 )
= = | 209
x® (x) Lo o | (x) ' (SE(tU)’ ( _)

Equation (208) implies a second degree time polynomial or

x(t) = (1,t,t%) a(%?’ (210)

. “\ T ..

x(t) = <§ Var = LavV t> (211)
~ i S o

X SIS T2

x(t) = <rV 2> "<§ viiee (212)

The two-dimensional state vector is

X @ L .
(, \ = x(\,"..‘r= T t_(:'$>= T, (a) t£3> (213)
’ ) 1<élvlj " 2x3
2x3

/x | E
: AN i
| - ; i o ! -
Lx = x(3T s 1/3 AR ETE ST N (3> (214)
| - - - i - g
§ i 3x3
\ | o rvTy 2
\X gﬁé\l\( ) |
The derivatives of the two state vectors above are
(2™ = T, (a) vf;> {215)
2x3
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and
(3> = T (a) Vit (3> (216)
- -~
3x3
By Equation (214)
e
t(3> = T Ha) x(3> (217)
- v ~
3x3

or Equation (217) in Equation {216)

» “\. -1 \‘—
x(3.- = T (a) VT (a) x(3> (218)
- v v e
3x3
ar

[ \
r an - - \\ n }
| x ] = xE%_b— Fe xE§ o Suo xgi > (219)
\‘; J 3x3 3x3

Where the extended state dynamics matrix is

-1

F, o= T (a) VT (a) = S (220)

3x3 3x3

and clearly has rank 2, the rank of V,

The two dimensional state vector at time zero is by Equation (213)

_ tag i %o/ a5\
x(U}f§?> = : ( 0 ) = < ) (221)
. : G a, -
1
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and the solution to the two dimensional case by Equation (192) is

1

X(t)§;>

]

Note that Equation
non-homogeneous.

a

¢

Lfl

£ Y

+ t
alt + a

+ 2a2t

]
g

t 1 -T 0

a
o \o 1/ <§’v%§>

(219) is homogeneous, while Equation (209) is

The extended system (3x3) matrix of Equation (219) has the solution

x(t)€§)>

i

By Equation (214)

x(O)Eg;) =

eSOUtx(O)(3

3x3

1 \_ = ff a, \1
N
B

T

(222)

{223)

(22u)

(225)

(226)

(227)




[ ——

[ ]

—

hence Equation (227) in Equation (228)

x(t)§§:> = 11 ot ta a, (228)
0 1 t a1
{0 0 1 2a2

From the above it can be seen that for a second order dynamical system
with unknown force, one needs a three dimensional state vector instead
of two dimensions, The generalization to higher derivatives is ob-
vious,

STATE DYNAMIC EQUATION CHANGES DUE TO TIME-AXIS BASE CHAMNGE., This
section derives some relations due to time-axis base changes, By
Equation (157}

- -
> = 5 229
x(t} 2, b} x(ty) (229)
and
-1 .
x(t,) o=@ (t,t) x(t) > (230)

Taking the derivative of Equation (229)
-~ .
X(£)> =& (t,t) x(tbj:> (231)
-~ E

and using Equation (230) in Equation (227)

i(gjﬁ>=é(t,t ) @"1(t,tb) x(t??) (232)
or
. . -1 -
Foo= 8, = ¢ (6,t,) 07 (6,8,) . (253)
dxd
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By Lquation {159)

1

b [t,tb] = Tv(t) T; (tb) (234)
By Equation {233)
® (t,t) =S ¢ (t,t) (235)
=s T () T tee
uo v v by

3 -1
= LEIT )

By Equation (152)
I = ! a3
Tv(t) Fv(t) v, {236}
Using Eaquation {236} in lLquation 235)

: B : -1
@[t,t}] = TV{tJ Ut iv (tb) . (237)

The inverse of Equation (234) is
o ltt,e ) = T (¢ ) T ) (238)
*"h v'b v
Using Equations (238) and (237) in Equation (233)
1

Fo = Spo = T,(8) V. T,

e 1o (t) (239)
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which says that the nilpotent shift operator or the state dynamic matrix

is similar to the base velocity matrix Vt.

A time axis base change by Equation (135) is

SR CY

where by Equation (128}

For a fixed ty and a linear time axis scale factor of 1

at
dt”

the derivative of Equation (240) with respect to t~ is

d -

il

d dt
T < 'd'f"') Ty ()

<v . T, ()

- -

1
<G T, () v, T O)

il

and in its own base

d <7 = <‘ Vo
dat- :

orT
-1
Voo = T (8) Ve T (L)
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It is easily established by differentiation

<* = [1, tr, (1%, €97, ... (t')d-{\

dt‘. .\\ : » * »
00 2 0 ..,
i 0
| 0 0 d-1
! - - » L 0
i

and by Equation (22) Section I, one can see that

Ver = V¢

Continuous Time Base Change on the State Vector., The variable
x{t) can be written as by Equation (240)

-1
x(t) = x(t) =<za> = <&" T, (tb)jE>

or

x(t) =<(£f é}?>

where

-1
%E:> = Tu (tb}.;:} .

The derivative of Equation (250} with respect to the new time
variable is

_dX_ = <‘ Vz>
dt”

260

(246}
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(248)

(249)

(2503
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and the state vector becomes

x(t{i:> = {" x(t")

\ dx_
de”

]

or
x(t*)(/b = T, (t7) >
at
t = tb
tyo=ty t”
or
t* =0
hence

261
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(d-1)

(253)

(254)
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or

a> - -r: (t*=0) x(t'=®

-1
T, (t7) T, (t°=0) x(t':éj;>

& (t*, t°=0) x(t’=é3>>

"
~—
ot
L]
L
—
[=%

H

>
—
r+
L
L —
~—
.

1}
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(1) FdnoId
. . Q
 Bupunay wie Cu(hr)+"2 Cyu-1)+3 u(Hz=5)+"3
Q
Butuuns b %y (wz+1)+ 1 Pu{urt)+2 O (w+1)+%2 “yrs 2
WZ+! U+t _ Wl L+E ow_ |
- —+ —— ' _
L 1 L ] [} — [N}
=3 = o L= = 1 1
=24 4
| 1 | 1 i | i
L s — 1 ! _ j
T £ Y % §7 09 5 =
- i~ S 7 . 4 % rA =
_ﬁ Tt 1 ;
v 0 o0 0 4] ¢} 0
oﬁztco“ Y{usn)+ 3 Ui+ 3 Y{w-1)+ 3 Y®-1)+ 3 2
Busuuna w
i
2
! 2 3 . %
ﬁq||. K " ) %
1
TJ \1\“1 \\“. 1
e 4 »

[UEE—— [—— —_— —— ———— —————
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Section 5
DISCREET "METRIC MATRIX' TOR FRONT, BACK AND CENTER QF SPAN, The

pravious sections derived a nermalized metric matrix for continuocus time

bases via integration of the dyadic product, namely

T

Mo, - 1 2

tyyy = T ><dt (1)
‘1

In dealing with discrest time points on continuous functions one
normally replaces integration by finite or countzkly infinite sum-
mations. Consider the dyad at time tn that is

Il i ]
+ - d-1
;:% <:E =11 t e . € (2)
2 d
t t
tn n n
+a-1 ) 4-1
n no_|
and the sum (arbitrarily chosen non-normalized)

i n 0 1 i
) tgg:% <:§}t =1E;% <i§ + E:> <ﬁ{ Foooe. o+ ‘;:g <:£: (3)
n=0 '

1
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[

The summation of N+l rank one dxd dyads can be expressed instead of

a sum as a product

) £E§>:2§Et = \§>B’\E>1 ...jﬁ?} q<:}

M =7 T o7

dxd dx(N+1l}xd

Where the {(N+l)xd matrix T is a column of row vectors

(N+1)d

N A
and the transpose T 1s a row of column vectors,

T
D Dy D
dx(N+1) 0 L N

(4)

()

For a time span of discreet data points, the notation of Figure (1)

will be used to generate the matrices commonly occurring in discreet

least squares estimation,
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The arbitrary time point t of Figure (1) is expressed as

where the instantanious continuous time point t is expressed as a function
of the primed variables, t", t77, and t

- oo s

The parameters or variables

tp, teo., @and tg reference the back, center and front of the span. It is
seen by the figure that the point at the beginning of the span

b

t, =t + i )
e} o

and similarly for center and front points

t =t + kh (g)
< 2 o]

t. =t

£ 0

Tor a moving
2 wvarying also.
variables within

The discrzet

{(39) ia Equation (8)

t{i,n)

1l

+ Rho (9}

span, one develops recursive pelatiens for i, k, and
In this section the structure of ths wmartrices for the
the span{n, m, and v)are developed.

analog of Egquation (8) by using Equations (7),(38) and

to + (i+n) ho (10)
0, 1, 2, .
0, 1, 2, ., N=2u
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t{k,m} = tO + (k#m) ho

Equations (10), (11), and (12) can also be written as

t(i,n)
t{k,m)

t(L,Y)

where

1]

il

0, 1, 2, . .

n [B+t(i,n}]
h [B+1(k,m)]
&)

h0[8+1(£,y)]

T(i,m)= 1 +n

T(k,m)= k £

T(2y)= 2 - ¥

and 1T %8 non-dimensionalized time.

In order to obtain the inverse matrices one needs

T(i,n)

T(k,m)

T(5,Y)

(i+n)

(ktm)

(2-v)

n

h

ol

h

1
L

o]

Q

o)

(t(i,n)-to)
(t(k,m)—to)

(t(i,Y)-to}
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Note that at the back of the span that is Tty by Equation (13),(14)
and (15)

w(i,0) = h, B+1] (23)
= t(k,-M) = ho[[3+k-‘é] (21)
= £(8,2M) = h0[5+2,-2m] (25)

and the abovs equivalence relations imply

i = k-¥ = 2-2¥ {26)

at the center of the span

t{i,¥) = h0[8+(i,m)] (27)
= t(k,0) = ho[8+k] (28)
= t{g1) = hOEB+.Q,-3~f] (29)

at the front of the span one has

+(1,21) = b [3+i+2M] (393
= og(k,¥) = ho[8+k+a-1] (31)
= t(8,c) = h.O[E+2,3 {32)

The relationship Letween the width of the span ¥ occurring in the
trices of Section {4 ) for the continuous case andé the nunber of
ints In the span of Figure (1) is

1]

.
[

h

£ b

(
|
J

T idt = 4, =WENAT (33)
t,
o)
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tkat is, there are

AT

! segments of length

3y EBguation (10) and Equation (17 )

. . 2 3 b 2
<§3;,n) = L 1(i,n 1 3 2 3 3 ar
—rl 3 A0
8] 1 25 35 LA 37
I o
o o 1 2% &t om”
Q 0 3 A = S e o
0 G O 0 i 50
o o 9 o 0 1L
0 2 3 0 3J e
h C
~ n]
e
R
2 b
= L& T (7)) D(h ) £33)
u ©
and similar for Chuations (11) and (12).
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[ —

The inverse transformaticns and the ones of prime igterest here are
obtained as the discrete analog of Equations (135} Section Cy da

Equation {20) using the notation.

. e s . 2 . d-1. = .
<€+n) = (1,(Ren), () s (Am) T ) 2 <l,n

alzo b7 Zauaticn ( 38

(37) is

r—
- Fa ]
Ee -
L - [ -t.
k) (] W
il
[ . e
9 i ~—Ly 3t
ol o
~ m | =T
e A — - ie
I ~ b
0 s W -_—
9 2l
wJ . . - N
. . ’
- L] -
. -

} and BEquation (17) the left hand side of

2

Lan)

O

(]

<3

(]

|-

Iy

|+

ey
o ".- i ks
= a i o
T ke -
- el '
2 e - A
—_ [ o T o
-~ -
4
- - v eV
[P o1 RS
P
- g Tt
_— "L-'. [P
- -
2 1 i
9 C i
) =
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= <Tu(i) (33)
-<é: = (1, n, n2, ns, MR D) (43)

Equations (21) and (22) have the same right hand terwms as Equation (37);
howsver, the left hand terms differ. The laft hand term by Zguation
(21) and Zgquation ( 18 ) is

2 3
@k,m) = < x k4 k7 . (51)

1=

W 1IN
2 3 4 S
<= (lﬂ im:msim 3Iﬂ:im3”'> (42)
and the transformation to front of the spsn Ly Fquation (22) is

/2
Faane Y
o
%2
1l
/<\
;—4
>
e
g ]
=
G
[¥)]

(4
o 1 22 At
) 81 39
0 0 0 1
| o 3 0 "
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and

L
<‘ (A, -y, Yo, 42y, 0, (u4)

The metric-matrix of Fguation (1uid) Section (4 )

W

1 oA o =

= ><dt =11 w/2 w/3 (45)
0

w/2 2/3
w/3

has the discreet analog

ATy ]
2ui=Y

~ 0l T(i,> <i,n) ‘ (46)
n=_0

= 4271'_1.. [T(i,> {i,o) + T(i,><i,l) + e (47)

v (i 2><_2£l

_ 1 TT(.) g o . ' AT

- TR ot ) >< ‘u(l) : (42)
n=0

The grammian matrix

- N
}j"hf = I ho= e S
STRRIST S DI N [

dx{n+1){(n+l}xrd
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-
The matrix N° is

LI IR 1 1 (50)
dxi+1

—

- . . L} .
a - [l . .
- . 1 L

6 1 2d-l gd-l -t

]
iy

we partition ¥ as showa helow

wiere the partitioning of tha metrix € into its row space yields row
vactors whose coordinates are powers of the Sipst N natural numbers,
that is
I .
C = I, 1, 1, .o 1) (52)
dxn
T fa} Y
(-:- 2: B v ‘\‘
2 2 7
(L, 27, 27, . H7)
2 i A7
(1 2G_l Sd“*) s ”u L)
Lo ’ -
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[P

or using the notation

= <] (53)
<
| C(d—l)
i ad

@c = (1, 2,3, -+ N) (54)

Transposing Equation {51)
{
1

| @e ’ (55)

Lo

—t

N =
(N+1)xd

and the Crammnian of Equation {49) Decomes

(56)

and one can obtain the inverse of the Grammian matrix of Equation (60)

via the louseholder inversion lemma of the inverse of a matrix plus a
dyad.

The transpose of Equation {53) is

. ~. I~ d-
C =[;), i), g/)“' J §>] (57)
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and

T
—

Sig S > > L ch>;(58)
@ > <> >
2

note the properties

ccj>—x cl/) <f/2\

(59)
or the sum of the squares of the first N natural numbers, also
DI R R (60)

is the sum of the gth powers of the first N natural numbers.

Adding Equation (58) to LEquation (56)
T

NN = | Nes <}<> <1cé> (61)
@ <>
<
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wy .

The matrix

. . _
>< =11 o o0 . (62)
1
0
0 el 0

contributed to the first row first column term in Eaquation (61), and
Lquation (61} is clearly a Hankel-matrix. The sums of the powers of the
natural numbers are given in Appendix ( ¢).

The discreet analog of the metric-matrix of Equation (145) sec (4) is
Equation (41)

M
D T ) 63)
Yoo N

_ 1 T ] H ’

= 5 T, %z_m }{ r, () (64)

The sum of dyads of Equation (64) can be written as

M
! ><{ = 'y (65)
e —M ~.

dxd

The matrix MT is
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(99)

T-P

Hlﬁmﬂsu
Hl
T
.ﬂl
T

(1-n)y (@)

1L (T=34)-]

MA._”I.EI.

(T-H)-
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' 1
]

Partion MT into the form

MT =
dx2Me1

where as before the CT matrix is

k=11
dxM

1

1

B

and the alternating sign matrix

C'(-1) =
dxM

dxM

1.
2 3
22 3
d-1

2

T T T
c ('1} LC’ >1’ C }
dxM

I(-1) C
dxd
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and the linear convolution matrix is

0

with the property

Transposing Cquation (G7)

M =

(2M+1)xd

and the Grammian is

- 1 -
MO = cleny C(-1) +‘§33«<§: v cle

The Hankel matrix CT(~1) C(-1) has alternating signs

LCC(«I)
Mxd

l] —
/)\-._1
[

Lﬁde |
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{(70)

(71)

(72)

(73)



(74)

c'(-1) e-1) = | M el &> oD
© @ <
<>
<P

<d-1> e s de-z\l>

— —_—

AU
The positive sign matrix C C is

M o> <M Qd'l> (75)
a> D
<P

CTC
dxd

L<E\d-l> N de' 21>_J

Adding the matrices of liquation (73)
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-
My | amel 0 2®c2> 0 2 c4>
dxd '

2D o 2@9 0

2 c%i:> 0

with alternating left-slant diagonals being zero. Once again MMT is a

Hankel matrix. Only even-powers of the natural numbers occur. Compare
this matrix with continuous one of Equation (145) Section (4 ).

