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SECTION 8

GENERALIZATIONS ON DERIVATIVES OF RASE FITTING FUNCTIONS AND TRANSITION
MATRICES '

The first derivative of the Monomial Base is given by Eq. (22) or Eq. (26) as

Lt=4tV (1)
where
d-1
] = 1 L. 2
' 2231 G0 (2)
. \ e
or r / y
! : {f
;01 0 0 N
00 2 0
vV = [6 0 0 3 0 (3
dxd i .
| 41
[ - 0
(PP _— ’; J

For an arbitrary base we have
LE(E) = L£(8) v, (4)

Where most cases considered in this report the velocity matrix V_ will be a
constant. When it is not a constant, higher derivatives will yi&ld

) =< £V, + L ER)T, (5)
or using Egq. (4) in Eq. (5)
ZE(t) = {f{t)g‘u"% * vf] (6)

with similar expressions for higher terxms. When Vf is a constant the higher
derivative becomes

T | £(t)
< £i%) | £(t) v,
< £(t) £ v%
: = (7}
(i) i
f (t) F f vf
3 i
£8 0y, £yl |
| 3 i

467



These higher derivatives cccur in state-variable approximations, for example

x{t) = <1f(t) a
and the higher derivatives are
- F~ =
x(t) f{t)

;(t) #(t)

+

LX(dul)(tU f(dhl)(t)

[
Eq. (4) has the solution

_ Ve(t-to)
L £{t+to) = /f(to)

where the transition matrix

Vf(t—to)

- - } 2., . \2
¢ff(t+to, to) = € =1+ Vf(t to) + Vf(t to)” .

21
or for small transitions t-to = At

N o= 2,.2
¢ff(t+&t, L) = I+ VAt + vf%% + .

and for linear-terms only

¢ff(t+at, t)y =T + Vfﬂt

(8)

(9)

(10)

(11)

(12}

(13)

Returning to the monomial base of Eq. (1) and Eq. (3) case we have designating

<m(t)
dm(t) v

11

Lt
<\ﬁ

1

and
L) = n()@ " = £nlo) ® (t,0)
where

@ (t,0) = ¢ (t,0) = B(t) = D '(t) B(1) D(t)

408

(15

(16)

(17)

(18)



and the t-binomial matrix B(t) is given by Eq.

t2

2t

1

t3

3t

3t

1

1 L
0 1
eVtogw=| o o
we also have -
¢ (t) =B(r) =¢""
l'i?m(t) =B(t) = v = ve (o)
3, (t) =

an

-

where the nilpotent condition holds

Vd =0

M axd

2

'

B(t) = vVt - v (t)

(158) appendix (4) as

¢éd'1)(t) _ B(d—l)(t) _ Vd_IG}:Vt _ Vd_1¢m(t)

Consider the Poisson polynomials defined by Eq. (134)

<o) = Le ™t = Ime) K71

Taking the first derivative
Jp(t) = Levi?
or by Eq. (22) in Eq. (23)

<p(t) = Lpt) vvi!

or

310!

.(p(t)vp

409

(19}

(20)

(21)

(22)

(23)

(24}

(25)



hence the velocity matrices are similar

Vo= vi~1 (26)
When the diagonal factorial matrix of Eq. {25 Section (B) is used in Eq. (26) are
obtained
- -
0 1 0 0 o,
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1 0
VP: O 0 0.0 0 1 0 Suo @en
0 1
0 0 0 0 0
Which is the shift-matrix of Eq. (32) Section (4).
Eq. (27) is the companion matrix for the dynamical system described by the
d-th derivative constant.
x(d)(t) = constant (28)
The transition matrix for the Poisson base is
st 1
vV t BV ‘e
. N i vt
b (t) =& P - = 5@ Tyt (29)
or by Eq. (19)
-1
®,(6) = ’ B(t) & (30)
Utilizing the diagonal matrix of integer factorials and its inverse in Eq.
(30) one obtains
r .
Loty oy
o 2, (31)
P 21

'
— -

which is the Taylor-Series state transition matrix of Eq. (177} Section (4).

410
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[Ap———
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For linear terms in At the transition matrix from t to t + At is by Eq. (13)
or Eq. (31).

1 At 0 0
O (b+A, L) =L 0O 1 At D (32)
P 0 0 1 At
0 0 0 1
and for At = 1
1 1 0 0 0 (33)
0 1 1 0 0
@ (t+1, t) = {0 0 1 1 O
P 0 0 0o 1 1
0 0 0 0 1 !
Equation (33) has as inverse
1 1 0o o of ! 1 -1 1 -1 1
0 1 1 0 0 0 1 -1 I -] (34)
0 0 1 1 0 = 0 0 1 -1 1
0 0 0 1 1 0 0 G 1 -1
o G 0 0 1 0 0 0 0 1
e ol
The expression of Eq. (29) is easy to show, for by Eq. (17)
. . Vi
<m(t) = <m(o) & (35)
and by Eq. (22)
b= p(0) 1@
< p(t) ¥ = p(0) F& (36)
or
/ p(e) = <p@) F @V (37)
and by Eq. (25)
V t
- P
Lp(t) = Lpo) & (38)
hence
v =% v ! (39)
P
and
¢ () =10 it (40)
Consider the dyadic product of the monomial base under differentiation
d * .
T meDL e = axn + 0> (41)

411



By Eq. (16)
Zm =4 mv

and transposing

ﬁ‘> = Vij>
On the (0,1) interval under inmer~product Eq. (39) and (40) yield
e * 1
= \,/ =
fgn N foln/,\zndtv Hiee A
and
1
* - . T l _ T
fomxmdt =V f0m><mdt =VH
or
fl fL( > Jdt = H, V + VTH'
o dt mom T Mu iee

Consider the states in the monomial base given by Eq. (150) Section (4)
AN AN
x(t)(q/, T, (Ba{d>

where by Eq. (151) and Eq. (75) Section (4)
. -

<t

<tV

LtV

1) = |

+

2

3 t‘\?d_1

S

and for 5 x 5 Ease we have

1 t t2 t3 ta
0 1 2t 3t2 4t3
T(E) = {0 0 2 2+3t 2-3-4t '
00 0 0 234

The matrix Tv(t) can be expressed in terms of known factors as
T (t) = § B(t)
and hence the inverse is:

T;lct) = B(-t) ¥

412

(42)

(43)

(443

(45)

(46)

(47)

(48)

(49)

(30)

(51)

——a——



Taking the derivative of Eq. (47)
X(t)i} =T (t) aj}

and
Tv(t) = Tv(t)V

and Eq. (53) in Eq. (52) yields.

§(t);} = T, (6)V a:>

Solving Eq. (47) for the constant vector ay

a>= 10 20>

and using Eq. (55) in Eq. (54)

x(6) D

T () VTN x(t}:>

ar

Vx x(t)?}

2(t) j>

where

- -1
VX = TV(t}V TV (t)
Using Eq. (50) and Eq. (51) in Eq. (58)

v, =R B(t) VB Ity {7

Consider next the inner-similarity transformation of Eg. (59), namely

B(t)VB™L(t) = v(t)

Eq. (60) can be shown for the 3 x 3 case as

e —

2_[

1 t t 0 1 0 1
0 1 2t 0 0 2 0
0 ¢ 1 0 0 0 0

Solving Eq. (57) for the states

| vVt
x(£) > = e X x(o)?

413

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)



or using Eq. (59) and (60) in Eq. (62)

|
FVH
x(t) > = @ x(o)> (63)
or _
x(0)> = ¢ (t,0) x(0) D> (64)
By the analogy of Eq. (29)
IR Ve
¢X(t,0)::CE =R & i (65)
o (t,0) =F o 17" =¥ B(x) N (66)
Note that the VX velocity matrix of Egq. (63) is the same as the Poisson
velocity matrix“of Eq. (27) and is
- i
0 1 0
0 0 1 0
.4 00 0 1 0 : (67)
V. =RV E = .
X -
0 4] 0 1
0 0 0
. .1L
Eq. (67) is obvious for if one sets
(d)  (d) ‘ 68
x(t) = x{o) (68)
one obtains the state equation _
. ! o ™ -
b x(t) : L0 10 0
! x(t) ! i 0 0 10 0
o T B NNt B (69)
. el .
> { P00 01 :
Wy bt o 0 0 D)
- - e . - 4

Velocities for Gram Orthogonal Polynomial Base

The orthogonal polynomials on the interval (0,1) are given by Eq. (336) Section
(1) for the 3 x 3 case as

‘ 1 -1/2  1/6
Ce=dr | | "

Taking the time derivative

. . -1
5 =~-1tB =< tVvB =/ gB 'VB
TETA N g {e g g

g (71)

414
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——

[—

ar
v =3 lyp
g g g

The general terms for B as functions of the binomial coefficients etc.

be obtained for Section® (l) to use in Eq. {71) or Eq. (72).

(72)

can

The orthogonal polynomials on the (0,1) interval are given by Eq. (337) Section

{1} as
1 -3 J5
Ls=4dt )]0 2y3 -85
10 ! 64/5
and
Ls=LsV
where
v =3 lyg
] 5 s

The inverse B;l is given by Eq.

1 /2 1/3 0

V.o=1 0 J3/6  3/6 0

L 0 0 J5/30 0

or =
k

0 243 0 i

V= 0 0 243y5 |

0 0 o |

One also hag

Ls={g Mg;% ={ tBM

[N

g BB
hence
f:\ s = '/;SVS
where
1
- % 2
VS Mgg Bg VB Mll

The solution is

Vt
{st) = s(0)

or

vt

SORAT

fl

<‘s(t)

=.< tBS

N D

415

1

4]
0

(360) Section (1) hence

_“/3
243

0

5
-64/5
645

(73)

(74Y

(75)

(76)

7

(78)

(79>

(80)

(81)

(82)



or

{ste) = s(0) B,' B(1) B, (83)

where the t-binomial matrix is given by Eq. (19). Similar expressions are
obvious for . g (t).

Time Derivatives of the Legendre Polynomials (Modified). The classical Legendre

polynomials or the interval (-1,1) are given by Eq. (209) Section (2) and for
the unit upper triangular case called the Modified Legendre polynomials of Eq.
(205) Section (2) we have for the 3 x 3 case.