The transformation to the front of the span with the running index

Y running backwards by Equation (148) Section {4 ) has the discrete analog
by Equation (43)

{(77)

0 0

1 1 T

= Z T(2,v) <§ER,Y) = = T (& :::> T (&
W =M ;:> W ou ) %:ZM Y <§: u( )

The summation term of Equation (77) is

0
1 _ 1 T
2 \Zfzzm ><_ owy T (78)

dx (2M+1)xd

The matrix T is by Equation {(44)
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Partitioning T

(N+1)xd

-2M

-(2M-1

)

(2M-1)2

amaad

where convolved vectors are:

nxd

C, (-1} =

C

(-2)°

- (2M-1)

-1
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2y

aM-1)%

(79}

(-Z}d_l

(_1)d-1

(80)

(81)

. |}® "LC> ’ Lcc>s 'Lcc> e Lcc{d">]

(82)



Transposing Equation (80)

EJE(-I], e% (83)

dxN

dx {(N+1)

and the Grammian is
T T 1
Il o= € (-1)C, (-1) + c(>1<e (84)
Axd '

The Grammian

LT . [ 2 a (1-*1‘*-

€L (-1)C (-1) = N -<i> <A ... (1) e 2> (ss)
-de> (P 2>
L

_@:3

and

L P B> L] (86)
> L
L <
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Hote the alternating signs on the left diagonals of the Hankel matrix
of Equation (86}.

Summarizing the three Crammian matrices for spans with indices over
the natural nunbers running from back, center and front of the spans are
by Equations ( 61), (76) and (86)

SLI > <> > <> L0 ey
D G o> >
<12> <> <>

> >

>

(58}

0 2@21> 0 <G> o < L
D> o x> o 2G>
I 0 > 0 2<(‘1>

<G> 0 2G> ‘
0 2<f1>

i 2 ‘
MO = 1 M 0 & > 0 \'fq> 0
? < =<
|
|
|
E
]
|
z
[

0
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S,{(N) = W W -1){2W -1 92
2 (0 =y -1 (2 1) (92)
S, = W 2w .
500 = T G- (93)
4
S,(N) = W (8 _1)(2W 1) (3% 23w -1) | (94)
4 Bor n P p
30
and
W = N+1 = 2M+]
P
The center span wmatrix is
— —
;‘-.ng{ — W 0 26 r
it = i !) 02 (JI) (GJ}
a 28, (8
4 \_}2( ] 0
232 () 0 284 (1)
. —
where by (¢ - 21 and 23)
\ 21 wd
SZ(M) =57 wp (.\fp-l} (986)
s,00 = % (4 +1) (1) (342-7) (97)
(307 716) : & P
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For 3x3 matrices

D> G <> <> T
G2 > <> >
G > @t

B> <L

W >,

L ]

(or sccond degree polynomials) using the notation of

section (C) for sums of powers we have

I

NN =

where by ( ¢-

5, (M)

5

g} SI[?) SZ(N) {om
SIEN) S (W) 83{N)
S, (N} 5. () 5, (N}
2 3 4
- .
thru &)
Hp {Wp~1] (91}
2
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and for front span case

" -
rip - W
P

-8, ()

S, (%)

-5, (V) 5., (V)
5, (8) ~8, (N)
- (V) S, ()

For a second degrec polynomial and wp=7 points - we

s, (M) = L(6) = 21

S,(N) = é{b}{lS} = %(13) = o

91
6

5,00 = o= (36) = 49(9) = 441

o 7T

.00 = w (6)(13)(125) = 2275

AT ?
8,(#) = = (43) = 7(2) = 14
s,00 = LML o850 gy
2} o
and

T.. [

o= 7 21 91/¢
21 91/ 441
bl/q 441 2275
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have

(98)

(om

(1om

(161)

(102)

{103}

(104)

(105)



MM = 7 0 28 ' (106}
0 28 0
28 0 168
and
T
I''r = 7 =21 91/q (107)
_F" -
21 91/6 144
91/6 -144 2275
Consider the factors of the alternating sien case
- 2 .3 4 .5
(y=(1, Yo v, YL, Y, Y )
- (108)
. 234 5.
- (1, Y Y s.Y :-Y ’Y g 1 0
-1
1
-1
1
| -1
or
= <+ I{*]) (109)
transposing



Taking the dyadic product

>/{= 1{x1) >+< I(+1)

Mote that

Y
A

>

and

—i
—
[ER
b
[
n

I(+1)

Lquation (11U} by (111) and (112)

;y/<: I(i‘l)/n/< I(t1)
. .
T(£1} l;><i: (1) = :E:><ﬁ:

Surmming all dyvads

y>(: I(+1) (?}({\) I(1)

and inverting the matrix
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(110)

(111)

112)

(113)

f114)

(115)

(116)



[N

For arbitrary span of N+l points

Equation (90) is

Ny = S s, SQ'T
3x3
1 Sy 53
| 52 53 Sy
NTN = N+l ﬁ(Nﬁ'l)
2
N(N+1) N(N+1) (2W+1)
7 6

6 M

and the inverse is

NONFLY2NHL)  N2(41)°

-
e 3 N4 3N+2
(N+1) (N+2) (N+3) ~(12K+6)

10

HﬁN+i)(2N+l)
3]

§?(N+l)2
m

N{N+1)(2N+1) (3424 3N~1)

(117}

30 B
(118}
~(12N+5) 10
L{2N+1)(8N-3) -60
N(N-1) {N-1)
-60 60
(N-1 N(N-1))

The matrix for N+l points in the span and using the midpoint metric of
Equation (95) with the summation formulas for the powers of the natural

numbers of Equation ( g5 ) is
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(119)
T [ ' N
MM N+1 0 N(N+1) (N+2)
12
0 N(N+1) (N+2) 0
12
N(N+1) (N+2) 0 N(N+1) (H42) (BN +61-4)
Y 240
e .
and the inverse 1is
‘12m
- -
{MTN)-l = S(3N2+6N—4] 0 ~15
4(N2-1)(N+3) [Nz-l)(N+3)
0 12 0
N(N+1) (N+2)
15 0 180
(8°-1) (N+3) B OW2) (9533 (87 -1)
The watrix for front span of Lquation (92) for N+l points in the span
is:
{121)
rir el N (N+1) N(5+1) (28+1)
2 G
~H(N+1) N(N+1) (2N+1) -N2(N+1)2
z 6 Py
. ) 2 2 2
NN#I) (2N+1) N7 (H+1) N (N+1) (28+1) (3N“+3N-1)
6 4 30
L —
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and the inverse of 121 using Equation (116} and Equation (118) is

aimyt o g | aesne2 1246 10 (122)
12346 4(N+1) (BN-3) 60
N (V=T o1
10 60 60
NoT NCT1)
where
g, = 3
s}

(H+1) (3+ Y (N+3)

Note the sign reversals in Lquation (118) and (122) in the inverse matrices.

The Grammian inverse matrices and theijr psuedo inverses will be used in
later scections,

By Equations (35) and (38) for the d=3 case and back to front of span
indices we have

Gim = & T ()T _(B)D(h) = AT (123)
and for n=0,1,2,---,N
r<@(i,0}ﬂ = T = N T{,h) (124)
(N+1) X3 (N+1)X3 3X3
&G,
<t (i,2)
<@(i,m)

and the transpose is
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Tl - TT(i,hO}NT (125)

and the discrete metric is

T TT

= 1V (i, 0 NN, ) (125)
3){3 8] 9]

where the purely "number theoretic' metric XTN is given by Equation (61)
or Equation (119) for the 3x3 case.

The inverse of the discrete metric of Equation (126) is

(rimy L - T‘l(i,ho){NTN)‘l T‘T(i,ho) (127

where the inverse (NTN)-1 is given by Equation (118).

For the center of span case we have by Equation (35), Equation (41)
and Equation (42)

& lemy = GT (KT (B)D(h ) (128)
and packagewise for the points over the span

(G, T = M T 0T (8)D() = MT (k,h ) (129)
< (r1X3 (enxz 4 U ° °

&k,-1)

Gk, 0)

ek, 1)
| &

and the metric is
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1
(R |

-

s

T = 1T (k,hO)MTMT (ioh ) (130)

3X3

where the '"number-theoretic'" metric MIM is given by Equation (76), and the
inverse is

1

R T”l(_k,ho) oMy T'T(k,ho) (131)

The front of span to back case by Equation (35) and Equation {(43) is

&) = (e (e (6)D () (132)
&y = Griesh) (133)
4( = (]—J'Y.‘YZS_YS:"') {134)

and for

we have
e, T = T T(OT (8D (135)
é (N+1}x3  (N+1)x3 & Y ©
&e,1) -
&,2)
&2,
L<3(£’N)*
oY

T = T T(,h) (136)
(N+1)X3  (N+1}X3 °
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where T is given by Equation (79).

The metric is
(TT1) = TT(i,ho)rTTT(i,ho) (137)

and the inverse is

O N Rt S B (138)

Where the metric TIT and its inverse are given by Equation (86) or
Equation (121) and Equation 123).

DISCRETE "METRIC~MATRIX' FOR FORWARD AND BACKWARD EXPONENTIALLY
WEIGHTED MONOMIAL BASE. This section develops the discrete metric-matrix
for the base vectors which when "Gram-Schmitted! yield the Laguerre base
over the interval (0,«)} on discrete point sets. The following section
will derive the discrete Laguaerre polynomials utilizing these matrices.

Forward Exponential Weight Case. The back-to-front case will be con-

sidered first with the index N going to «. By Equation (30}, Section
¢ 2)

-at/
_ _ 2 .. .d-1 2
<fe = <‘te = (1,t,t%, -t e (139)
and by Equation (13)
t(i,n) = h [8+1(i,n)] (140)
or by Equation (17} in Equation (140)
t{i,n) = hO[B+i+n] (141)

and Equation (141) and used in the exponential

at _ahp[p+i+n] ahon  ahg(B+i)

e - e 2 = e 2 e 4 (142)

or
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2 _bo
e ) e
where
A= aho
and
b - ahg(Bri)
0 2
Let
A _ahg
e1/2 - e 2 _ o 2
then
0 = e_)t
and
8n - e—An

Packaging Equation (139) by use of Equation (141)
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(143)

(144)

(145)

(146)

(147}

(148)



r— -

&,

{ei,2),

<§(i’n)e

REE)

or by Equation (124) in Equation (1498)

é(i’o)e -

L

2o

Define the matrix

1/2
W

= 11
1/2

2/2
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3/2

Ng2

_at(i,N)
At

NT

<1: (i,0)

{eti, 1)

{e(i,m)

GG |

(i :hOJ
(N+1)xd d*d

(149)

(150)

(151)



[ —

and

1
¥

W N = Ny
(N+1) (N+1)Xd (N+1)xd

Form the metric

NN = N WN
dxd dX(N+1) (N+1)%d

The elements of Equation (152) are by Equation (50)

(1 0 o
L.
we 11 1
1 2 27
13 3
1N N

and the metric of Equation (153) is

T - —
N'WN = #ng W |:n{N>0, n}l,---n @d-l]

(1)111
<ﬁ£;]“d—g

L.

=w%ﬁi>o ’ €>1 s

The i, jth elements of Eugation (155) is

m, =@)n W n(@ = {dg('}) w(N+
Yoo j ) j

or

Tij T < D

i+
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(152)

(153)

(154)

{155)

(156)

(157)



where

<Gon = 0, Qo)

and the counting number vector of dimension N is

@c = (1,2,3,++N)

By Equation (158) in Equation (156)

mlj = @C W@

i+j
and in the limit
4m {c w@: z C1+ch
N % c=0
i+
where i,j=0,1,2---d-1 and
0<8 = w<i

we have for i,j=0,1,2

= c 1
R

P 1-6

z CGC - 1 .
c=0 (1-8)

z CZSC _ 8 [1+8%
=0 (i-9)

E C3ec - 6(1+46+82)
c=0 (1—8)4

§ 4ot . (1+110+116°+6°)
=0 (1—835
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(158)

(159)

(160)

(161)

(162}

(163)

{164)

(165)

(166)

(167)



and the 3X3 metric matrix is (the non-dimensionalized portion)

M= 1 5 9 (1+8) (168)
TTE —— N
1-9 (1-9)2 (1-9)3
8 g(1+8) 8(1+48+62)
(1-9}2 (1-9)3 (1~6)4
g{1+8) e[1+e4+e2) e(1+118+1162+e§)
| (1-0)° (1-8)* (1-6)>

Backward Exponential-Weight Case. The front of time-span to back in the

limit as N+~ case of Equation (132} to Equatiom (137} will be developed.
By Equation (15) and Equation (19)

t(L,7) = h  [B+2-v] {169)

h o (B+2) - hy (170)

By Equation (23) in Appendix D we see that for the negative infinity
limit we need a weight factor e?! where a>0, hence Equation (139) becomes

<?e = <}e = (1,t,65,65,..) o2t/2 (171)
Using Equation (170) in the exponential factor of Equation (171)
at (LY} ah (B+2) -ah y
e 2 = g 2 e 2 (172}
-at(f,y} ac ¥
e 2 =e 2 wz {173}
where
Lo ah (8+n)
é_i = g 2 (174)
and
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1
Ye = e {175)
By Equation {173) in Equation {171) and Equation (132)

%0

E“ 1
Fo = od PI,WT,EDM) ‘ a76)
where by Equation (134)
2 3 4 d-1 d-1
= ottt end T (77)
or packagewise by Equation (135)
Qo
2 5 \
T, =e” W IT(Lh) (178)

(N+1)Xxd
and the weighted metric of Equation (137) becomes

TZTE = T (8,ho) TIWIT(&,ho)e (179)

The T matrix is given by Equation (79) as

A P N> o it s
L ey een? caen? endlaend!
1
1 -2 2? 22 41
1 -1 1 -1 -1
b 0 0 0 |

Equation (180) can be written as Equation (154)

T = n@, L nﬁ, L>, -L>,"°(-13d—11>
(N+1)Xd N CEAT L VI ; . 1

(181)
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'
[V —1

[ASR———

L

or the metric is

FTI‘ =
Wow

(w
dxd o -
<

1

n w[@ L B, L> (—l)d_lL>:l (182)
1 2 14

The 3X3 matrix case becomes as Now

| = P (1+0)
Mo (1) = |—— (183)
T 1y (1-9)? (1-9)°
-y o (1+0) —p Ly
| a-n?  a-p’ (1-9)"
(1#9) e’y g (il 1192ey®)
| (-0 (1-4)* (1-9)°

which is the same as Equation (168) except for alternating signs, and

—aho
O<¢ = ¢ <] (184)
By Equation (147) we see that

b o= 8 (185)
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ORTHOGONAL POLYNOMIALS OVER DISCRETE POINT SETS FRONT, CENTRAL, AND

BACK; GRAM, LEGENDRE AND LAGUARRE. Morrison says that one approach to
obtaining the form of the polynomials so defined would be to use a
Schmidt orthogonalization procedure...as many of the polynomials as we’
have energy for, each to within an unspecified constant. He says the
drawback to the above method is that the general form of the polynomials
is not then obtained. Morrison derives the discrete polynomials by
applying summation by parts. He says he has extended Hildebrand's
approach for obtaining the discrete Gram polynomials to obtain the dis-
crete Lengendre and Laguerre polynomials. Morrison says that Milne has
an alternate and extremely elegant derivation of the discrete Lengendre
polynomials. In Erdelyea (page 222) one finds also the derivation via
sumiation by parts with a reference to an alternate route via the methods
of generating functions. The applications of Laguarre polynomials to
trajectory estimation problems in Reference (16) by Brown use matrices
which though not called as such is the metric matrix of Equation {183).
Since I have not found references deriving the ortheogonal polynomials via
the different variations of Gram-Schmidt procedures they are developed
here for the 3X3 case, the case most commonly applied in trajectory esti-
mation corresponding to constant accelerations over data spans. Also
many of the submatrices inverted here-in will be applied later to the
exponentially weighted filter equations. And finally with respect to the
simple minded vector space concepts thus far developed at this stage of
the report; the Gram-Schmidt procedure is the most natural way to develop
sald polynomials.

Three cases of the discrete monomial base will be developed:

1. Back to front of span,

2. Mid-peint span or central, and

3. Front-to-back of span.

One additional case will be developed for the exponential weighting
from front-to-back as the back point of span goes to negative infinity.
This later case is the case of smcothing over all data from real-time

(frent) to back.

The Gram-Schmidt procedure will be applied first to the matrices over

the integers, N, M and I' and the Ty Laguarre case; and then to derive the

classical polynomials. The necessary transformations on these orthogonal
polynomials to take care of the matrices T(ihg) T(k,hg) and T(&,hg) will
be done in a separate section.
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Orthogonal Polynomials With Respect to Summation Qver Discrete Point
Sets Indexed from Back-to-Front of Span for Matrix N. Consider the

second degree polynomial case generating the N matrix of Equation (50)

N =1 o o]-= [n> nb), n[N>] (186)
1 2 22
1 3 3
1 N N
NTN i %ﬁN+l) %ﬁN+1)2N+1) (187)
N (N+1) N(N+1) (2N+1} ﬁ?(N+1JZ
5 6 )
NQD) (2N+1) NS N(N+1) (2N+1) (BN"+3N-1)
6 Z 30

Let the first Gram-Schmidt vector be
g (N+ =n@=|;>,>,>]l (188)
/0 0 c 1 24 _
C

The second Gram-Schmidt vector with unit first coordinate

o> 2L .

y 1
and the orthogonal constraint

or
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(191)

hence

(192)

The third Gram-Schmidt vector with first coordinate constrained to
unity is

g@ =In, ny, |1 (193)
2 {0 1 2l |

A
2_2

The constraint that it be perpendicular to the first two vectors is

Ry ey, o

2 0
'< | ' Mo Ryl P2 @7}2
r‘ T1
\ ;
v 1y
where
n =< 1> (195)
i3]
or
o -1
A= N1 Too 40 (196)
2
01 B2 Mo
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The 2X2 submatrix by Equation (90) 1is

-1 1
5,00 S, 00 = gy [ S50 -85, (197)
5,0 S,V S,0) 8,0
where
det() = 5, (N) S, () —S%[N) (198)

Using Equation (197) and Equation (198} in Equation (196)

s_(N) S (N) -5, (W)s, (1)
u>= enl| 0 @ 1 (199)
2 detr ()
2 5. (N) S (N) PERED) det
2 0 1
or
N 2 N N
(N+1) == (N+1)“- = (N+1) 7 (N+1) (2N+1)
4 2 6
uy, = (-1 5 > (200)
N N 2 N 2 2
= (N+1) 5— (N+1)7 - (2 (W17 (2N+1)7 |
Z 4 6
Cancelling terms and collecting one obtains
6
Hi2 T T N-T (201)
and in a similar manner
6
Moo T N(N-1) , (202)
or
g)N>= |:1> S I% 1 (203)
2 0 1 2 s
N-1
_6 _
[NON-1) |
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The first three Gram-Schmidt vectors by Equation (188), Equation (192}
and Equation (203) in package form are

3(9’ @J g(N> =I>: I>: 1'> 1 1 1 {204)
0 1 2 60 1 2 L2
N  N-1
6
S S
ar
GOy = N Bg(N) (205)
(N+1)X3  (N+1)%3 3X3
where
B,(N) = 11 1 ] (206)
o0, 2 6
N No1
6
00 N

1f one now partitions Equation (205) into its row space

-0 — -

@g (100) (207)
@g (11 1)

2
= 2,2 N
| (1,2,27) Bg[)

<3)g (1,m,0%)

@g (1,8,8%)
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and equating the (m+1)th element

n
<:€i£ = (l,n,nz) 1 1 1 ] (208)
2 -6
0§ NI
o o &
3 N(N-1) |

We obtain the first three of the general form for what Milne calls the
discrete Lengendre polynomials. The first six are given on page 267 of
reference [ ] as (for n=0,1,2,---N)

go,N(n) =1

2n
g1,n(m =1 -

_ 6n _ 6n(n-1)
gy nm = 1 - * gR-D

_ 12n SOn(n—lj 20n(n-1) (n-2)
g3y =1 - " {ED ~ O NN-TI(N-2)

(209)
N 20n . 90n{n-1) 140n(n-1) (n-2)
g n™ = - 5T Ry T NN-D (N-2)

70n(n-1) (n-2) (n-3)
N(N-1) (N-23 (N-3)

_ Zon . 210m(n-1)  560n(n-1) (n-2)
g y(M = 1 - T WSy T TNN-2) (N-1)

]

630n(n-1) (n-2) (n-3)
N(N-1) (N-2) (N-3)

252n(n-1) (n-2) (n-3) (n-4)
NQN-1J (N-2) (N-3) (N~4)

The general term is
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8 8 G+ {e)
gs @) = 1 (-1)€( )( ) L (210)
H €=

where

the degree of the polynomial and

nCE) = n(n-1}(n-2)... (n-g+1)

is the backward factoral function given in Appendix (B). Milne utilizes
the Newton polynomials in his derivations,

The general term for the elements of the diagonal metric matrix GTG
is given on page (268} of Milne as

N . )
gl my = 40 1)(?2?J (211)
n=0 - {(26+1) N
and for the first three
N
Zo go y(n) = N + 1
n=
N (1)
N+2) (N+1) N+2) (1) (N+2) (N+1)
7ogt oy = B = = (212)
n=0 1,N {(2+1) N(l) N 3
and
? 2 - (e 2+1) (248
2o N (4+1) N
or
I (N+3) (N+2) (N+1) (213

g, ) =
nZO 2,N EN(N-1)

These diagonal metric elements can also be derived via Equation (188},
Equation (192) and Equation (203). By Equation (188)
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[O—1

<i§§)g g(532>==<é ny =N+ 1

0 0 0 0

By Equation {152)

& D .- %a N+1 giﬁiél 1 (214)
1 1
N(N+1) N(N+1) (2N+1) 2
2 6 N
G =T 215)
11

and the square of the norm of the g>2 vector is likewise obtained yielding
the discrete metric-matrix

- -]

M =GN GO = | N+l 0 0 (216)
88 3x(N}1) (N+1)X3
(N+2) (N+1)
o AR 0
0 0 (N+3) (N+2) {N+1)

NG (N-1) -

The first three ortho-normal discrete Legendre vectors are

1

G(N) Ml/2 = S{N) = N B M- =NB (N) (217)
(N+1)Xz 88 (N4+1)X3  (Ne1)X3 B S
where
N) = B 2
B, (N) g(N) Mgg (218)
By Equation (205)
G(N) =N Bg(N) (219)
(N+1)X3 (N+1)X3 3.

ar
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G{N) Bél = N (220)

and the metrics are related

NTN - B GG Bg (221)
3x3 8
-1
-1 T
= (B B 222
( ¢ Mog g} (222)
and inverting

T .71 -1 T
N'N =B M™B 223
(N) g g8 2 (223)

and for the 3X3 case by Equation {206) and Equation (216) in Equation
(223)

-1 3 2 . .
ot T TS | a2 -2 10
4(2N+1) (8N-3)  -60
- (12N+6) N(N-1) N1
-60 60
.10 _N_—l) TW.
(224)

The inverse of the matrix Bg(N) can be obtained via Equation (395) of
Section { 1 ) as

7! = p7l BT Ty (225)
g g g

Orthogonal Polynomials With Respect to Summation Over Discrete Point
Sets Indexed From Midpoint of Span. The matrix of integers of Equation
(129) M is given by Equation (66) for the second-degree polynomial case
as
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M =11 -M
(2M+1) %3
1 -(M-1)
1 -2
1 -1
1 0
1 1
1 2
1 M-13
1 M

M-1)°
2

M

The vector of the row space is given by Equation {42) as

<§im = {l,im,mz)

for m=0,1,2,+--M,

The metric is given by Equation (119) as a function of N=2M as

MM = | N+I

N(N+1) (N+2)
12

or as a function of M as

0

N{N+1) (N+2)

12

313

N{N+1} (N+2)

12

0

N(N+1) (N+2) (3N2+6N-4)
240

(226)

(227)

oy

-t

(228)



(229)

MM = | 2Me1 0 M——-——-——(M”; (M 1)
3X3
o MM+1) (2M+1) )
%
M(M+1) (2M+1) " M (M+1) (2M+1) (3M+ 3M-1)
| 15 i

The Gram-Schmidt procedure will be run on the metric of Equation
(228). Consider the three vectors in the column space of Equation (226)

M :Enﬁ; m(N>, m@] . (230)
(N+1)%5 0 1 2

Take the first Gram-Schmidt vector to be

D - m(N> | (231)
0

0

If we attempt to constrain the first coordinate of the second vector
to be unity we obtain

/1
g(@= I‘m @ m%( ) (232)
1 L 0 1 7t1 1

The orthogonal constraint yields

¢2fere k)

and by Equation (228)

1
0 = [N+1, 0]( ) (234)
M
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or
~(N+1) = 0(x)) (235)

Clearly by Equation (228)

ﬁ)m IE\(N>, m@, m>‘ = | my, 0 . moy (226)
0 0 1 2:

///, 0 my 0

N+1)m

AN My 0 ™2

ﬁjm

The following vectors are perpendicular to each other

@m mb = <1)m m®= 0 (237)
0 i 1 2

Since the second vector of Equation (228) is perpendicular to the

first
g> = m> (238)
1 1

2o

If we attempt to constrain the first coordinate to unity of the next
vector we obtain

gEEEI} =M1 (240)
2
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with the orthogonal constraint

. {o\ _ N(N+1) (N+27]T1 (241)
&) ‘(o)‘ N+l 0 17
02 . NN 2 M
& 12 N
", 2 2
1
or
_ N(N+1) (N+2)
- (Ngl) =10 R 11) (242)
N(N+1) (N+2) 0 12

12

and by analogy to Equation (235) we see by Equation {242) that we cannot
solve for the two unknowns. By Equation (237) we see that the vector

mp7 is perpendicular to @)1, hence by Equation (238) for the g»» vector
to be perpendicular to the previous two %)0, %}1, we must have %}2 lie in
the space spanned by @)g and @)2.

>[5 5 3D, )
2 o 1 2 0

g

The previous observations are not necessary if we proceed with the
Gram-Schmidt process with the main diagonal unity constants, or

g® =Ml (244)

2
Ao

or

<
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or

v [l ()
N+1 0 kl = -1
N ¥+ 1 (N+2)
0 - )\ 1, 0
cr
O - - N0
o 12
2
U -
or

Packaging Equation (231), Equation (239) and Equation (248}

G = M B {M)
(N+1)X3  (N+1)X3 &
where
- ~N(N+2)
Bg(M) =|1 0 3
0 1 0
0 0] 1

The orthonormal set are next cbtained; via Equation (231)

<@ €> =N+ 1
0 0

By Equation (239)
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(246)

(247)

(248)

(249)

(250}

(251)



<§ %) = (0,1) [N+1 0
11

0 ¥

_ N(N+1) (N+2)
& D= =5
11

and

2
_ N(N+1) (N+2) (N“+2N-3)
<? .§> - 180
2 2

N(N+1) (N+2)

1

The diagonal metric of the Gram-Schmidt vector is

ey

66 = |N+1 0 0
3X3
N(N+1) (N+2)
0 ——r 0
. 0 N (N+1) (N+2) (N“42N-3)
| 180 _
and the orthonormal set is
T, %
S = G(N) (G'G)
{(N+1)X3 (N+1}%3
or
s =61 7
N+1X3 N1 ¢ 0
V12
0 NN+ (N+2) 0
V180
0 0 N 5
| N(N+1) (N+2) (N“+2N-3) |
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(252)

(253)

(254)

(255)

(256}

(257}



Using Equation (249) in Equation (257)

S = M B (N)

(N+1)X3  (N+1)X3 5

where
- Ty -3

BSEN) = Bg(N) (G"G)
or

B (N) = L 0

[ N+ 1

0 AND D

-N(N+21v180

—_y

12'N(N+1) (N+2) (N2+2N-3

0
V180
/I:I(N+1] (N+2)(N2+2N—3 }

or in terms of the number of points in the span Wp=2N+1

1
BS(WPJ = vw;' 0
,
W we-1)
pop
0 0

-Jiﬁﬁtwiwl)

177, .2 2
W_(Wo-1) (We-4
p(wp )( . )

ﬁ;ao
=2 2
W, O -1) (-4

(258)

(259)

(260)

(261}

The inverse of the discrete midpoint metric can be obtained via

Equation (3u46), Section ( 1) as

oy

T
= B_(N) B_(N)
. SN B
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or for the 3X3 case

- -
MM} 2| 3 (3N%+6N-4) 0 oL S (263)
(N"-1) (N+3)
12
0 NN+1) (v 2) 0
~-15 180
2 0 2
(N"-1) (N+3) N(N+2) (N+3) (N"-1)
. _
In a similar manner the inverse of BS by Equation (358}, Section
¢ 1)
5 = 8T il (264)
= 5

In a similar manner ome can obtain the Gram-Schmidt as the front to back
span case,

Orthogonal Polynomials With Respect to Summation Over Discrete Point
Sets_Indexed From Front to Back of Span for Matrix I'. The metric is given
for the 3X3 case by Equation (121) and the first coordinates will be taken

as unity, hence '
Y(N> (265)

g(@

0 0
and
g(@ = Y[®, Yg@; 1) : (266)
1 "0 1\ X

1

and the orthogonal constraint is

e

0 0 0

@UY

L1
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or

<P

0 0 _ -(N+1) _ 2 (267)

Aqyg = = =
o Ty N
2
0 1
or
g(N> = I;w> o 11 (268)
1 0 1ji2
N
also
g(#}i} = T 1
(N+1)%3
2 A
1
X
%-2
Solving for A€£:>
-N N -1
Aéz - ~2—(N+1) E(N+1) (2N+1) N+1 (269)
2
N —N2 2 -N
—(N+1) (2N+1) T (N+1) =(N+1)
. 6 4 2
= - |-8 s.t™Hs (270}
1 2 0
S, Ssp \ s
observe by analogy with Equation (196) and Equation (197) that
— = - 7
S, S, r-i 0 [sl s, 1|t 0 (271)
S, -S, 0o 1 l_s2 sg| [0 -1
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and

-5 S2
| 55 -8y
and
o1 =|1
:51 0

-6
s> - (3
2

-6

N{N-1)

or

Packaging Equation

GN) =
{(N+1)X3
where
BN =11
g( )
0
0

-6

| NV

r

(N+1)X3

Z|ra

B (N)
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(265), Equation (268) and Equation (275)

(272)

(273)

(274)

(275)

(276)

(277)
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—

RS

The inverse of the metric matrix is by Equation (348), Section (1 )
a7t = By CHOBR Bé (278)

and is for the 3X3 case

(rTr)'l = g, INZ3N+2 12N+6 10 (279)
12N+6 ;Eéﬁ;%)(gN‘s) g?l
10 T el
where
: (280)

8y T TN+1) (N+2) (N+3)

Compare Equation (279} with Equation (224) and note the only differ-
ence is some negative signs; now compare the metrics of Equation (121)
with the metric of Equation (187), and again note the differences of signs
in the same row and column positions.

Orthogonal Polynomials for Exponentialy Weighted Polynomials Over

Discrete Time Points from Front te Back of Span. The non-dimensionalized
time points generate the weighted vectors of Equation (181) as

I We [ﬁ(§31>, -Ln(#ii), —Ln(%EI>] (281}

(N+1)X3 (N+1) {N+1) 0 1 3

ry - {m@, YOS, y(N}} (282)

WO W1 W2

or

where the correspending 3X3 metric is given by Equation (183) on terms of
g as
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1 -8
M (-1} =| —
TTE 1-9 (1-8)2
-8 B (1+0)

1-62  a-9°

8(1+8) —8(1+4e+62)
L a-e)° -yt

6 {(1+0)
(1-0)°

-8 [1+48+82

(1-0)"

8(1+118+1182+83

(1-9)°

Set the first Gram-Schmidt vector to be

g(N> = Y(N> = (N+1£3X3 e?

0 WO

and the norm square is
GORRAGRIPES
o 0 1 1

The second vector is with unity constraint on first coordinate

g(N> = [:Y(N>s Y(N>:Kl )
1 WO W1 11 1

and the orthogonal condition

SN0

WO 1 (1-6) Ay f
LY

or

_1-9
A11 8

or

324

(283)

(284)

(285)

(286)

(287)

(258)
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LU ——

—

et el

—

L

[

}?>=

T

(N+1)X3

1

1-6
6

0

and the square of the norm is

The third Gram-Schmidt vector is

)

and the orthogonal constraint

Jid

or

where

& & (l’léﬁ30) T;Fw L=
11

1-8
!

g =

2

%
1

r
(N+1)X3

1}

[

.

1

A2

0

3zb

9(1—932

(289)

(290)

(291)

(292)

(293)

(294)



By the metric matrix of Equation (283)

-0 (1+6)
(1-6)%  (1-8)°

0 ~(1+4e+62)
(1-6)°  (1-9)°

~1

and Equation (295) in Equation (293)

D =
2

- (5-1) (30+1) |

282

(e-1)°

2
L 20

2
= o8 11440407

28

Using Equation (296) in Equation (291)

géE;§>

Z

= T
(N+1)%3

1

~8(6-1) {36+1)

—

262

(6-1)°

282

-{1+8) (1-8)

-(1+8)(1-8)

(296)

(297)

Packaging the Gram-Schmidt vectors of Equation (284), Equation (289)

and Equation (2

G

{N+1}X3

where

97)

= Ty B
(N+1)X3 &

326
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Pp———

R

1 1 (239)
-(8-1) -(8-1)(30+1)
0 202
2
0 (e;l)
26

Orthogonal Polynomials for Exponential Welght Over Discrete Time Points

from Back to Front of Span.