P10 173

de=4t [0 1 o ! :<th (84)
.00 1
H wh

The ensuing analytical terms are exactly the same as for the Gram case except
the matrix entrees are different. We obtain for example

-1
V =B VB
g g g (85)

and by Eq. (84) and Eq. (29 Section (4)

1 0 1/3 ¢ 1 0 1 0 -1/3
Vv =10 1 0 0o 0 2 0 1 0 (36)
E 1o o 1 0 0 0f. fo 0o 1
or
0 1 o
Vv =10 0o 2 =V (87)
& Jo o of ™
a surprising result which may not be valid for the d x d tase, since
. - -1 .Vt
< glt) =¢ g(o)Bg e Bg (88)

or by Eq. (85)
4 g 1Y Vt #
L gty =L glo)@ "7 = £ g(o)B(L) (89)
The 3 x 3 case is wvalid for

-1 B
Bg B{t) Bg = B(t)

3x3
that is
r 9 - (80)
i1 0 1/3 1 t t 1 0 -1/3
0 1 0 ¢] 1 2t 0 1 0 = B(t)
0 0 1 0 0 1 0 0 1

416
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a few further observations will be made with respect to the derivatives of the

monomial base. By Eq. (24) Section (B)
(i)

J = j(i-ud-2) ... (G-itD)
oY
;) 2 gy [Jj 7
1
K
and
i -
d . L A
- (1) = j(l) 37 = 4y ’ g™
de* i

The equations of Eq. (45)

=
4£t7 4t
d ,t £tV
L
- ()
. =T
a sk Lev? v
dt2
a* /t 2yt
dc*
a4/t /vt
-/ ,
‘ dt -1 " L i

have as i, j th element i, j = 0, 1, 2,

o () i-t
T(e) = fateehy) o= YT
[ dtt
L ——
For the nomomial base
<m(t) = (1, t, t> . . . ¢t

and

L m(t) =< m(t) v
417

. d-1 by Eq. (50)

(91)

(92)

(93)

(94)

(95)

(96

(97)



we obtain elementwise

i, 1
bomj o= ims g { (98)
PN .

j=0,1,2, . . .d-1

In order to adequately carry on the dir

ection here one needs a lot of properties
and theorems about nilpotent matrix,

full rank-upper-triangular, strictly
upper-triangular relations under full rank upper triangular similarity etc.

These topics as applied lead into spectral aspects of the matrices herein
used also; but will not be pursued further here since the prime purpose is to
obtain the time domain filter of interest in trajectory estimation. A later

paper on frequency response should be done to tie-in the time domain with the
frequency domain aspects of optimal estimation,

Scott in reference (8Q) (1964) says that recently (M. L. Boas 1963) a formula for
the derivatives of Legendre polynomials was derived, and that the purpose of
his paper (Scotts) was to obtain an analogous formula for the derivatives of

Tchebychef polynomials of the second kind by making use of properties of
Gegenbauer polynomials.

Morrison on p. 238 of his text
polynomials do not easil
ferentiat them completel
after irretrievable lost

(ref61) states that the discrete Legendre
y permit differentiation, that any attempt to dif-
y fractures their structure and all order is there-

Time Derivatives of the Exponentially Weighted Base and Lagrange Polynomials

The exponentially weighted base is given by

-at/2
,(te = (= Lt (99)
and the derivative is
d -at/2 -at/2 .
.Y ) ,
. — '{\te = -a Q \/\.t + C‘ <t (100}
dt 2
_-at/2?
=C  Jtlv-ar7]
Let
b =a -
5 {101)
then
_ e -bt
Lty =@ Lt (102)

418

-

[
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[R—

and

Li =< -0 (103)
- 2 2
/e = V- b = [ e Ve (104)

with (for the 4 x 4 case)

-t

-b 1 0 0
vV = 0 b 2 0 _
€ 0 0 -b 3 (105)
0 0 0  -b

T

For the exponentially weighted Poisson polynomialg, that is

<p= et (106)
and
le,=/p g ™ (107)
é_ﬁe = (108)
with
vV = (1} (109)
pe b
0
Equation (109) is a well known inverse for N
A1 o Oe -1 (A1 a2 a3
0 A 1 0 = o AL e (110)
0 0 A 1 ; 0 0 ATh a2
6 0 o0 A 0 0 0 A1
and for A = -b . .
o 1 0 ; -1 .—b'1 D
0 b 1 0 I Sl (111)
0 0 -b 1 ) 0 0 b1 7
0 0 0o b 0 0 0 —b"fi

Since there are so many versions of the orthogonal and orthonomal polynomials,
the classical and the modified ones that only two examples will be given here.

Consider Eq. (54) which relates the classical Lagrange polynomials to the
menomial base,

415



Zate) = Lo RE = ger, (112)
with derivative
L3 =<tvtD(an)i¥'1RH

or the derivative in the monomial base is given by Eq. (113) and in the<:£ base
by Eq. (112) in Eq. {113)

£ 2 =< 917 v DM R}

et (114)
or
. I "‘]_ _
Powers of Vl vield
d _ -1 .4
Vo = Tep Ve Tip (116)
and since
Vd =0 (117)
then
vd = ¢ (118)
g =
hence VE is nilpotent.
Consider next the Lagrange functions of Eq. {55) Section (2)
-at/2 el
o (t) = {tD(a )R 'RK (119)
= {‘teTef
and by Eq.
. o -1
< 'Q'f _\/ teVeTef - <£fTef VeTef (120)
Since Ve by Eq. (105) is full rank, the powers of
d _ -1 .d )
Vﬂf - Tef Ue Tef (121)
is also full rank.
The trigonometric set
<Tf(t) = (cos wot, sin wot’ cos 2w0t, sin 2w0t) (122)

420
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has a velocity matrix given by

—
0 ] 0 o
0
. w 0 0 0 ' (123)
{Ewm = (8o ©
0 0 0 =2W
0 0 -2w 0
0
or - .
Ju 0
Vo T ° 124)
v 0 2w J (
, o
where -
s=fo 1
12
E-l 0 (125)
and
4 _
J' =1 (126)
- The base transition matrix is given by Eq. (10), Egq. (11) and Eq. (12)
JE(eHaE) =< £(8) b(AL) (127 -