The non-dimensionalized time points generates

the weighted vectors of Equation (152) and Equation (50) as

1 -
Ny = We 1 0 0 1 (300)
(N+1)x3  (N+1)(N+1) 1 1 1
1 2 22
1 3 3
1 N N2
with the 3X%3 metric given by Egquation (168) as
Mivo © i—e - 2 e(1+e; (301)
(1-8) (1-8)
] 6 (1+8) 6(1+46+82)
(1—6)2 (1~e)3 (l-e)”
2 2 .3
p(1+8) B(1+48+87°) g (1+118+118°+8%)
(1-8)° (1-6)" (1-8)° i

The G-$ procedure with respect to the metric of Equation (301) yields

G
{N+1)x3

where

= N B
W g
{N+1) (N+1x3

(302)
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B = 1 1 1 (303)

X
33 . {o-1) -(8-1)(38+1)
5 o2
2
0 0 (6;1)
26

Relations of These "Discrete Laguerre Polynomials" with Those in the
Literature. Morrison in reference ( g1 ) derives the discrete Laguerre
polynomials (his terminology) via summation by parts and refers the
interested reader to Gottlieb's paper (reference 35 ). Gottlieb refer to
polynomials of the "Laguerre Type'" and gives the formula

8 Ave,8,,1
Y- (304)
e=( £ ®

A8
Ra(n) = g

where 6=0, 1, 2, ... d-1 is the degree of the polynomial and n = 0, 1, 2,
3, ...N.
If we make the substitution of Equation (147)
B = e (305)

the tevm l-e* of Equation (304) is

1 - e =1 - = — (306)

A 1_6-1
o e

and using Equation (306) in Equation (304) we obtain the expression used
by Morrison refervence ( 61 ) page (B65) as
) 3
_ a0 -1 Sy ,0
R‘én) =8 EEO (—E—J (a)(s) (307)

The first three of these polynomials are

il
far]

Eo(n) (308)

B_l\

< l.,n
ﬂl(n) = 07§~1 (a)(e) (309)

|
o
e~
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e

P

[SR—

and

2,(n) = e[1+(fl;—£)n:|

_ 2
E,l(n) = (1,n) l:(ewl)]

2

€
i,(n) = 8 &G AHD

|| W oS

e=0

2

Rg(n) = 0 1+(e;l)2n+(

Rz(n) = (l,n,n2) 82

5

%(e~1)(39+1)

Morrison gives the mext two also as

pim) = 6% 118 (355 nes ()

1-8 3 nin-1Y{n-2)

- &0 3!

ﬁu(n) e” [1-4 (iég} n+6

3 n{n-1}{n-2) . ¢

(310)
(311)
(312)
B-1 2n(n~l)
2
(314)
2 ni{n-1)
21
{315)
]
2
1-6." n{n-1)
( B ) 2!
(318)

1

1-8
b (=) ¥

1-9)” n(n-1)(n-2)(n-3);
8 !

Morrison states that this set of polynomials is seen to have an in-

Finite number of elements in contrast to those of the previous section,
which form a finite set for any given value of N. However one must take

this statement with a grain of salt!

Tirst of all we observe by Equation

(308), Equation (311) and Equation (31%) that
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e -
[Qo(n), El(n), Rz(n)] =[1, n, n°] |1 8 % (317)
0 -1 (6-1)(® +1)
2
0 5 (e—-l)2
| 2 —
and that the 3x3 matrix of Equation (317) can be written as
[ 2 T F . 7
1 [+ 8 1 1 1 (318)
0 8-1  He-1)(3p+1) |T{o &L LoD@e) 4 4,
2 i 0 2
28
0 0 %{6~1)2 6-1.21
where
0
D{g) =| ® 0 0 (319)
0 8 0
0 0 52

The matrix of Equation (318) with unity coordinates is the Gram-
Schmidt matrix of Equation (303) corresponding to the back to fromt (going
to infinity) span metric. Thus, the set of fitting polynomials used by
Morrison on page 500 of Reference [ ] seems rather nonsensical. The front
to back of span metric should be used for then when one uses these approxi-
mating functions in estimation theory, the data before say time equals
zero can be assumed to be zero, and cone has a smoother. Brown in Reference
[16 1 uses the metric of Equation (283) which generated the By matrix for
the first three polynomials of Equation (299). Observe that the matrices
differ in sign on some cocrdinates hence in applications to fitting func-
tions in data processing one will get different results.

Furthermore if we partiticn these Laguerre-type polynmomials as we did

for the discrete Legendre polynomials of Equation (208) (though not too
mathematically meaningful) we obtain from Equation (302)
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- —_ — -

62/2¢3,2,3)

0
e = <3§é =1 6%2¢1,0,0) B, (320)
(N+1)%3 e %3
1 {1,1,1)
<€E§

ébé :n/2

W | :
5§§§— N/Q(l N, N )|

and eguating elements

] |
<§E§ = 8™ 2¢1,0,0°) B, - (391)

If we use the concepts from the continuous Laguerre polynomials versus
the continuous Laguerre functions, we can define the discrete polynomials

as

(l,n,n )

[y, (0),2,(m)] = <o) = (Ln,u?)

(322)
1 1 1. j
0 9-1 (g-1)(3g+L)
B 2
2
6-1."1
0 ° ( 8’ 7
—_ v

for n=0,1,2,*+MN>», hence we do not meed to interprete Equation (322) as
an infinite set of polynomials, for one can deal with a set of three poly-

nomials of degree two.

The connections between the Gram-Schmidt polynomials is obtained by
Equation (318)
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B =B D {(9) (323)

where Bpo is the matrix obtained from Morrison's polynomials of Equation
(318)3 using BEquation (323) in Equation (302)

-1

G =N B =N B D (8) (324)
(N+1)x3 g vome

and
e =08l W N B D le) (325)
3% 3 mo W W mo

and the metric given by Morrison page G66.

f

L5(n) 24(n) 8" =055 4 ¢ (326)
n=0 ;

¢
8" ..
—l_'e ] 6""8

or in terms of the g elements of Equation (821), that is

2
(gosgl,gQ) = o™/? {(1,n,n") Bg (327)
) ga(n) gB(n) =1 03838 (328)
n=0
8
B
PR

Specifically one should write Equation {(328) as

N -
o ) g (n) g (n) =} g.{n) g () {329)
Hree n=0 8 B n=0 8 6

Using the first three elements of Equation (328) in Equation {325)
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e =1 0 0 1 0 B
3%3 15 0
0 1/8 0
o 2= 9
0 0 1/8 1-8
2
8
__0 0 7% |
{330)
™1 0 0
0 1/6 0
0 0 1/8
T — _
GG =} 1 5 0 {331)
1-6
1
0 (18 0
0 0 > =
N 6°(1-8)
or the general term for a d-1 degree polynomial yields
o' = 1%8— 0 ] (332)
d=d 0
1
Y G
0 ' 1
N ed'l(l—e)_J

Note that the only difference in the forward and backward case is a
sign chan ge, hence the magnitudes of the vector are the same, hence
Equation (332) holds for both cases.

Orthonormal Discrete Laguerre Polynomials. The two cases back to front
and front to back orthogonal vectors will be normalized to obtain the unit
magnitude sets. By Equation (305) Section ( 1 ) we have for the back of
span to front case of Equation (302)
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s =N B (&)
(N+1)%3 3

where
5 =B (ce)/?
3 - g

or by Equaticns {(332) and (303)

1
Bs = ¥1-8 | vi-8 al

/2 _

|
=
=
o

(6-1)(3 +1)

28

(8-1)°
2

(333)

(334)

(335)

The orthonormal vectors of Equation (333) for the case of front to
back of span is the same as Equation (335) except for the sign changes

in the positions of the matrix given by Equation (229) or

8

-{6-1)(86+1)

B {-1) = |1 Vo
1=
-{8-1)
0 78
0 0

262

(6-1)°

282

(336)

One can obtain the same orthnormal vector case of Equation (335) by
using the oprthogonal vectors of Equation (318) with powers of § on the
first row of the matrix with the sguare root of the inverse of the diag-

onal metric of Equation (328)

Observe also that the Gram-Schmidt process applied to the vectors with
first coordinates constrained to be the powers of & yields the matrix
corresponding to those polynomials of Morrison (or of Equation (328)).

For example :
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g(%3%>? L gi ) ﬁz 1fe (337)

M

and

I”_2_'

g(%}?)z N6 (338)
2 (N+1)=3
Ay

L *2 |2

etc.

Forward and Backward Exponentially Weighted Inverse Metrics. The
inverse of the metric matrix of E quation (168) can be obtained by Equation
(348) gection ( 1) as

an Tn oyt - g wlsT (339)
w oW g ge g

and by Equation (332) and Equation (303) is

[~ 3
O™ =l a-eyrese®y v (-e) G280 (3%0)
3 3 y
Hg(l+e)(l_a)2 (1-6) (1+éoe+9e ) -(1wse)gl-e)
e 1o
(1-8)° ~(1-38)(1-8)" +(1-8)°
|2 4o? 4e? |

where by Equation (168)
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T 1 6 {1+6)
NN =]t S L)
6 6(148) 8 (1+46+62)
(l—e)2 (1—9)3 (JL-ea)LF
(1+8)  (1+4818%)  0(14116+1162+6°)
_(1~e)3 (1-8)" (1-8)°

The inverse of the front to back metric of Equation (183) that is

L -9 (1+6) ]
Ww { 1-8 (1—8)2 (1—8)3
6 6(1+6) -8 (144046°)
(1-0)2  (1-8)° (1-0)"
(140)  -0(144046%)  8(1+116+116246°)
(1-6)° (o)t (1-6)°

(341)

(342)

has as inverse by Equation (332) and FEquation (299) in Equation (339)

To -1 _
(r,r.) = =

(1-8)(l+8+82)

| §<1+e>(1-e>2

: (]_-—8)3

2

3 2
5(1+8)(1-0)

3
(1-6)° (14+100+36°)

—

(1-6)°

g (343)

(1-6)%(1+38)

e

(1-6)”(1+3e)

482

(1-6)°

492

o2

The inverses of the two cases by G, matrix of Equation (299) and Equa-
tion (303) can alsoc be obtained via Equation (348 ) Section ( 1 ).
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The Discrete Laguerre Polynomials Orthogonal over the Back to Front
Span_in Matrix Factor Form. The continucus Laguerre polynomials of
Section ( 2 ) Equation (5%4) are expressed in terms of the binomial matrix,
factorial matrix, etc., hence the following derivations will cast the
discrete polynomials in similar forms. Consider Equation (307)

§

3
1 = 0% T 0% (G (3u4)
=0

where 6=0,1,2.:.d~1 the polynomials degree and

& £
55 = (1 (EY = (D (345)

The first d polynomials can be written as

0
2o(n) = 6 7o)

e=0
1
pn) =0t [ ()
e=0
(3486)
2 2
22(n) =8 7 ()
g=0
d-1
d_
by ()= 8%t T ()
e=0
oY as a row vector
0] 0 d-1
),y @), vty @) = CF ), F o, 1) Do) (347)
e=0 e=0 £=0

where the diagonal matrix is
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D(g) ={¢e

L J

The summation terms can be written as inner-products by Equation (2% )

Appendix ( B).

(e)
(2) = EETL-for e > Q
as
8 (e)
o ity -
e=0 £ £
oy
0 (0)
I ) = 2 () p%1)°
g=0 )
1 0. 0
l O SN SRR V- M )
bt
0 -1ytpt (i)
2 (0) (1) (24 ] (-13%°
EO () =I[n ",n " ",n""] o 0 0
£= ’
11
(-1)b
0 T 0
2
0 0 (-1)"p
5
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d-1 [~ 0.0 T -
5 - [n(o)’n(l)’n(Q)’_.‘n(d—l)] (—l%'b (dal) (351)
£=0 ' .
(“l)dflbd—l (d;l)
B e ||
-1
_(d‘l)JL
or

(25(0), 2y (), 2, (@) = @l P @ 0y §72 ) mace)  (355)

or

@2 = o' 1¢-1) 7 peb) Bce) (356)

where

D{g) =1 (=) (357)

and B is the binomial matrix

339



I NGO CONN GO N 66 *7H (358)
SOROINES
A D
<
m =

The Discrete Laguerre Polynomials Orthogonal Over the Front to Back
Span in Matric Factor Form. By Equation (29%) and Equation (302) we see
that the Bg matrices for these two cases differin signs in alternating
rows, hence by inspection it is clear that positive axis span is carried
into the negative axis span via

—

B(-1) ={1 T oB(+D) (359)

or element-wise we have by analogy with Equation (307)

£
P ont g OO (360)

2.(n) = B
o 0]

I =10

£

The row-vector expression of Equation (360) is by analogy with Equa-
tion (355)

(1), (m)se oty @) = (1,080,208 10y

ﬁ'l dia (9%l9 BD(8) (361)
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dia (gé;) = | (—=) (363)

Discrete Gram-Schridt on the Matrix T. The discrete orthogonal poly-

nomials of the previous cases are with respect to the non-dimensionalized
time spans. By Eguation (124).

T = o T, (i)D(hy) (363)
(W+1)x3  (N+1)x3 3x3

By Equation (205)

-1 _
B =N 364
Gy, N ( )

(N+1)x3

Using Equation (304) in Fquation (383)

-1 .
T = G B T (i) D(n.) (365)
N gH “u 0
(N+1)x3 (41 )% 3
T = G B (366)
(N41)x3 N T

(N+13x3 3x3
where BT is upper triangular since

1

By = BgN Tu(l) D(ho) (387
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and inverse of an upper triangular matrix is upper triangular and also

Tn(i) is upper triangular and products of upper-triangular matrices are
upper triangular. Inverting Equation (366)

GN = T B,;l =7 D‘l(ho) T_l(i) By (388)
(N+1)%3 u g

By Equation (368) we see that an orthogonalization procedure on the
column vectors of T using the columns of T as a base for the sub-space of
dimension three, yields the three column vectors of G with coordinates given
by BTt in the T base. Hence one can obtain the discrete orthogonal poly-
nomials in many forms, and as shown by Equation (367) the upper-triangular
matrix is a function of the fixed time interval hg, and the index i.
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Section 6 SOME GENERALIZATIONS OF THE DISCRETE DIFFERENCES OF POLYNOMIALS AND
THE BASE FITTING FUNCTIONS.

a. Generalities

In this section discrete first differences and higher differences of sequences
of ®(i) and of the fitting function f£(i) will be developed.

Corresponding to the three different indexing notations of Figure (1) Section
(4) we have

!x(i,O)\ {x(k—n) !x(l,N) \
%(i,1) . x(1,N)-1
x{i,2) . .
x(k-1) .
. x(k,0}) . (1)
. x(k,1) .
x(i,N) x(k,n) x(1,0)

and the corresponding relations on the fitting functions of Eq. (124), Eq.
(129) and Eq. (135).

t(i,0n) ’t(k—n)\ t{1,N)
t(i,1) . t(1,N-1}
* t{k,0) . (2)
t{i,M) . t(1,0)
\t(k,n)

One can use selector matrices and evolve an "operational matrix™ calculus
in the same manner authors introduce operators, for example for the first
vector sequence of Egq. (1)

LD = x(2,0)
1
(% 5, x(1)> = x(,1)

(3)

<@ Sﬂox(i:> = x(i,n)
1

<€ s k@D = x(,M0
1
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where the select vector

<?=(1’0’0“'0) (4)
1x(N+1)
and the shift matrix is for example 3 x 3
¢ 1 0
Suo = 0 0 1 (5)
3x3 o 0 0

For the midpoint span sequence of Eq. (1) one can map-down via the vector

@H)ec =(0,0...1,0,0...) =Do, 1,@)0) (6)
or

<ecx(k)> - x(k,0)
e Sy (D>
<ecsdox(k}>

where the shift-down matrix is {(e.g.)

0 0 0 T
SdO = 1 0 0 = Suo (8)

1f we write Eq. (3) in terms of power of the shift operator we obtain the
obvious identity

x(k,1) (7)

x({k,=~1)

x(1,0) <e
1

%(i,1) <i§- 5.,

. 2
x(1,2) (Iesuo

) . x(i)> (9)
x(i,n) %ésrlio
x(i,N) ?Sﬂo

where N + 1

. [0] (10)
(W+1){N+1)  (QU+1)(N+1)
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Consider some vectors and matrices generated by moving fixed-span procedures,
for example the sequence of variables for fixed N, with the index i varying

%(i) = (x(1,0) . . . x(i,1) . . . x(i,0) . . . (i,N) (11)
and
“(it1) = (x(i,1), x(i,2) . . . x(i,N) . . . x(iN+1) (12)
= (x(i*1, 0) . . . . . ... ... x(i*1,N)
or
x(i+1) = <k() S + XG0 N<? (13)

where the shift matrix is

0 0 ¢ 0
. 1 0 0
8., = 0 1 (14)
0 0
_—
and
<e=(,0...1 (15)
N+1 1 x (N+1)

Depending upon how one orders or indexes and packages the variables, various
matrix types appear, for example for a span of N + 1, N = 3 data points pack-
aged as a column

x(1i,0)
«(,1)) = x> (16)
x{1,2)
x(i,3)

we have shifting up and out the first point and shifting in the new point, we
have

x(i+1)(> =5, x (1G> + Bx(i,3) (17)
or
x(i,1)
x(i+1) (2> = | x(i.2) (18)
> x(i,3)
x(1,4)

etc., for a row of column vectors

Tx(i,0) x(i,1) x(1,2) x(i,3)

x{i,1)  x(i,2) x(1i,3) x(1,4) =X (19)
x(i,2) 2{i,3) x(i,4) x(i,5) 4x4h

x(i,3) x(i,4) x{i,5) x(i,6)
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which is a Hankel matrix.

If we package the "data" or variables with the "real-time" or most advanced
time point at the top and "shift down" we have for the array of spans

x(1,3) x(i,4) x(i,5) x(1,6)
x(1,2)  x(i,3)  x(i,4)  x(i,5) (20)
®{i,1) x(1,2) x(1,3) x(1,4)
x(i,0) x(1,1) x(i,2) x(i,3)

or a Teoplitz matrix.

Minimal Set of First Differenced

Consider next the sequence under U

-1 o o 0]
1 -1 0
0o 1 -1
[(x(i,0), =(i,1), =x(i,2) . . . x(i,N)] 0 0 1
. -0 -1
0 o 1
(N+1) ¥ N -
0 (1) (1) (1) (21)
::<j§) A x (1) = (AN x(i,0), Ax (i,1) . . . Ax (i,N-1)
or
&) U= Bx(i) (22)
(N+1)N
where
-1 0 90 0]
1 -1 0 0
U= 0 1 -1 (23)
(N+1)N 0o 0 1
. . 0
* . N _1
L . . ]_ J

The same relations hold when x are vectors % and the geomelry is easier to
construct, for example see Figure (1).
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Figure 1 First Forward Difference Vectors

The first differences
A(l)x(i,n) = x(i,n+1) - x{(i,n) (24)

are referred to as the first forward differences. The same methods developed
herein can also be applied to the so called backward and central difference
formulas, but will not be done here. The rather standard difference-operator
technigues used in Morrison's text and others is not "in the spirit' of the
"matrix of the operator" state space approach and is considered very tedious

by the author of this report.

Return now to Eq. {9) substituted into the transpose of Eq. (21)

-1 1 0 0. .. <8 x(i)>
o -1 1 0... 1
<l(-:-su0x(i)>

<1e 52 x(1)>

-

= k(i) (25)

DN
-1 1 <198u0x(1)>
N x (N+1)
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<els -T1xG> h e (00 |
) uo - T1E (L x{i,
{es, [8,,-T1xGD Mg, 1)
N uo  uo ?
<952 [S -Tlx(i}> i AW, 2) (26)
1 uo - uo ?
Nelie _yrors (D, s ye
ge shMs, -Tix(D> A+ (i, N-1)
where
-1 1 0 0 0
0 -1 1 0 0
§ -1= 0 0 -1 1 © (27)
o
-1 1
-1
We see that this matrix is the same as Eq.(110) of Section (8) for b =1
and its inverse is, for example & x 4,
-1
-1 1 0 0 -1 -1 -1 -1
0 -1 1 0 = 0 -1 -1 -1 (28)
0 0 -1 i 0 0 -1 -1
0 0 ] -1 0 0 0 -1
and the negative of the above matrices yields
1 -1 o o\ ! 11 1 1
0 1 -1 0 = 0 1 1 1 (29)
0 G 1 -1 G 0 1 1
0 0 0 1 0 0 0 1

If we use the "so called" push-down sequence {column vector where the "real-time"

point is at the top we have the connection via the "linear convolution' matrix.

!

x(i,N)

x(i,0)

x(i,0)
x(i,N-1) ((:::) x(i,l%
. x{i,1

O <(i,n) (30)
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and the matrix —UT

O

o i ]
—
1
[

N x (N+1)

-
(1)

Keb

A

A

1f we add the x(i,0) element to

a full rank matrix.

A, N-1)

A%, 0)
x(1,0)

The inverse of the

where
-1 o .

1 -1

1 -1

0 x(i,N)

0 x(i,N-1)
_1 -

0 1 -1 x(i,0)

x(i,N-1)
x(i,N-2)

' _ (1)

) PN
x(i,n)
x(1,0) |

1 -1
1 -1
O s

vy

(31)
(% (i,N) ~ x(i,N-1) )
2{i,n} - x(i,n~1)
= . (32)
x(1,1) - x(i,0)
e N=x1 =
(33)

the bottom of the vector of Eq. (33) we have

x(i,N)
x(i,N=1)

(34)

x(1,0)

matrix of Eg. (34) is given by Eq. (29} and we have
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x(i,N) Iy 1 1 1. aMyi §-1)
x(i,N-1) f 0 . AW vo2)

x(i,n) 1. .. A(l)x(i,ﬂ) (35)

: (:::> x(i,0)
\x{i,O) j \ _ 0 1}

The inverse can also be computed step-wise as,

-1 _ T,-1
(1-8,)7" = (1-5_ ] (36)

T
' I(T-s, ) (IS

0

or the symmetric Gram matrix of Eq. (36) is for a 4 x 4 case

1 -1 0 0 1 0 0 0 2 -1 b 0
0 1 -1 0 -1 1 0 0 = f-1 2 -1 0 (37)
0 0 1 -1 0 -1 1 0 0 -1 2 -1
0 0 0 1 0 0 -1 1 0 0 -1 1

The inverse of the n x n matrix of Eq. (37) is givern by Charters and Stapleman
reference (101) as

f 2 -1 0 -1
-1 2 -1 o
0 -1 2 -1

0
2 ~1
11 i
(38)
1 1 1 1. . .1
1 2 2 2 .2
1 2 3 3 .3
- 1 2 3 4 . 4
1 2 3 4 n l

which is the Frankel matrix of reference (9. Using Eq. (38) in Eq. (36)
one obtains for the 4 x 4 case example (one verifies)

a1 1 0 0 0 101 1 1
(I-Suo) = {-1 1 0 0 12 2 2
0 -1 1 0 1 2 3 3
0 0 -1 1 1 2 3 4
(39)
= 1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1
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Consider the first difference vector of Eq. (21)

<§6ﬂx(1)(i) = {N+1) x(i) U (40)
(N+1)xN

Multiply on right of Eq. (40) with U
1), 5 i kY i
<,Ax( Wyt = Q(l) U = <X(1)Puu* (41)
(N+1) (N+1)
where the psuedo inverse of U is

v = ey ot (42)

N(N+1} NN  Nx{N+1)

and by Eq. (21)

-1 1 0 0 0. .. \\ -1 0 0 0
T o -1 10 0 1 -1 0
g = 0 o -1 1. .. 0 1 -1
NN 0 0 1 (43)
0 0. . . . ... .=1 1 . 0 -1
1
ar
2 -1 0 0
T -1 2 -1 0
Uy = 0 -1 2 -1 (&4)
0 0 -1 2
-1
-1 2

NxN
The matrix of Eq. (38) is called the Frank-matrix by Westlake in reference (90)

It is clear that for the (N+1)(N+1) case of Eq. (36) one replaces n = N+1 in
Eq. (36).

If we call the matrix of Eq. {(34) A, that is
A=T - Suo (45)

then for an n x n matrix

uTy = aal + e><e (46)
n

nx

and using the Householder inversion lemma for inverting a matrix plus a rank
one dyad, we have

@l = @ - < b 47)

Ly e ey




Consider the elements in the parenthesis of Eq. (47), by Eq. (38)

Il<E,’(AAT)'1=(0, 6,0...1 /1 1.
1 2.
1 2

=(1,2,3...n)=<1)c

where njc is the vector of counting numbers.

TR = gy -

LI % I oS, Y

We have also

Using Eq. (48) and Eq. (49) in Eq. (47) we have the factors

@™ = @) - e )

1+n
The matrix in brackets ig
1 0 0 0
0 1 0
<: 0 0 1
I- %, <o =

“Yra 1 2 3 l-n_
1+n 1+n 1+n 1+n

Transposing Eq. (48) and using it in Eq. (50) we also have

Wit = Ayt e

. I+n
The dyad is
1
2
3
c>Le = 4 (1, 2, 3, 4 . . . n) 1
1+n . 1+n
n
or
’*1 1 3 4 . n
2 4 6 8 . . . 2n
C c = 3 4 9 12 . ., . 3n
1+n 4 6 12 16 . . . 4n
. 8 . .
n 2n 3n n2

(48)

(49)

(50}

(51)

(52)

(53)

(54)

[RS—
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Using Eq. (52) and the Frank matrix of Eq. (36) in Eq. (50) we obtain

[ n-1 n-2 n-3 ... 1
n+l n+l n+1 ntl nti
n-1 2(n-1) 2(n-2) 2(n-3)
n+1 nt+i n+l nt+l
T .1 n-2 2(n-2) 3{n-2) 3(e-3)
(o - o= n+l n+l ntl nt+l (55)
n-3 2(n-3) 3(n-3) 4(n-3)
n+l nt+l n+l n+1
1 n
nt+l ' o+l
Westlake gives the inverses of the above matrix in reference (00) page 140 as
Wt 2wt - [mljj (56)
Uy
where
i(n-j+1) for i < j
* ntl
m,, = o (57)
+ m, . for i > j
J1

Note that the Frank matrix can be written as

—

—

a4
24 - <@
3 - 2 @— 5:9
T, =1 _ ) ol
Wyt = 44 - 3 1<;e 2 <8, 433 (58)
<&
For example the 4 x 4 case one has by Eq. (55)
2 -1 0 o 4 3 2 1
~1 2 -1 0 - 5 5 5 5 (59)
0 -1 2 =1 3 6 4 2
0 0 -1 2 5 5 5 5
2 4 & 3
5 5 5 5
I 2 3 4
5 5 5 5 |
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Ortega in reference $5) gives the eigenvalues of UTU as

hk =2-2coskl,k=1. . .n
n+1

with the corresponding eigenvectors

{sin KII, sin 2kM, . . . sin ggﬂ)T, k=1...n
n+l n+1’ ntl

For example the 3 x 3 case yields
2=A -1 0 2
det -1 2-A -1 = (A" = 4h + 2)(2 - A)
0 -1 2-A

=X =2+ -2 -~ V(A - 2)

also one obtains

det(UTU =~ AT) = ~ A+ 6A2 - 10A + 4 = 0
or
3
2= (4, -10, 6) /1
A
22

The companion matrix is

0 1 0
A = 0 0 1
¢ 4 =10 6

The three eigenvalues of Eq. (63) are

Ay 0 0 2«2 0 0
A= 0 A, 0 = 0 20020
0 0 A 0 0 2

The three eigenvectors of Eq. (61) are for example

sin 01 1/42
A
J sim 2l )= 1 =B
! 4
sin 30 1/42
4
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(61)

(62)

(63)

(64)

(65)

(66)
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(68)
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and the matrix eigenverctors is
1/42 1/J2 1/42
B= (B>, B, = | 1 0 -1 (69)
/42 ~1/42 1/42

Since UTU is symmetric its eighnvectors are orthogonal, that is

JRR——1

[ —— ——— e

[

e ot

T 2 ¢ 0
BB™ = ¢ 2 0 (70)
6 0 2
thus the unit magnitude orthogonal eighnvectors are
/42 12 12
B = 1/42 0 ~1/42 (71)
u
/2 =172 172
and
-1 _ T
Bu = Bu (72)
and we have
T
(U'U)B = BA (73)
or
B lwTuyr = A (74)
The Vandermonde matrix
1 1 1 1 1 1
V= MooA, A =2z aE 2 (75)
SN X 6-447  6+4J7 4
relates the companion matrix via the relation.
A= vty (76)
The inverse of UTU for the 3 x 3 case by Eq. (55) is
2 -1 oy ! 3 1
-1 2 -1 = % 2 2 77)
0 -1 2 1 3
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By Eq. (73) we alsc have

W™t = a7l (78)
Using Eq. (77) in Eq. (42) we have

L _3 1 }. 1
U =% -2 -2 2 2 (79)
-1 -1 -1 3

and the orthogonal projector is

« 3 -1 -1 -1
w” = -1 3 -1 -1 5 (80}
Lxt4 -1 -1 3 -1
-1 -1 -1 3
= 4T - 1(}@)1]/{, (81)
= I - (42<M1 (82)
bxd 4
= P=P (83)
uy

the orthogonal conplement projector onto the 1(4 vector. Using Eq. (80) in
Egq. (41)

<= " = Gw'® = x(i)F (84)
or
<&My = ) - x(or |
= i (85)
where
P =1><1 {86)
4
Thus if one is given the three difference vectors one can solve for the
x(i) up to the component lost along 1(4 .

For the (N+1)xN case it is obvious that N+1)1 lies in the null-space of U,
that is

<<ﬁ+1)1 U= <§@o (87}

(N+1)xN

or in open-form

10 0
1 -1
(1, 1, 1. . .) o 1 = <0 (88)
G 0
. -1
* " 1
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The rank of U satisfies

pU = pU) =N
{(N+1)N NxN

since by Eq. (55) it is invertible.

Hence Eq. (81) can be generalized to

UU* = I - 1{N+1 ZSNHl)l
(N+1)(N+1)  (N+1)(N+1) N+1

-t
£y

e =P

or

By Eq. (74) and (76)
"o = AR~ !
NxN

=vlay
C

or structure wise

The inverse of a companion matrix is given by Brand reference (1) as, for

w” = vty "t
= Uv”lAEIVUT
= pea~ it
example,
c 1 o o\ ! ¢/
c 0 1 0 = 1
o 0o 0 1 0
-d ~-C -b -a 0
and
det (A0 -an =AY+ A3 1At 4.
d a d

d

A+

(=M e

-b/d
0
1
0

=a/d
o
0
1

-1/4
0
0
]

(89)

(903

(91)

(92)

(93)
(94)

(95)

(96)

(e7)

In conjunction with these hints of structural approaches one should consider

the Lancos-Decomposition of U as

Z T
U = UE AG Vg

(N+1)=N (N+1)xN (NxN) (NxN)

where

T T
g U, =T=V,V
272 Nxi 22
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then

Ty . T _ -1
UT0 = VAV, = BAB (100)
or in terms of the unit magnitude eigenvector matrix

T, _ 2,T _ T
Uy = VRAOVR = Bua’\Bu (101)

where

1
— A2
Ay = A (102)

and positive square-roots are taken, hence

VQ = Bu (103)
We have also
ol = vgﬂévg (104)
(N+1) (N+1)
and
T % _ T.-2.T
(UU7)" = VA“V, (105)
and an alternate expression for U of Eq. (42) is
v o= ot wuly” (106)

N{N+1) —Nx(N+1) (N+1) (N+1)

Further structural properties can be developed but will not be pursued further
here.

The outer-Grammian matrix for the 4 x 4 case of Eq. (106) is

T 1 -1 ) 0

U = -1 2 -1 0 (107)
dxt G -1 2 -1
0 0 -1 1

Finally by Eq. (55) in the general case of Egq. (42)
-IUT

N

U o= (UTU)

{108)
N{N+1)
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we have

N N-1
N-1  2(N-1)
N N-2  2(N-2)
v o= 1 N-3  2(N-3)
Nx(N+1) N+1 .
1.
1 1 o o
6 -1 1 o . ..
0 0 -1 1 0. ..
0 0 0 -1 1 0.
0 -1
0
-N 1 1
-{N~-1) -(N-1) 2
= 1 -(N-2)  -(N-2)  -(N-2)
N+1 ~(N-3) -(N-3) -(N-3)
and
My -1
Ea -1 N
woo= 1 -1 -1
(N+1) (F+1) (H+1) -1 -]
-1
=_1 [T - D
(N+1)

N-2
2(N-2)
3(N-2}
3(N-3)

N-3 .
2(N-3)
3(N-3)
4(N-3)

(109)

(110)

(111)

Strong in reference (82 gives the LDU decomposition of the finite difference

matrix as

2 -1 0
~1 2 -1
0 -1 2

0

-1

0 -1 2

359




2 1 -1/2
3/2 1 ~2/3
4/3 1
ntl 1n
n n
- J
H]
with det = 2 (g)(&). . . (ntl) = n+1 product of pivots
2/\3 n

c. All Combinations of First Differences

This portion and the portion on weighted differences is added as a generalization

but will not be used extensively in this report. In many applications such as
taking first differences of radar measurement vectors from n-stations, or

sight-line measurement vectors from optical instruments, etc., one finds need
for such analytics,

Consider a "dyadic product on a differencing relation".