For
At = 1ho
that is one step or
nAt = nho
n steps, we can use the discrete relations of Section (5).
From Eq. (123) Section (5) for i = o
{ t(n) = { T (BID(ho) (128)
and for 1 = 1
< tla*1) = £ aT (1T (B)D(ho) (129)

where by Eq. (38) Section (5) for 6 x 6

¥ T

1 1 1 1 1 1

6 1 2 3 4 5§ (130)
T =10 0o 1 3 6 10

0 0 0 1 4 10

O 0 0 0 1 5

0 0 0 0 0

.‘ b

421



Note that Tu(l) commutes with Tu(B)D(ho) hence Eg. (129) becomes

{ tar) =Lt 1 (1) = {t(me,
with the transition matrix
¢tt = Tu(l) = ¢tt(n+1, n)
In a similar manner for updating k points
¢tt(n+k, n) = Tu(k)

Consider the case given by Eq. (99)

-at/2
=@ e
with
t = ho{B+n) = t(n)
B = to

ko

t(n+1) = ho(B+nt1)

and

* -at(n+1) ~ ho(B+n)+ho
C e (o el

Using Eq. (131) and Eq. (136} in Eq. (99) at t(n+l)

ho

——

2
Lo =57 e ) T (1)

or
<ite(n+1) = 4Lte(n)¢e
with
ho
Z
¢, = (= T, (1)
and for k data points ahead
le(ntk) = 7/t _(n) (k)
kho

2
P (ntk, n) = € T (X

422

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)



Note that the transition matrix of Eq. (105)

S (V-bID)t _ v -bt ~ VE ' _
¢ (t,0) = =7 (142)
Eg. (110) is true because the matrices V and bl commute.

The transition matrix for the monomial base by Eq. (18) is

_ _':._bt "1
¢e(t,0) —Q D (t)B(l)D(t) (143)
For the exponentially weighted case into the infinite past with zero measurements
there one should use the front of the span to the back of span indexing with
the back span point going to negative infinity. By Eq. (172) and Eq. (173)
Section (5).

. aho(B+1) . ~ahoj 0o
G S e Tl 3 (144)
:G GY/Z

and by Eq. (176) Section (5)

L5,y = @2V 4 g1 ()T ()D(ho)

(145) -
For y data point advance of the front of the span, the time becomes by Eq.
(170) Section (5)
t{&+r, ¥) = ho + (B+o+p) - hoy (146)
and Eq. (112) becomes
-y aho(Btp+2) - -ahoy 2o @ -d
¢ 2 ¢ 2 2 2 02 (147)
=C 8 8
The base by Fg. (113) becomes
o a ~H
.2 2 Z
— (T .
JE e, ) =8 8 LyT (DT (1T (B)D(ho) (148)
and due to the commutitivity of the Tu (upper triangular) matrices in this
particular case) one has
-/ 2
LI, y) =8 H/ L£,(8,9) T (W) (149)

I RCRYE

e u (150)

and for one point forward advance one has

o (241, v) = 67 (1) (151)
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and for the 3 x 3 case the exponentially weighted polynomial fitting function
transition relation is

_ a2, '
L8], y) =8 "/ £, 11 1 1 (152)
0 1 2
0 0 1
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Section 9

FITTING FUNCTIONS STATE EQUATIONS

The state equations for

x(t) = <F(1) 8> (1

are obtained in this section. The derivative of Eq. (1) is

x= & D> (2)

<i=<s v, (3)

or

x = <E Vgl (4)

The second derivative is

k= <Evga + G, D (5)

By Eq. (5) we see we need

<k = (6)

and
<t = (v +< ¥ (7)
=G VA4 ¥ (8}

The third derivative is
L¥= <G v, + 91 +<E 12v0 + V)
or
E = V2 + 30§ + v] (9
For the many cases of fitting functions discussed in these pages
V=0 (10)
hence Eq. (8) becomes
s =g WP (11)
e = v
<:fd—l :<f Vd—l
G £ v
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and for those fitting functions with nil-potent V

vd = ¢

The state vector is for condition of Eq. (11)

X (t)
% = tv
A SR MO
Xd-l <3 Vd-l
Eq. (13) can also be written as
< S
a
>, S Wy £

=T (a) £ (t)>

The derivative of the state vector is

. T
x> = FE V> = F (a) V' £(t]>
Inverting Eq. (13) and Eq. (15)

€> = Fv(t)—l i)g

and

£eP=7F (a7 D

Using Eq. (17) and Eq. (18) in Eq. (16)

X = F(t) Vo Fh >
and

i;g = Fv(a) VE F;l(a) %)E
or

DT, 0
with

~1 _ T -1
F = Fv(t) Ve F (t) = Fv(a) Ve ko (a)
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(12)

(13)

(14}

(15)

(186)

(17)

(18)

(19)

(20)

(21)

(22)




For the monomial base (polynomials)

oo oo
- I e
o= O
—

. 0

(23)

For the trigonometric base of Eq. (122) sec (8) and Eq. (123) sec (8) for the

4 % & case

F =7 v ¥ !
X W OW W
or

4 2 1 2
37 51 $I-5I

F =

X
4 8 1 8
—3J+§I '3J+3I

2 -1 -1 1 4J J
3 41 41 3 \=4J -J

where the nomalization of the Wo factor has been assumed.

The fitting function transition matrix of Eq. (6) is

Vft
<Gy =< e

or
() =@ + vt +v 2+ . . ]
f fé-l
where
_ _ Vet
b {(£,0) = [T + Vet + . . =g f

which is a Taylor series expansion.