- r N

i) T SR
X ' Ax Ax
1 _ 10 11
(:) (XO, Ris Ky oo XN) = (112)
% .
.2 -
; Mo Dy
N - o
where =
X, - X, ifn
Ax.n = (113)
* 0 i=n

There are (N+1)2 elements in the matrix of Eq. (112), eliminating the N+1
diagonal zero elements and using the symmetry

Ax, = -Ax
in 11

we have

(N+1)? - (N+1) = (N+1)[N+1 =~ 1] = N(N+1) = M (114)

Z z =

For example for N+1 = 4

M=403) =6 (115)

2
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or six differences of the 4 variables. The difference matrix yields

4 -1 -1 0 0 0

(x., X, X,, X} 1 0 0 -1 -1 0
¢r 71?27 73 6 1 o0 1 0 -1
6 o 1 o 1 1

= (Bxgy, Bxgo, Axgq, Axy,, B4, 8x)4)

The inner-grammian is

&
5
&

w? = —i -:i :1 j =41 - DA

-1 -1 -1 3

or

By Eq. (118) we see that U has rank equal P or

T ~
p(U) = p(UU") = pP = 3
4x6 4x4

The psuedo inverse of Egq. {(118) is

T . X
) =%P

AL
riy

(UH
since

avhy " = o ) = B

and
U:.‘ - UT (UUT) rty
6xdh
U= oty Bey ot
oxd Lzt
gince
0’8 =yl

and by Eq. (118) in Eq. (125)

i =P =1 - 141
bx4 4
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(116)

(117)

(118)

(119)

(120)

(121}

(122)

(123)

(124)

(125)

(126)



The outer-projector is by Eq. (122)

wta
Ciy

U = vty (127)
6x4 46

and by Eq. (121)

T

vu=u B u=ula- <X (128)
6x6 6xb Lxh 4x6 G

or a congruent transformation on the inner-projector.

As an example of what some of these matrices look like, the outer Grammian is

2 1 1 -1 -1 0
T 1 2 1 1 0 -1
Uy = 1 1 2 0 1 1 (129)
bx4 4x6 -1 1 0 2 1 -1
-1 0 1 +1 2 1
0 -1 1 -1 1 2
The psuedo inverse is
-1 1 0 0]
2 -1 0 10
u =% -1 0 ¢ 1l (130)
0 -1 1 0
0 -1 0 1
0 ¢ -1 1
and the outer projector is
2 1 1 -1 -1 0]
% 1 2 1 1 0 -1
Uu-= 1 1 2 0 1 1 (131)
6x6 -1 i 0 2 1 -1
-1 0 1 1 2 1
0 ~1 1 -1 1 2
1f the X of Eq. (116} are three dimensional row vectors, then
B)x, <{3)x, B)x, <Bx) U= B (132)
1 2 3 4  12x18 1x18
where the 12 x 18 matrix is
-1 -1 -1 0 0 0
U = I 0 0 -I -1 0 (133}
12x18 0 I 0 I 0 -1
0 0 I 0 I I
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and the entries are 3 x 3. The corresponding outer-projector becomes

21 I I ~I -I 0

N I 21 I I o -I
vy = I I 21 o I I
18x18 -1 1 0 21 I -I
-1 0o I I 21 I

o -T I -I 1 21

By inspection it can be seen that U of Eq. (116) has full rank factors.

-1 0 G 1 1 1 0 0 0
U = 1 -1 0 0 1 1 1 1 1]
4x6 0 1 -1 0 0 1 0 1 1
0 1
4 x 3 3x6

Express U in terms of the full rank factor and

U=4A B = A B
4xb 4x3 3x6 4x3 3x6

and the psuedo inverse is the commuted product of the psuedo inverse or
U?‘\‘ - B‘n‘ A‘}\
6x4  6x3 3x4

and the two associated projectors are

Uy = ABB A = AA”

bxdy

il

since

BE = A A = I
3x3

and the commute of Eg. (138) is
U‘)\‘U - B?\'B
6x6

Since the matrix A of Eq. (138) is Eq. (23), by Eq. (111)

w o=1-1D>4=%

hdgh 11
The 6 x 6 projector is given by Eq. (140) and the B matrix is
B" = B’ (BBY) !
6x3
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(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)



where

T 3 2 1
EB = 2 4 2 {(143)
3x3 1 2 3
i 8 -4 0
(BBT) e 1 -4 8 -4 (144)
16 0 -4 2

-4 0

(145)

[
mp“

&
0
8 -4
4
4
and the projector of Eq. (140) is

4

/-"'_"'-\\

I
T S

1
B SR
& =]
S

(146)

I—lll—l
[sa

/l-"._"‘-\-\
R S o]
oo

1
£
R

8
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One can obtain the eigeuvalues, eigeuvectors and vandermonde matrices associated
with the full rank matrix of Eq. (143) as was done with the matrix of Eq. (59)
to obtain more structure; but it will not be pursued further here,

One interesting representation of the rank N+l projector of Eq. (111) is

oux = fwlr—l ]EN+1) nal o1 (147)
(N+1) (N+1) L i

- (—L) ?_N Ve - /1! (148)

N+1 5 Il

N 7€ - L1

e _ .

(L8 - L

where
/1 =@+1) L= (1,1, ... 1 (149)
(1) x1

It can be shown, though it will not be derived here that Eq. (128) generalizes
to maximum combinations of Eq. (114) where

y = NOHD
2
that
v = 0t (-1 (B0 1) U @) (150)
MxM MN NxN N NxM

The applications of some of these matrices to obtain position solutions by

minimizing the sums of the squares of the magnitudes of all combinations of
first differences is given in ref (93,

d. Weighted Difference — Matrices

Consider next the weighted differences of Eq. (21) (with the index shifted to

1, 2, ... n), that is
(xl, Xy Xys veo xn) a4 0 0 .o #]
Wop “W,s 0 4
0 wgy Wy,
¢ 0 w43 .
L] * 0
: M-1, M-1
o 0 0 Vi, el
Mx (M1 )
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- D e, (151)

where

\3%1) Axw = (w21x2—wllxl, WapKaWanKpy «ro WMXN—WN_IXN_l) (152)

S

as an example one can obtain divided differences if

Wy = Wpp T L/by
(153)
ool T Y1, el T Py
and Eq. (152) becomes
: X=X Ko —X X —-X
\\ﬂ:}) px | = i L i 2 *%_uﬂil (154)
1 2 n-1
Consider the minimum set (4x3) case for the special constraint as shown
below, that is
Y1 T Va2
Y32 7 Y33
(Xl, Xys Xg, X4) -, 0 0 i =<f§) xUW = \;23 Ax (155)
W —, 0
0 w3 —w3
i_ 0 0 w4 ]
The 4x3 weighted difference matrix can be written as
U, = ¥ U (156)
4x3 Gyl 4%3
where
— —
W = wl 0 0 0 {157)
Lydy Q W, 0 0
0 0 Wa 0
0 0 0 wai
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Y

and the psuedo-inverse is

ux=@  uytyl
w w W W
3xch 3x3

and
Us=UC' (@ U )
w w w W

4xh
The inner~Grammian of Eq.

Yo

!_Wl
U T U = i Q -w
W w 5 2

]

j_ 0

|
! 0

One can obtain the inverse, eigheuvalues, eigeuvectors, companio

for the full rank case of Eq. (157) for different conditions on

(156) is
0

Y3

-

3

however, it will not be done here.

The 4x4 outer Grammian is

vut=wwly
wow
hxd
and by Eq. (107)
Sk
uu =W o=l
| 0
_ G
2
Wy
T _ H]
UWUW = 1:-WlW2
% 0
; 0
L

-1

-1

0 é ?:Wl 0
| i
o i ! W, -W
W4§ 0 W
0 0
L
0
2 2
3 3 E
2 2
W3 + W4E

|l i
=

—~W.W

2°3

2w

—W. W
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(158)

(159)

(160)

atrix etc.

(161)

(162)

(163)



Consider next the maximum combinations of four things, or the 4x6 case, one
has

) x U <:§ &x (164)

where

u = W U (165)
4xb x4 4x6

Using the full rank 3 factors for U of Eq. (135)

UW=WAB=AWB (166)
4x6 hx44x33%6 4x3 3x6

U % = B&A * (167}
W W
Gxb
and
UU %= AA%* (168)
WoW Wow
bxh 4x3
where
W U = A =1 (169)
W W

4xd Ax3 4x3

is given by Eq. (156) and

T -2 T
* o=
Uwf (UW UW) UW (170)
3x4 3x3
hence one needs to invert Eq. (160) to obtain UW*.
The elements of the matrix of Eq. (165) are
wl G 0 0 -1 ~1 -1 0 0 0
UW = v, 0 0 -1 -1 0 (171)
0 Wy 0 0 1 0 -1
0 0 w 0 0 1 0 1 1

or
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Uw = -y =W W,
Y2
0 Wy
0 Wy

Corresponding to the difference relations

(xl X, Xq Xé) W, W
. 0
8] w3
0 0

= (wzxz-wlxl, WaXg~W Xy, WK, "W Ky WX =WoXo,,

WX, WX w4x4—w3x3).

The Iinner-Grammian is

“3 -
T 2
Uw Uw = WlWZ 3W2 —W2W3
4xt . — 3 2
3¥1 TY3¥ Wa
‘“Wllwl —W4W2 _W[;.WB
T
= WU W= 4w2—§><ﬁ
bxb
and by Eq. (118)

B
Uy = W\f(l -1 (4>4@) 1_ W

The ocuter Grammian is

UT U =
woOwW
6xb
_ 2 2 2
= Wl + w2 Wl
2 2 2
Wl Wl + w3
W2 2
1 1 w

369

—W., W

174

-“W,W

274

W, W

374

3w

(WL L S

—~W

b D2

-W

=Bl N R R RN

(172)

(173)

(174)

(175)

(176)

(177}



I 2 2 0 w2 N 2 WZ _WS
My Wy 2 T Vs 2 3
2 2 2 2 2 2
—w2 0 w4 w2 w2 + W4 WA
2 2 2 2 2 2
0 ~w3 w4 —w3 w4 w3 + w4

=v, v, 0 -, W, 0
0 W, LA 0 - W 0
- ,.0 0 Wy WA‘
= w2 W W —w2 W W 0 )
1 12 72 273
0 —W;—WZWB —W2W3—W§ W3w4 {(178)

e. Kth Forward Differences From Back of Span to Front

The following considerations of first, second, third, and kth differences will
be restricted to unweighted and only the minimum set of differences (not all

combinations of differences). TFor example, consider the five point span of
data or variables as column vectors.

P 5@ o\ -1 1 0 o o] yxa, 0
A RN YU RPN olf x@, » (179)
S T 0 o -1 1 off x4,
2 % G, 9 0 0 0 -1 10 x@, 3)
B — \x(i, &
ar
1. T .
AT x (D)4 =1 x (1) (5 (180}
:> 45 :>>
The second difference wvector is
a2 %G, O\ -1 1 0 o|/al w1, 0
22 xi, Dl=to -1 1 olf At x(1, 1) (181)
2 x, ) o 0 -z 1|\ al k1, 2
Al 2, 3
or
A% x(i) (§:> = vt vt k) (5 (1829

3x4  4%5
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where the distinction in the difference matrices is indicated by the size.
The matrix product of Eg. (182} is

22k, ON |1 =2 1 0 ol lxe, 0
A, Do 1 -2 1 ollxa, 1 (183)
Az x€i, 2) 0 o0 1 -2 l" x(i, 2}
T lx(d, 3)
x(i, 4)]
The third difference yveilds
A x, 0)) = 1211 o] /4% xd, 0) (184)
A% x(i, 1) Lo -1 1) | a%x¢, D
ﬁz x{(i, 2)
or in terms of the x{i)
(a3 (i, 0)) - l-1 3 3 1 o0 x(i, 0) (185)
A x(i, 1) 0 -1 3 -3 1 %1, 1)
x{i, 2)
x{i, 3)
x(i, 4)
The fourth and final difference is
2% x(, 0) = (-1, 1)(&3 x(i, 0)) (186)
2w, 1)
or
A% x(1, 0) = (1, -4, 6, <4, 1) /x(i, 0) (187)
x{i, 1)
x(i, 2)
x{i, 3)
x(i, 4)

Packaging the previous equations at the initial part n=0, and
s x@, 0) = x@1, 0 (188)

we obtain
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RO
Reéb:
A
A(3)
RO

x(d,
%(i,
x(1i,
x(i,

x(i,

0)
0)
0)
0)
0)

1 0 0 ol sx(, 0)

-1 1 0 0 ¢ x(i, 1)
=1 -2 1 0 O x(i, 2) _ (189)

-1 3 =3 1 0 x(i, 3)

1 =4 6 -4 1 x(i, 4)

Observe that the matrix of Eq. (189) is the transpose of the inverse of the
binomial matrix of Eq. {(35) appendix (A), or

Ax (4, 0)(}); = 57 x(i)€§> : (190)

where the vector of Fq. (189) is the discrete-analog of the continuous state

vector of Eq.

fx(i, 0)
| ax(d, 0)
&(Z)X(i,

!ﬂ(3)x(i,

| a®yii, o)

x(i, 0)

Ax(i, O)
a(z)

ﬂ(M)X

x{i, 0)

(i, 0

Multiply Eq. (190)

x(1) (5>

or

x(i, 0
x(i, 1)
x{i, 2)
x{i, 3)
x(i, 4)

BT

() sec () that is

x(t) |
x(t)
x(t)
x (t)
X(é)(t)
It is obvious that the nth discrete difference package is
x(i,0)
=37/ x4, 1) (191)
x(i, M)
by BT, hence
Ax(di, 0) ( A9 (192)
6 0 0 0] sx(i, 0)
1 0 0 0 Ax{i, 0)
> 1 0 0 s P, o (193)
3 3 1 0 3(3)x(i, 0)
&6 4 1| \a®Wxa, o
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An extension of the vectors of Figure (1) yields the second differences geometry

Figure (2) Second Forward Difference Vectors that is

a&(z)(i, n) = m}(l)(i, ntil) ~- ﬂ}_c(]')(i, n) (194)
One can construct similar geometry for the higher differences,

If we package Eq. (179), Eq. (181), Eq. (184) and Eq. {(187) as a row of column
vectors, we obtain .

: _
x(i, 0)  a'x(i, 00 a’x@i, 0)  A%x(i, 0y  atxq, 0)l
x(i, 1) a'x(i, 1) A%, 1) A%, 1) 0
x(i, 2)  A'x@, 2y a%x@i, 2) 0 0
%(1, 3)  A'x(i, 3) 0 0 0
x(1i, 4) 0 0 ¢} 0
Taa — . _i aminm
= Ix(%}) ,Ux>, U T x(ii>>, U U U x(i£> , U U U U x(£E>
Lx 5 3x44x5 2x33x44%5 1x22x33x44%5
0 0 ' 0 0 (195)
0 0 0
0 0
L 0

N

Note that the first row vector of Eq. (195) is the transpose of the discrete
state vector of Eq. (188).