The state transition matrix by Eq. (20) is

T -1
F(a) V.OF Ma) e
x¢p =e Y E Y x(0)>,
ar
~1
F {t)y V. F {(t) ¢t
x(t)), = vty x(0)>
with
-1
F VfFv t

_ v
¢X (t,0) = €
427

(24)

(25)

(26)

(27)

(28)

(29)

30

(31)

(32)



b =F & F L
X v f v

Consider the states given by Eq. (14)

x(e)> =T (a) £(e)>

and at t + At

if

x(t + A = T_(a) £(t + AL)D

<E®) =<y,

for constant V_. matrices

or

f

G(t) =¢(r)e Vgt te)

e (t) =Cf(to) [T + Ve(t-to) + V% (t-to)? + . .
2!

if we set

or

At = t - to

t = to + At

In terms of the transition matrix

Qf(.t) =<E(to) ®.(t,to)

and Eq.

{35) becomes

x(to + Ati}s =T (a) ¢$(t *+ At ) f (toi>

or for any t

Inverting Egq.

or

x(t + acl> = T (a) @p(t + At,t) £(e0>

(34)

f(ti) = T_%a) X(t£>
v s

and using Eq. (44) in Eq. (43)

x(t + &t)>s

x(t + ALY

T, (a) ¢£(t + At,t) T;l(a) X(ti>3

¢ (t + At,t) x(£)>
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(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)




RE—

with state transition matrix given by
® (t +At,t) = T (a) $L(t + At,t) 1M (a) (47)

For the 3 x 3 case the matrix V is by Eq. (22) for the second degree polynomial
monomial base as

T 0 0 0
vVio=1|1 0 @ (48)
0 2 0
and
T
<(% Vo o= (aU, al, az) (o 0 0) = (al, 232, 0) (49)
1 0 0
g 2 0
and
T 2 Z
GO = (2, 2 ,O)(o 0 o)zcza,o,m (50)
1~ 2 _
1 0 ¢
c 2 0
hence
0 %1 % _ (51)
Tv(a) = a, 2a2 0
2a ¢ 0

One can compute Tnl(a) and then compute by Eq. (47) to obtain ¢X(t + At,t);
however, this route is tedious. By Eq. (19)

. _ -1
() = F_(¢) Ve B0 ox(e)>, (52)
and for the polynomial case considered by Eq. (220} sec (2)
- -1 _
Suo = Tv(a) Vf Tv (a) = 0 1 0 {(53)
a 0 1
0 0 0

Also Eg. (52) has solution
-1

FvaFv t
x(t)>S = @ x(o)>s =@ X(o}>s (54)
where
-1
FV.F t V. t .
6 = € Y f v -F @ f F-l (55)
X v v
with
V. t
56
A £ _ > (56)
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The state transition matrix is given by Eq. {160) sec {4) as

1 At AE?

21

¢X(t + At,t) =0 1 At
0 0 1

The base transition matrix is

o, =1+ VAt + v at?
£ £ £ 5F
21
or
1 At At
o, =0 1 aat
o 0 1

Note the difference in the two transition matrices for this case.

As an example consider the monomial base of degree 2

&=, ¢, th
and

= oty
with

Vtt

<) = oty e - =<Elo) oft,0)

with '
- 2
9, (t,0) = (1 + LA %;)

or

tE

1 t t2
¢t(t,o) 0 1 2t = B(t)
0 0 1
Where B(t) implies the binomial coefficient matrix. By Eg. (53)

Rt =5 x> =T (a) V_ T.N(a) x()>

or

T

x(£)>, = ¢, (t,0) x(o)>

with

Suot 2 .2
d (t,o) = € =I1+858 £+5 ¢
X uo no

(57)

(583

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)




or

1t ¢

2!

¢X(t,o) = o 1 t
0 0 1

(67)

Note that the coefficients of Eq. {64) are the binomial COEfflClentS and those

of BEg. (67) are the Taylor series expansion coefficients.
If we have the Poisson base fitting functions
-1
t =G
<, =<
then
. _ _1_
<tP SR AR &S
and
t (L) =<t (o) & {t,o0
ey (1) = <, 0) ¢ (¢,0)
with

Suot
q)p(t; ) - e

which iz the same as ¢X(t,o) of Eq. (66)

Likewise, the states of the Poisson functions become

X(ti)gp =V, x(ti);P
and
x> = e "t"%(o)> = B(t)x(0)D
sp “ sp sp
If we make a change of variable in the time axis from front of data back
t = tf i o
then
dt = - dgtt!

and Eq. {59) becomes

¢(t’”+At"‘,t"')= 1 _&t!r} (L\‘tlrl)z
2!
0 1 ALt
0 0 1
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(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)



Consider as an example now the exponentially weighted polynomial case.

transition matrix is given by Eq. {107) sec {2) as
) = e Bo/2 7 (1
e u

for one-step advance.

By Egq. (105) sec (2) for the 3 x 3 case

and the states by Eq. 20
$(e]> = F_(a)[V, = bIIF (a) x(t]>
By Eq. (110) and Eg. (111) sec ( )

¢X(t,o)

H

F_(a) ¢e(t,o)F;1(a)

is

®,(t,0) = F_(a) D"'(t) B(1) D(t) F ' (a) €

The matrix
<§ aO a1

_ T = - -
Fv(a) = <§Ve = ba0 + al. ba1 + 232

T.2 2 2
(V) b%a - 2ba, B'a - 4ba,
Eg. (82) is seen to be quite difficult to invert.
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The base

a7

(78)

(79)

(80)

(81)

(82)
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SECTION 10
GENERAL RELATIONS FOR PARAMETER ESTIMATION

This section considers discreet estimation for the observational system,
2(£)(n 2 = y(E) )y + () m. (1)

z(t)(m>‘is an m-dimensional time varying measurement vector, y(t)(nﬁ> is
the signal and u(t)?E;; is the additive measurement noise; the sequence
j=o,...jmax where jmax will represent a countably infinite :ﬁmber and is
to be thought of as the discreet population space; or the j experiment.
The ind&bes to be tagged onto t (the sample space variable) will correspond
to the double indﬁhes for a fixed span, forward, central and backward. The
following sections will consider the recursive cases corresponding to
infinite memory filters and fixed memory )égyﬁoving fixed span filters,

The signal sequence y(t)(nh& will be considered for a number of
cases somlof which are stochastic, some deterministic.

For example if

y(t)(n}j = H(t) x(t)(p>j (2)

mxp
then the p-dimensional state vector is stochastic, and may be the output

of a linear dynamical system. The parameter estimation problem for the

special case where the degree of the polynomial or the nature of the fitting

functions is known, that is

x(t)(p= B £(t)(d) (3)
pxd
where the signal is exactly expressible as a linear comination of d
fltting~functions (deterministic with no - approximations) is considered

First. In this section the scalar measurement case will be considered,
that is m=1

2(t), =@Ih(t) B £(t)(d) ()
pxd

with the additional constraint

<d)h(t) = {1,0,0,...0) (5)
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In a later section the case will be considered where the measurement
is scalar position x(t) and scalar velocity %(t), that is

1 0 0...0

H{t) = (6)
2%p (O 1 0. ¢ & W
and o en
y2p = . (7)
ped
The case for this section thqs is
z.(8) = x.(£) + u. () (8)
J 3 ]
or
zj(t) :éf (t) %‘F uj(t) (9)
that is
x(t) =.fo(t) aj + fl(t) a; t .. + faml(t) 241 (10)

at the end of this section some examples will be given for the indicesion
time

La(i,n), {£k,my, {£ly.3) | (11)

but for the most part the number of observations will be k, that is a k-

vector of measurements £~ ipdn A fmio o g
2T g {

<;£)§ZQ: (zo, Zps v Zk—l)j | (12}
and by Bq (9) for the sample column vector '
z(ij): Fa(dy + v(k>j = F a(d>j +—z(k>j | (13)
b kxd kexd

where

T
F o= @f(o)
kxd -t i

i (1u)

e a
. |
@f(k-l;)_l
and the vector a(ﬂjﬁ is the estimate of the parameter vector a>‘for the

jth test. Note that the wvector a)ris assumed the same each test.

For d¢ < k and the rank of F equal to d, that is

PF:d (15)
dxk o _ . .
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then there exists many rank d matriceslu/of size dxk such that Eq (13)

bacomes
; ~ \' |I' .’.:J--.--x‘-.
W Z(k>ﬂ = I a:>+ wx}. =L af o WV 'é_/f
J < ] o g s [
where
W R/ = q>
J
and
L = wF
o
dxd dxd

is square, full rank (hence invertable) and a constant matrix.

Multiplying Eq (16) by L;l

(WF)_lW Z>j = a>+ L;lw V> = ;1)/3/

Using Eq (19) in Bq (13)

z}: F(WF)_l wz) + 3z )/} )
or a %
Stk ih
)] 3 J
Wwhere
» -1
z f\: F(wF) ~ w z>
2
Hote that the matrix of Eq (22) is a projector (idempotent index
for

[EGeE) ™ wIIFwE) ™ wl = FGel) ™t
also by Eq (20) solving for =z

;> = [T - PGl ™t W) z}

where the ma€§ix I - F(WF)_l w is also idempotent index 2.

If the matrix L of Egq (18) equals I, that is

o]
Fw =L =1
o

then the projector of Eq (22) and Eq (23) becomes

_ 52
PFw = Fw = PFw

kxk
and the oblique compliment projector of Bq (24} becomes
P, =I-P = P2

Fw . . Fw w
%]
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(18)

(17)

(18)

(19)

(20)

{(21)

(22)

2)

(23)

(2u)

(25)

(26)

(27)



and

~

Pro Frw = O (28)
By Eq (22) and Eq (25)
SA = - |
%/j w Z}j PFW Z)E (29)
and by Eq (2u)
%>j = PFW %>j (30)

By Eq (19) and Eq (25)

W Z>j = a>‘+ W v}j = ;}j | (31)

For the special case of the weighting matrix w equal to the psuedo-
inverse of I, one cbtains the unweighted solution, that is

uta
w=F = ()t (32)

dxk  dxk -
and by Eq (19)

é} . z}j = (prm)tEt z> - (33)

which 1s the standard "normal" equation for the parameter,
The estimate of the measurement vector is by Eq (29)

;j>: PFF* %} . . (34)

where the symmetric projector

PR R R |
P, = (FF ) =FFF) F (35)
FF e
and the vector’?ﬁ&of Eq (30) is orthogeonal to the vector of Eq (34). The
special cases of Eq (32) will be considered after a number of other results
are cbtained, _

For the weighting case using Eq (25) in Eq (19)

L .3
W Z}j = a/,+ W ﬂ>j a ! e (38)
Partitioning the weighting matrix w into its row space dxk
w = Doy, @y« o (gl ] (37)
dscke )o g,, k-1
and using Eq (37) in Eq (36)
a(d>j = w(d)b 2t e .ot w(d>k—l 2 (38)

436

[R——

[RE———

[



R

[R——

or the d-dimensional parameter vector is a linear combination of the
welghting vectors. Note that the weighting vectors are to be determined
in some optimal sense such that they are the same each experiment, that is
they are not to be a function of j in some "future sequence™; but will be
a function of some "a prior" past sequence of tests.