Returning to Eq. {188), if the fourth difference vector is zero for all i, that
is

" >

p%i, 0) S0 = (1, 4, 6, -4, 1) x(i) é§> (196)
for ¥1 =0, 1, 2, ...

or
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x(i, 4) = (=1, 4, -6, 4) /x(i, 0)\& cxw (>
x{i, 1)
x(i, 2)
x(i, 3)
Using the dependence relation of Eq. (197) we obtain
x(i, 0) T ={i, 0)
x(i, 1) \=[4x4 z(i, 1) } = F_ x(i) (§>
x(i, 2) <z) c x(i, 2) 5°4
x(i, 3) 5x4 x(i, 3) X
x(i, 4)
Using Eq. (198) in Eq. (188)
x(i, ©
Ax(i, 0)
2 .. _ -T ,
ﬁ3x(1, 0} = B Fc x (1) (§>
Ax(i, 0)
&qx(i, )]
where
1 0 0 0
- -1 1 0 0
B Fc = 1 -2 1 0
5x5 5x4 |-1 3 -3 0
0 0 0 0

hence for
that is

x(i,
Alx(i,
&Zx(i,
&3x(i,

or

Ax (1)

The genera

the condition of Eq., (193), we need only consider the 4x4 case,

0) x(i, 0)
o) \ =38" x(i, 1)
0) bk x(i, 2)
0) x(i, 3)

@>, =87 x(1) (>

4xh

(197)

(198)

(199)

(200)

(201)

(202)

1 connection of Eq. (13) between successive spang for the 5x5 case is
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x(i+1, O x(i, 0)

x(it+l, 1) x(i, 1)
x(i+l, 2)|= S x(i, 2) +e§5 x(itl, 4) . (203)
x(i+l, 3)] U° x(i, 3)
x(i+1, 4) x(i, 4)

By Eq. (197) we have for i+l

x(i+l, 4) = (-1, 4, -6, 4) / x(i+l, Q) \ = e x(i+1) (4 (204)
x(i+l, 1) <<j :>
z(i+1, 2)
x(i+l, 3)

Eq. (204) can be rewritten as

©, <1, 4, -6, &) x(i) (} (205)

@: x(i) (5>

Using Eq. (205) in Eq. (203)

x(i+l, 4)

i

RG> =5 xDE>  + e (}5 {) e x(1) (5> (206)
_ [%uo + @ {§>5 <§é ;] x(1) (§>> (207)
or
0 1 0 0 0]

o 0o 1 0 0
x(+D>»={0 0o 0 1 0 x(i)§§> (208)

o o o o0 1

0 -1 4 -6 4

which is clearly singular. The full rank transition matrix can be obtained
from Eq. (197) where

x(it+1, 3) = x(i, 4) = (=1, &, -6, 4) /x(i, 0) (209)
x(i, 1)
x(i, 2)
x(i, 3)
and
x(i+1, 0) o 1 o0 o0l /x(, 0)
x(i+1, 1)Y= 06 0 1 0 x{1, 1) (210)
x(i+1, 2) o 0 0 1 x(i, 2)
x(i+1l, 3) -1 4 -6 4 x(i, 3)
or
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% (i+1) §§> = o x(i) (§> (211)

Note that

-
5 0o 0 1 0]
o, = 0 0 0 1] (212)
1 4 -6 4]
-4 15 -20 10|
i

we can obtain a transition matrix on the discreet states by Eq. {(199) (for the
assumptions of Eq. (197)) as

x(i, 0) 1 0 0 0
px(i, 0) Y= 1-1 1 0 0 x (1> (213)
£2x(1, 0) 1 -2 1 ¢
A%, 0) -1 03 -3 1
and
x(it+l, 0) -
Ax(i+1, 0) \= B x(i+l)(€> (214)
A2x (i1, 0y ) “%4
ﬂgx(i+l, 0

Using Eq. (210) and the inverse of Eq. (213) in Eq. (214)

&x(i+l)(%>é - 3 BT ax(i)(‘z).S (215)
= @aaéx(i)(§>é (216)
whetre
- T T
¢, =B ¢ B (217)

or in open form the transition-matrix is

1 1 0 0
&, =40 1 1 0 (218)

hd o o 1 1

o o 0 1

and

) 1 2 1 o
o, =|0 1 2 1 (219)

o 0o 1 2

0O o 0 1
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Discrete Differences of the Fitting Functions

When the variables x(i, n) are expressed in the form

x(i, n) = f£(i, n)§> (220)
One obtains for example
x()G> = U ‘}(i, 0y | a (221)
:> F(1, 1) :>
£, 2)
%(i, n) _
or
Ux(1)> = | £¢i, 1) -~ £(di, 0) a _ (222)
;:> £(i, 2) - £(i, 1) >
£(i, p+l) - £(4i, n)
£(i, n) - £(i, n~1)

ete for higher differences.

The general terms by Egq. {(201) for Forward Differences

x(i, 0) x(i, 0)

Aé}; = Azx(i, ) . x(i, 2) - 37" x(i)(N+;> (223)
A"k (1, 0) x(i, n)
2V (i, 0) x(i, N)

or
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x(i, 0) ﬁg)cqf 0 \ [ x¢i, 0)]

Ax(i, 0) (é)(—xf, (i)(-l), 0 x(i, 1)

A1, 0)| = (g)(-go, (:%)(—l), @)(—1)2 , 0 . (224)

. 2 .

8, 0 \(ﬂ)(—l)o, W .G () —1“/. x(1, N)

and by Eq. 62 appendix (A) the general term is :
it : .

ax™(i, 0) = éé% D Q) =, (225)
also

x(;E> = g7 B (i)> (226)
and the general term is

x(1, W=x(, O+nax(i, 0+ 22D 2eci o)+ L. (i, 0) (227)

. _ o omy Lk |
x(i, n) = 2: (k) AYx(di, 0) _ (228)
k=0 .

By Eq. (53) appendix (B)

FB - s, CE (229)

2 T '

B=F "8 ¢y (230)

gl = o' s;l ¥ ‘ (231)

g™ = s;T cgl (232)
and using Eq. (232) in Eq. (223)

sx(t, 00D, = kst ot = (D) D> (233)

Consider the following example where the matrices are 4x4, and the polynomial is
of degree 3

, 2 3
x(i, n) = (1, n, n7, n7) T (1) Tu(s)n(ho)§> ©(234)

or
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& TW, 8, h) & |
4) noa” (4 (235)
< P

and for 4 peints

x{i, n)

(i, n)

| 1 o 0 o
“ Z [
x(D)P= |1 1 Lo SO ¢, a© (236)
1 2 2% 2 bt
1 3 3% 33

Using Eq. (236) in Egq. (233)

. 4 T -2 i
PICREOTOTIEES N . Cp 2> (237)
-T ¢
=¥ SB a > (238)
where
o 1 1 o o o
§s, =B Cc, =40 1 1 1 (239)
o o 2 6]
0 0 0 6
If the discrete states are desired at i+n, then by Eg. {(224)
r Tr i _
I ox(itn, 0) ¢ i=x(i, n) x(i+n, 0) !
! H — 1
alxim, 0 = [atx@, W =BT [xGm, (240)
: 1 i
= L\zx(i, n) | x{itn, 2}
i - - Ilﬁl » "
N ' N N :
| & x{itn, 0) Ax(i, n)l x(i+n, N}
and the nth term of Eq. (240) is
n 2 n i
At x(3, n)y = (3) (-1) Xine (241)
k=0
f. Kth Backward Differences From Front of Span to Back
A number of authors use the notation and distinction between the forward-
difference operator
A = f . - f (242)

and the backward-difference operator
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for V¥ read "Nabla" and A read "Delta'.

(243)

If we consider the linear convolved equation of Eq. (30) where the real-time
point x(i, N) is at the top of the span, we obtain

"Vx(i, N) B 1 =1 0 ereenns T !‘x(i, N)
vx(i, N-1): = 10 I -1 o0 x(1i, N-1) (244)
Vx{i, n)
. . . x{(i, 1}
vx(i, 0) 0 1 -1 x(i, 0)
— | — . - -
. N x(3+1)
1 -1 0 . 0
(o 1 -1 0 = U, = U (245)
0 R -1
The matrix Ub generates different transition matrices, etec.
Consider now the front-~to-back-span of Eq. (1) but with the span front time
point at the top, that is
£(1) HL> = /x(2, 0) (246)
x{%, -1}
x(%, =-2)
X(R') _N)
and the backward differencing operator of Eq. (245) operating on Eq. (246)
transposed
@1) x(2) U, =@) Vx (L) (247)
where for the 4 point case the column vectors are
Vx{2-0) 1 -1 0 a x(2-0)
Vx(e-1) = 0 1 -1 0 x(2-1) (248)
Vx(2-2) 0 0 1 -1 x(8-2)
x{2~3)

The second backward differences are
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(?Zx(Q—O) = |1 -1 o] /vx@-0) | (249)
72 (2-1) o 1 -1 [vwo-D»
Va(i-2)

or by Egq. (248} in Eq. (249)

(sz(R—O)) = 11 -2 1 0 ¥ (£~0) | {250)
vy (4-1) lo 1 -2 1 x (2-1)
x{1-2)
x(2-3)
The third backward difference is
P (2-0) = (1, -3, 3, -1) x(8) (> (251)
Packaging the "discrete states™
- N
vk (4-0) 1 0 0 01 x(2-10)
vx-0) Y= 11 -1 o o x(2-1) (252)
V% (2-10) 1 -2 1 o x(2=2)
v x (2-10) ! 1 -3 3 1 %(2=3)

which is the transpose of the Rutishauser matrix of Eq. (76) appendix (A).
hence the general case is

V% () (N%i>s = RY x(1) (1> (253)

Since by Eq. (¢4, appendix (A) the Rutishauser matrix is its own inverse

) . \
x(4) (D> =R Vx(8) (N+§>S (254)
If x{(2, j} is a third degree polynomial then by Eq. (196)
£
v x(1-0) = 0 = (1, -4, 6, -4, 1) /x(2-0) (255)
x{2-1)
x(L~2)
x(8~3)
for all &.

Successive spans of 4 data points are connected via

% (44+1-0) x(2+1) 0 0 0 0O} /x(s-0) 1

x(e+1-1) V= { x(2) =[1 0 0 0 x(2=1) } + €5 x(9+1) (256}
®x{(4+1-2) x{g-1) 0 1 0 O x(g-2)

x(g+1-3) x(2-2) 0 o0 1 0 x{g-3)

—1
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If we advance Eq. (255) one step to 9+1, we have

VY (L, 0) = 0 = (1, -4, 6, -4, 1) /x(8+1-0)

x(8+1-1)
w(+1-2)
x {(A+1-3)
or
x(2#+1) = (4, -6, 4, -1) /x(3-0)
(x(£—1)>
x{2-2)
Using Eq. (258) in Eq. (256)
x{(+1) 4 -6 4 -1 x{2-0)
x(2-0) V= |1 0 0 0 x(2-1)
x{2-1) 0 1 0 0 x(£=2)
x{2-2) 0 0 1 0 x(8-3)

or

x(241) (5> = g, D (E)>

The discrete-state relation of Eq. (253) holds for the (2+1)th span, hence

Vx(£+lz>é - x(141)>
and by Eq. (259) and (254)

T T
vX(m+12>é =R e . R Vx(£2>§

or
Vx(2+lz>g = 0,y TR,
where
T T
vi =R CDxxb R
or
101 1 1
o = fo 1 1 1
vV o o 1 1
o o 0 1
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(258)

(259)

(260)

(261)

(262)

(263)

(264)

(265)



1t is of interest to observe that one can also obtain the transition matrices
in a different way. For example at %+1, we have

x{8+1,
x {1,
x (241,
x{8+1,

0)
-2)
-3)

WL Tu(£+l)Tu(B)D(ho)a:>

x(H) (B> = IT ()T ()T, (B)D(ho)a>

and at % we

have

x(2) (5> = IT ()T (8)D(ho)a>

or

a1 (B> = T (T (B)D(ho)a>

or using Eq.

x(4+1)

or

CD =

zxb

The relationships between the states and the variables over the span can be
packaged for all the forward difference case via Eq. (213)

x(i, 0) x(i+1, 0) ... x (N, 0)

ax(i, 0) Ax{i+l, 0 ... ax{i+N, 0)

Mx(i, 00 A%x@rl, 0) ... A’x(i+N, 0)

i, 0), A+, 0) ... kG, 0)

” Tx(i, 00 x@+l, 0) ...  x(iHN, 0)

= B x(i, 1) x(i+1, 1) =z (14N, 1)
x(i, 2) x(i+1l, 2) x (i, 2)
x(i, N) x(i+1, N) - x(i+9, N}

(269) in Eq. (266)

&> =rm Thxw

rpr-L

——

A similar relation holds for Eq. (261) connected via RT.
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(267)

(268)

(269)

(270)

(271}

(272)



g. Discrete Differencing of Newton Polynomials

The row vector of x{(i, n) given by Eg. {(235) is

x(i, 0), x(i, 1) %(i, 2) ... x(i, 0) ... x(i, N) = <(§+1) x(1)

or for d=N (the polynomial degree)

<:ﬁ+l) x(i) = <<ﬁ+1) a® [n)b . d>1 s ﬁ>§ ; - @)n
=& 1 1 1 1
0 1 2 3 n n+1
1 22 3% 2 (e)?
22 33 R )’
A S N T
o 1 2 N N ¥

operating an Eg. (274) with U

& (U = GWi@ = & CE U

where Cg is given by Eq. (51) appendix (B), and is

The matrix product of Eq. (275) is

Nu=[1 1 1 1 ... 1 1
0 1 2 n o (n+l) N
2% 32 n2  (nt1)? N
o 1 N S o )Y N
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(274)

(275)

(276)
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=11 11 11 . 1-1 e ] (277)
1 2.1 3-2 . ntl-n
221 327 L (@)’ )
. 231
. o1 . . .
. Moy Y @ L

The transformation to the backward factorial functions of Eq. (44) appendix (B) is

n(f}) ] l_IlO ~|

n(l) nl .

NE) . s, 02 : (278)

n(n) nn

n(N) -nN
or

o§ ):> =5, > (279
or

-l ()
D, =Sy om0 (280

Using Eq. (280) in Eq. (235) transposed

i, w - G = &t 2l - el (281)
where
e= & Sgl (282)
Using Eq. (281) in the row-vector of Eq. (274)
) = g [l %)b , nf E>1 , n¢ }>2 . ot %>h . n! é}N] (283)

or in open form

(x(i, 0), x(i, 1), x(i, 2), ... x(i, n) ..

385

.ox{i, N)



NN RN RONERNG (O
CPRENGO RN €D 2D ey (D y (D
G lo® 1@ L0 WDy @ e
0(N) l(N) 5 (M) n(N) (n+1) (N} N(N)
By Eq. (29) appendix (B), we have
Gy = & s
where S( ) is the matrix of backward factorial functions.
The first difference of Eq. (283) is
G = g s() g
The matrix product is
[0 _ 1 (0)  ,(0) _ [ (O) (1) (0 _ (O
sy Sl o1 @ @ @ M
(N+1) (N41) (1) =N 0 2(2) ~ 0
0
(1) @ - @
. . (n+l)(n) -
0 0 8]
L
We can write Eq. (286) as
2V Gy = aW&@ = &
- G 2@ 5O
where the columns are
WD SO L O Oy WO M O]
The nth alement of the nth column of Eq. (217) or Eq. (290) is

A @ ) @) @D

or the i—jth element is

3806

(284)

(285)

(286)

(287)

(288)

(289>

{290}

(291)




A ) Ly @ L@

(3-13

i =i i

which is the discreet analog of

i .
de” L. -1
ac -t

The first difference of the ith colunm vector as shown in Eq.

written as

— — Pt

1 €0 0 o

1 (D 1

1$2 01 (D 0
LOL® L | w@ L,

L@ | ] a6

1 PAGRELD B P

or

DO Ly O

which is the discreet analog of Eq.

EE —Vt>
we thus have

@) ¢ )E; - o’ ¢ ):>

RONI G TP

REIIA SECERIEIN

using Eq. (297) in the Newton polynomial expression of Eq.

0 0 0 ... 0 ;]
0 0 0 o 1D
2 0 0 o 1@
0 3 0 o 13
wo M
(N+1) x (N+1) *

{21} section (4)

the discreet states as a column vector

387

(287) can be

(292)

(293)

(294)

(295)

(296)

(297)

(281) and packaging



x{i, n) :<é i( )
ﬂ(l)x(i’ ) @ A (€ )>
&(Z)X(i’ n) - <é é(Z) ( );>
ﬁ(B)x(i, n) <§ &(3)1( ):>
&(N)X(i, n) <é A(N)l( )
- - J
i(é -
&V
Ax (i, n£>g = <§(VT)2 i € ?>>
<§(VT)3
u<§(VT)NJ
’(i( >
<§( Yy
bz(1, n)>, = <§( )y? 2>
<§( )V3
4_( )VN

The forward difference state vector is given by Eq. (223) as

8> = BT x(4) (N+>
By Eq. (36) appendix (B) we have
gt = [s( )] -T

or Eq. (302) in Eq. (301) yields

ax (1, nX)b = F [s( )]_‘T x (1) (N+€:>

Transposing Eq.

x(1)>

(285)

- g( )T €>

and Eq. (304) in Eq. (303) vields
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(299)

(300)

(301)

(302)

(303)

(304)



ax(d, ni)s = F é}
Using the transpose of Egq. (282) in Ec. (303)
"y _ T
(i, FS.T a >
- where
i T 2.
a >> —.Eu(l)Tu(B)D(ho)€>
Using Tq. (307) in Eg. (306)
Asc (i, n)_>s

Update to i+l

FS;T Tu(i)Tu(B)D(ho)§:>

tx(i+l, ni}g = FS;TTu(l)TU(i)Tu(B)D(ho)%>>
By Eq. (308)
SE 1 Ax(d, ni}g = Tu(i)Tu(B)D(ho)%>

and using Eg. (310) in Eq. (309)
NPT I S
Swlisl, h£>5 = be B(I)Sb F Ax(d, n:>s

sy the state transition matrix

pinyst rt

; i+l, i) = FS
@, (i+l, i) 5 5

Many other relations can be obtained but will not be pursued further here.

{305)
(306)
(307)
(308)
(309)
(310}
(311)

(312}

One

can consider the analog between the continuous monomial base and the discrete

ewton base' for computational efficiency.