The error in the estimate of the function-parameter by Eg (36) is

a> - ;>] = ;>] = —-w z>j (39)

If the population sequence j of Eq (13) is packaged as a row of
column vectors we have

[z(k>l, 203, « v . z(k>j] =z =F a(d)ﬁ) 1+ (40)
kxj  kxd kxj

Z=FA+7 . : (41)

C;OIE J @\ QYK

Consider next the package of measurement noise vectors of Ea (40)

kxi kxd dzj

0
?V’= [v(k)l, . . V(k>j3 = <ii v{)

PR R

. | ]
y SURIEON (42)

L]

Q v(k—l)J

Equation (42) congidergs j column vectors in k-space and k row vectors
in j-space.

The mean (or arithmetic average) of the j column vectors in k space
of Eq (#2) is '

v l*(j> = v(](>l s V(k>j = q (@V (43)
kg Imax

wherea

1*(j> =1_(3>> = 1(> . (i)
| 3

max <ﬁ)

Lf the k-dimensional mean vector of Eq (43) is the zerc vector in k-space
then o(g> is the point of symmetry with respect to the sequence of j vecton§ ,«

The j-dimensional row space interpretation of Eq (43) is

v 1*(j> = IEEQ(OJ 1*{§q (45)
AR ()v(l) J.*(>

e

b-5 g
—‘rJ

N
£



[pCod, u(2) . o . n(k-1)1]

0,

v l*(j>

v l*(j>

tl

(46}

(u7)

By Eq (45) we see a column vector of inner-products and if the u(k)v

vector is zero in k-space, then all k of the row vectors in j-space are

%
perpendicular to the 1 (jJ> .

The mean of the'k row vectors in j-space is

<k)l* v =(k)l* ?{)V(O)ﬂ = G)m
v

k=

@v(k—i)l

with a corresponding inner-product interpretation.

In j-space for the k vectory
Grvto =im + vy
or package-wise
v = 1(E> <a)mv + Vm
kxj
By Eq (48) in Eq (50)

v = l(k> <k)l" A

kx]

Qr

i'fm = (1 - 1(1}(}01*)\?

Ly Je win kex

which is projection in k-space.

The most useful projection notion is in j-space.

(u8)

(439)

{50)

{51}

(52)

Consider the j column

vectors in k-dimensional space of Eq (42), which by vector addition may be

decomposed as
V(k>j = u(k>v + V(k>j
or package-wise

v = u(}%(j) 1+ V
kx] kxj

Using Eq (47) in Eq {54)
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(53)

(54)
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v=vy 1"’(3-)(3')1 .V

kxj kxj
or
~ o
VeV (-1 D
kxd %]
or
vV =V Pll

also by Eq (55)

V=V+ ¥V
where
' v Pll

1l

and the rank-one projector in j-apa

P = 1(j}5 )1
G N )
jxj

The vector partiticned into the j-dimensicnal row vectors are

—g)v(o) ;ﬁ“):ir(o)._-1
<j)v(l) '@vm
. .= . +

'<j)~:r(k—l)§ Eﬁ)f}w-l)

3

b
as shown in Fig (1)

~

<§)v(k) =

. 2!

FIG (1) ORTHOGONAL PROJECTION OF NOISE VECTORS,

ce s

<§5;(0)
v

<j)i(k~l

T

Fyv (k)P

—_— ——1

rvix) = (Hvine,,

11

(55)

(56)

(57)

(58)

{59)

(60)

(61)

Thus we see if one has a zero mean noise case that all vectors are

perpendicular to the<j)l vector as shown in Fig (2)
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subspace ] to 4@.

FIG (2) VECTORS PERPENDICULAR TO (ﬁl

_ If all k-vectors in j-space are mutually perpendicular one has a
diagonal matrix

FE ST
VvV o= ol o]
. . (62)

O-..O{V V>
1 k-1

I k-

»

We can now define the variance matrix of the measurement noise as

-

R = 1im V'V 1
kexle i e \kxj REC LN j (63)
= Lim jmax 5
1 o
m Z :r(k>j<k):r 1

) Y max

9 =1
since ' S |
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vug% {0

The serial time correlations are given by

r(oc,o)

L]

I‘( kﬂjv\}_&;@ ) .

The standard definition of the noise wva

r(o,1) . . . r(o,kf%)

-

. r(k_l,k§%

)

R =g {iv(k>j - u(&%] [{k)v - <k)u ]}
: 3 v -

Return now to Eq (19) where we have placed the constraint on

W ;(E>j = o(%)

dxk

for all tests j.

We can multiply Eq (40) by w

wZ = a(q> (DL + wv = A

where

Define

A = a(@> {%)1
dx

®]

then by Eq (68)

A - A=A = —wv

dxj

= —w[u(k>v<’j)l + %]

447

{64)

(65)

riance matrix of Eq (63) is

(68)

(67)

(88)

(69)

(70)

(71)



Z=FA +V=FwZ + 7 (72)
o
Z = (I - Fw)Z = Psz {73)
kxj kxk kxk kxj
and by Eq (72)
Z = Fwh = P 7 (74)

The variance of the estimate of the parameters can now be defined by
Eq (71) as

~~ = 1im A AT i
aa :
dxd joee Imax
5 — — T
3
$~~ = lim| 2%

- .
\.\_‘__‘&”
jﬁ_’o{j/m a(d>j<d)a jl
= max

ba i&;ﬁé(d) {Da) o (75)

where £ is the standard expected-value operator. In terms of R and w
Fq (75) is

fr~ = lim Ew_x_rvT;,;T__) (76)
aa 3&:_)0 . -—O,I Y

or
o~ = w[u(k>v<};)u + Rlw (77>

since
Lin 9V = 1im W0 D1 - MAGEI o - VD) (78)
jm+m jméx Fma

= (k> <Ky + R, (79)