L
£
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Section 7

=TT T
I R R )

ES AND INTEZRFCLATIN

vy

2. Larange

Consider a polynomial in Time

T(t) = {% a}

and the ntl equl distance poinits on the

Defire the polynomizl a
1

y(x) = mlt-t,)

. i)
1=

Cor
ity = {i-t (-t ){t-t.). .
o 1 2
Consider next the ntl polynomials
¢ (1) = t-t_ = (-t_,1) I3
a a o 5
e
Z
vl(_) = (‘t-—* )(L“T'l) o
= {i_LO, , 1)
/(L) = (-t )(t—tl)(t—tz)
W= [ttt tom, + +
= o 17% oL

“

{

3
3

time axis (t_,T,,t
L —=

(=t ) " (3)
_n . .

generated by the. index i, that is

o]
s
o]
e
=

—
o
R




[R—

on

—
¥, = (E)t Tttty
—(totlt2+totlt3+tlt2t3) (9)
totl+tot2+tot3+tlt2+tlt3+t2t3
—(to+tl+t2+t3)
1
where - o
(L,t,80,t0,t ) =<5)t (10)
Define the row-tuple of pelynomials
<%)9{t) = (eb,ei}eb,eé,eh) = (1,wo,wl,w2,w3) {11)
By Eq (#) through Eq (10} we have
(12)

<ﬂii't B =<§E;G‘(t}

where the constant matrix B is the matrix of coordinates of the <§-base
in the meonomial base<fE, and for the 5x5 example case here locks like

&(t)> =8t )
with - —
1
t-t
°© T
(t—to)(t—tl) = B
(t—to)(t—tl)(t—tz)
(t—to)(t—tl)(twtz)(t—ta)
B = — M—
1 -t t T, -ttty
0 1 —(to+tl) (totl+tot2+tlt2)
0 0 1 -(t0+tl+t2)
0 0 0
0 0 0 0

391

(13)

= o(t)(5) (1)

G

2
3
n

|
|

—

Tttt

—(totlt2+totlt3+tot2t3+tlt2t3]

2+ tot 3+'tl‘l‘. 2+‘tl"t 3+‘t:2‘l: 3

—(to+tl+t2+t3)

1

+
‘to‘tl ‘to‘t

(15)



One could take Ty in Eq (15) to be the integers and obtain some

interesting matrix relations.

Observe that the vectors é;) are a base when B is the invertible, that
is by proper selection of the points T Note alsc that the vectors 91
become zero as a function of £t when t = ti; thus they act like a base only
between the ti points.

Define a new set of polynomials
n

gk(t) = 1 (t—t ) (16)
lO
i#k

k=o0,1,2,, » » 1

For example for n=3, these four polynomials are

m
1

(t—tl)(t~t2)(t—t3)
(t~to)(t—t2)(t-t3) (17}
&, = (t—t )(t—t )(t—t )

(t) (t—t )(t—t )(t t, )

H

Clearly these polynomials can be written as

go(t) ’(t to)

gl(t) = (t-tl) W3(t) (18)
gQ(t) (t—tg) =

8, (t) ‘(t -t )

(.
These polyn0m1als evaluated at the t points are different from zero,
that is for distinct t . we have

gk(tk) = (tk—to) . e (tk e )(t tk+l) . . .(tk_tn) 0 (19)
and for the four polynomials

g, lt ) = (x -t ) -t )t -t.)

gl(tl) = (tl to)(tl 2)(tl 3) (20)

gg(t2) = (t2 -t )(t2 l)(t2 3)

gs(tg) = (ts -t )(t3 l)(t3 2

[



e [———

[RE——

Multiplying the terms of Eq (17), the connection between the polynomials

and the monomial base is

i 0 s |
|8t ~tytoty tlt2+t ttt,t, ~(tgtttty) 1 ;1
gl(t) = |-ttty Sty ts ots -(to+ ot 3) 1 §t2 (21)
gQ(t) ~t bty SE T, Ttt 1 3 -(t oty 3) 1 't3
gs(t)‘ -ttty t t1+t tttt, -{t ot 2) 1 £
L o
or - [— R a—
g(0)(u> = Gty (22)
and
e = 67t gy (23)

The inverse G_l is obtained later, Note as before that g(t) forms a
base except at the Ty points, since

g (t) = g gk(tk) £ 0 i=k ()
AR i # K
Mo
Define now a new set of polynomials
iyl
Rk(t) = gk(t) _ T (t—ti) (25)
gk(tk) i=o (tkwti)
i#k
The first fourrgi_these loock like e
2
[ o(t) (i ) 0 0 0 _ go(t),
'gOO
ﬁ(t) 0 1 0 0 gl(t).
gl(tl) i
= (26)
L (t) 0 0 1 0 g.(%)
2 FREN] ?
282
g(t) - 0 0 0 1 g.(t)
3 — 3
gS(tB) P

opr zk(t) looks like
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io(t) = (t-tl)(t—tg)(t—tS)
(to—tl)(to—tQ)(to-t3)
Rl(t) = (t—to)(t-tz)(t—ts)
(tl-to)(tlth)(tl—tS)
22(t) = (t—to)(t—tl)(t—ta)
(tQ—to)(t2~tl)(t2~t3)
RS(t) = (t—to)(t~tl)(t—t2)
(t3-t0)(t8—tl)(t3—t2)
Note that
. | _—i ;—‘ __l
£O( ‘to ) ; 1
Ri(tl) i !l
e it
Eé(tg) 1
or - h C

g, (£ = gt = ('1 i=k

gl \_o 14k

£q (26) can be written as
L)) = DTHg) gl
Using Bq (22) in Eq (28)
vy = 07l g) ¢ W)

also

(e ) o 1CE) D, 2 (e Yy k()P T = T

One can now obtain the derivatives and higher derivativei of the

polynomials of Eq (30) as

ee) ) = 0 g GV t)

i(d-l) o a1 d-1
(t)> =D (gk) & Vt t>
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(27)

(28)

{29)

(30)

(31)

(32)

e



PR

ete,

The rvelation of Eq (30) provides a nice matrixz-theoretic "goadie"
for by Eq (31)

\ 7. oL
Lot ) 5 2t )y 2lr)> 5 altyd p 1= D

gk) GT=1 (33)

where T is the vandermonde matrix

1 1 1
s Ty ) s
T = 2 .2 t2 2 (34)
o 1 2 3
3 3 3 3
s t o t3

or the inverss of the Vandermonde matrix is very loosely constructed to be
by Eq (33}

Tt = D”l(gk) G (35)
Likewise

T = ¢7Dlg) (36)
and

TD_l(gk) - ¢t (37)

Hence the matrix of Eq (23) is easily obtained; the open form for the G
matrizx is given in Eg (21).

Consider now an approximating function
p(t) =<1+l)a E,(t)(n-i-l\- : (38)

wherve the fitting functions 2(tl> are those of Eq (30), then an arbitrary
funation x(t) can be apprczimated by

x(t) = p(t) + xe(t) (39)
or
x(t) =<a (t) ) + x (1) (40)

where Xe(t) is the approximating error. The function evaluated at the ts
points is

PxCe )y wCe) o) =<a /206 Y o n8e )] 4 (g (41)
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or by equation (31) in Eq (41)
<:§}1)x =<a1I+ (%E (u2)

Tf the function values are known at the points ti’ apply the ntl
constralints

Sl = < a (43)
or using Eq {43) in Eq (40)

x(t) =< n+l)x 2(t)(n+l> + x_(t) ()
and by Eq (38)

p(t) =<ntl)x 2 (t)(n+l) (45)

which is called the LaGrange form of the interpolation polynomial.

One can prove a standard theorem which states: Theorem: Given a
real valued function x(t) and n+l distinct points to,tl...tn, there exists

exactly one polynomial of degree &n which interpclates x(t) at to,tl,...tn.

By Eq (18)
v(t) = [(t—to),(t—ti),...(t—tn)] g(t) (46)
m
= % {t-t.)g.(%¥) : (u7)
. L 1.
1=1
By Eq (2)
w(t) = (tmto)(t—tl)...(t—tn) (48)

and the derivative is

¥ = (-t ). (et ) 4 (t=t ) (t=t)ew (-t D0E-t )uwn (et o)
or

v(t) = g () + g, (%) too.g (1) (49)

w(t) = <1 glt))y (50)

If we evaluated the derivative at the ti points by Eg (24) we obtain

396

[ —

o e

e



or

and by Eq (18) in

or

@(t )
o

1

?(tl)

1t

W(tn)

£W(to), w(tl), . .

— y
%(t)

%}t)

% (1)
n

- -

Q

(t)%

1
Ql(t)ﬁ

ﬁn(t)

go(to)

gl(tl)

gn(tn)

il

1
W(to)

C ¥ )] = (gt )eng (1))

Using Eq (S1) in Eq (26) one obtains

|
0 go(t)
1. gl(t)
w(tl)
T & gn(t)
¥t ) -
0 (t-t )"t
Q
1 (t—tl)_l v (1)
w(tl)
1 (t-t )t
0 .
w(tn) | ]
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(54}



7 o —_

go(t) _ v(t)
T(to)(t—to)

Rl(t)

Rn(t) ¥(t)
S ?(tn)(t—tn)

Using Eq (55) in Eq (45), the interpolating polynomial is seen to be

plt) = [x(to), x(tl) .. X(tn

or
n
p(t) =3 =(t;) ¥(t)
i=o W(ti)(t—ti)
By Ea (29)
WD = D7 Hg) gl6))
{rae)=Q o He) gn)) =1
for

(ree) = (7)), g7 g

b, Newton Form of Interpolating Polynomials and Generalized weighted

3]

_1(

tn)

Wit ) (t—t )
8] &)

vt ) (t—t )
T T1

T

¥{t)

¥(t)

_d

lgn(t)

Differences.

Consider some weighted differences of x(i), i=1,2,3,4
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(56)

(57)

{58)

(59)

(60)



[R———

or

[x(o), (1), x(2), x(3)] ;-1 0 0
-1 0 (61)
O -1
1] = [Ax(o), Ax(1), ax{2)]
where R : —

[Ax(o), ax(1), Ax(2)] = [x(1)~-x(0), x(2)=x(1), x(3)-x(2)] (62)

If we now define the generalized weights of Eq (155) sec (6 ) as

(to_tl)_‘:L = h;i - wol
(to*tg)_JL = h;; =,
(to_tS)_l - h;é - woS
(tl'tz)_l - hlé Y A
(tl_tS)_l - hié = Y3
(tz”ta)_l ) h;é = Va3
By Eq (63) the weighted difference matrix is
[x(o),x(l),x(?),x(B)]ﬁ:;;; 0 6_"
Yor Wiy O
0 12 o3
0 © Mo | (64)
- ) xizzfﬁ) : X(ij?)é(Q)j.
1l o 2 1 3 72

Define the First divided differences of Eq (64) via the double index
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— ——

tl“to

tomty

Tyt

Define the second divided differences

[x(0,1),%(1,2),%(2,3)] i-h

=L

2{1)-x{0)

x(2)—x(1)§

e

%

x(3)~x(2)i

i

x(1,2)-x(0,1) ,

T

2

-t
o

-1
02

-1

"R(2,3)-2(1.2)

Tyt

[%{0,1,2) , x(1,2,3)]

]

The successive products, Eq (64) and Eq (66) is
ks ahe &4 02 S

(o siy 5%y 5% )

(xo,xl,XQ,xa)

H

H

oo =1
| =
i hol Q 8]
-1 -1
ho1 hyg 0
-1 -1
0 B2 h23:
-1
0 0 h23.
=1 -1
ol ho?
|
TR RS R
.ol o2 12 To2
1
=1, -1
'th ho?
0
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-1
“hOQ

-1
ho?

w1
hl3 :

-1 -1 .-1
hlS ~hyg hly

|
not |

13 _
R

(65)

(68)

(67)

(68)

—————



——

or

The elements of Eq (68) can be simplified for example

1

-h h -
(to—tl)

etc.

The matrix product of Eq (69) has elements

HH=

Y3 3u2

If we now

ﬁi x(0) = xl0,1,2)-x(1,2,3)
o3 t,~t
3 o
or
A xlo) = [x(0,1,2),x(1,2,8)] |-
o3

[%(0,1,2),x(1,2,3)] ={W)x H H
bx3 3x2

-1,-1 =11 _

[az

1

ol "02 T712 Te2

= - 1

(tl_to)(tQ_tl)

1
(tl~t0)(t2ﬂto)

- L
(e -t _)(t,-t,)

1
(ty-t ) (tymt))

(t2—to)

0

1

(t2—tl)(t3—tlj

1

(t2~tl)(t3~t

1

take the third difference

and successive matrix product yield

401

(ts—tl)(t

:ﬁ2

h

x(0), a2

x(1) - A%

(69)

(t2—tl)(t2—to)

(70}

(71)

(72)

(73



HHH = 1 g;l(to)
(to—tl)(to—t2)tto—t3)
4x3 3x2
2x1 ' 1 gil(tl) (74)
(tl—to)(tl~t2)(tl—t3)
1 %g;l(tQ)
(tymt )=ty ) (t,mt ) |
1 %g;l(tS)
(tl—to)(tl~t2)(t1-t3) ;

In a similar manner one can show with i=4 or five data points

E)x HHEH = R(E T L0t ,t,)

2?7374
x4 4x3 3x2 2xl (75)
= &ﬁS)x(o)
ol
where Y —— —_ —
H = 1 : R
5wl (to_tl)(to_t2)(to_tS)(to*tH) % go(to)i
1 ; - 1 !
(tlmto)(tl—tz)(tlnta)(tl—tq) | gl(tl)g
| 1 f 1 (76)
(t2~to)(t2—tl)(t2—t8)(tzwtu) 5 g2(t2)
1 : 1 |
(t3~t0)(tB—tl)(t3—t2)(t3~tq) | g3(t3)
[
1 1
%(tu—to)(tq—tl)(tq—tQJ(tu—tS) Lg”(t”)
[ S
The general expressions
n x(t,)
x(t _,t,,t ,ee.t )} =& i
o?"1""2 11
B g.(t,) (77}
1=0 1 3
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The transformation matrix connecting the function values at
p01nts to successively higher order differences, that is
-

- — >
x(to) x(to) | x(to)

|

\ P(1) :
X(to,tl; '&h (to) X(tl)

lO i
iX(to’tJ_’t:z) a}(l?)(to)‘. =L | x(t,)

j-, ile] ;

é (3) ‘
Px(t 5t ,t,0T, ) Ay (to)§ x(t,)

L 30 1

N 1

1 (q) l
![x(t 2t sThetyaty ) A (t ) lx(tu)
bo e

I |

where
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the ti time

(78)



(6L}

ﬁ

E1-"1y¢%-"y (BT (G-

T

(M2-81y(%-%1y(F1-f2)("a-%1y

T

(1-%1y(51-%1y (T2-Pay(Ca-%ay

————ray ey ——-

T

Fa-T1yEa-Ty G-y (C3-Tay

T

(13 (53-"1) Ca-"n Fa-"n)

M T

0 0 0
Ca-fay(B-fay -ty

T 0 0
Er-fy Bt ®a-by b G-t

T T 0
Ca-11)%1-T1 Q=T Ca-TH -ty 1-T3

T T T
(F1-"1y =" (fa-"1) ¢Ga-"1y(f-"n 13-

T T T
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—

or Eq (79} can

or

the row vector

and Eq (81) in

p(t) = {%)a( )x(to) . g(t)(é)

he written as

SCRCSREIORS,

GNRCRA =) =

of function wvalues.

p(t) =ﬁ3) x g{t) (%}

Eq (82)

By Eq (45)

For the 4xl case it is easy to show for example that

1

1

(to—tl)(t0~t2)

1

(to—tlj(to-tQ}(tO—ts)

1

i

il 1

@ to_tl

|

i

jo 1

? tl_to
|

‘0 0
o} 0
1 1
0 (tl—to)
0 0
0 o}

(tl—to)(tl—tz)

1

(tl-to)(tl—tQ)(tl—ts)

1

(t2—to)(t2—tl)

(t2~to)

(tz‘to)(tz‘tl)

(tz'to)(tz'tl)(tz"ts)‘

1

(ts-to)(tS—tl)(ta—tz)

(ts-to)

(tS—tO)(tS-tl)

(tg—to)(ta-tl)(tB-tQ)

(80)

(81)

(82)

(83)

(8u)



The matrix of Eq (84) is the row-tuple of the base polynomials of
Eq (14) (that is the first 4)

& (t)(4) = 1
-t % (85)
© ]
i
i(t—to)(t_tl) ;
E(t—to)(t—tl)(twtz)é
i
or (I -
(6, ) (4, () (4D , &{t (4}, &(t,)(8)] = L7 (86)
hxi
The standard Newton-form of the polynomial of Eq (83) is
n i=1
p(t) = & x(to,tl,...ti) n (t—tj) (87)
i=o _ =0

It is believed that the foregoing state-space methods applied to
classical interpeolation, and extended to cubic-splines, B-splines, etc.
will yield beautiful simplifications.
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