If the noise mean is not known it is clear by Eq (68), Eq (71} and Eq (79)
one can not seperate the constant nolse mean vector from the constant
parameter fitting the function vector., It will be assumed hence forth that
the measurement noise mean is known and can be subtracted out. TIn the real
world applications one may use Friedlands bias estimation technique to

estimate the bias in the measurement noise and in the plant noise or function
fitting mis-modelling.
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f

Multiplyimg Eq (72) on the left by P

Fw
PFw Z = PFW V=7 (80)
since
P, FA =0 (81)
since by Eq (28)
Pr, F=o. (82)

The variance of the estimate of the measurements by Eq (80) can be
written as

- 1im (5T
$5§ =lin (2Z 1 ) (83)
jma;; « ' jmax
or LV
= ~ T
aa-Pm(u&{jkhi+R)%w
= ~ T
- PFW R PFW (8u)

: v
since we assume p(k>v<]<)u and the oblique projector is known; or equivalently
assume the noise is zero mean.

The results of Eq (63}, Eq (79) and Eq (84) can be compactly written,

; -

ks kxk P

7 - EFW v (85)
kx] 3

;
axji .. - J._fbf

Lo ~
which is a function of the single independent matrix V (ignoring u(k>v)
Transposing Eq (85)
v',z",a0) = Vi, BT, et (85)

and forming the outer product
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[~ ~T YT v - . ~ T
Vi (V.2 ,A")=| I | v vi{(I, PFw s —W ) (87)
Aj W %
or ;;m, t;1'J
vyt vzl v AT
2y zzY oz A =
AvE Azt A Al
v Ve vl pL v e
Fw :
~ T ~ o~ T ~ T
Pe, ¥ v P VIV P ~Pp, R W | (88)
i
~oxT ¥ P T T T
~-w VvV -w VvV Vv PFW +w VV w i
1

and at the variance-covariance level

ke v v
R ks bx | -
|
REC = bz
- T

R R PFW R W
~ - T - T
PFw E PFw R PFW —PFw R w : (89)

- i
-w R -w R P T w R wT |

Fw _ i

Dhdven I

Note that Eq (85) is a J-x {2k +-d) matrix and a matrix of variance.
of Eq (87) and Eq (88) is a (2k + d) square matrix with rank given by Eq (87)
as k when R is full rank equal to k.

For the special case where the parameter vector has dimension one, that
is by Eq (10) and Eq (8)

z.(k) = a + v.(k) (90)
] o J
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[

or for d=1 and w a row vector

w=<a) w (91)
1xzd
and by Eq (14)
Fo= 1] =100 (92)
kx1
1
i ) ~ T
t = R RP, R w
P - ~ T > i
1 P, R R P -P. R ow| (93)
(2k+d)(2k+d) | v lw e
- ¥R ~« wRP T wERw J
R 1w
EJ _I'/\'/‘.‘@ r";L l\.’:’_ “T'—"’L—.‘?—E‘*-{_— (1) _‘:. . J _}- ;.\P () I\i - g - v . i _J —_ X (
By Bq (40) 1 LR A i /ﬂ/dépigf/f‘"/up/‘/*l ATt ‘{fe/)
Z=FA+V=FAG+7Z (su)
o
V =-F(A) + 2 (95)
= (1,-F) |3
A
vl
and transposing
T .z =T —
V= (E, AT I; (96)
HFTJ
The product T
T _ N IR
v v o= (1, -F) ]$z§ 1sx I |
] ; (97}
EEPR A N Y
L L

or
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_ oL T o o T
R-$»Z«E~¢Zar F$aZ+F$aaF (98)

~ which Interestingly "looks-like" an algebraic Riccatti equation in F.

By Eq (89) we see that the variances and covariances of the
measurements and the parameters are dependent on the measurement noise
variance matrix R, the fitting function matrix F and the weighting matrix
Ww. If cne selects the fitting functions to be used, for example polynomials
of a known degree, trigonametric etc, then F is determined. The matrix R is
a characteristic of the measuring instrument and in the real world one
attempts to estimate what it is; however for the purpose here it will be
assumed known. The only other matrix of concern is the optimal weighting
matrix w, A number of cases can be considered: let w imply weighted,

w (compliment meaning no weight) and like-wise for constrained parameter c
and wnconstrained parameter &, we thus have the four cases

- —— —

~l ~ o ~

et {w,w) = |cw oW !
; ! : ?
c! icow ow (99)

_.= . . i

¢

i

where the cases are

1. c W - unconstrained - unweighted
2 ¢ w - unconstrained - weighted
3. c W - constrained - unweighted
b, c w - constrained - weighted

The first case is considered first in the following section.
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Section 11 UNCONSTRAINED UNWEIGHTED PARAMETER ESTIMATION

The unweighted parameter estimation cases considered in this section use
the W matrix to be the psuedo~inverse of F given by Eq. (32) sec (10 as
Ww=TF%= (Fr) " pt

with the measurement estimates given by Eq. (34) sec (10 as
2 (B> = vrx 2 (B>
J N

The parameter estimate is given by Eq. (33) sec (10) as

N T . .-1 T

a =F* z>» = (FF F
P=Fr> = @w z (B>

] ]
The projections and compliment projectors are

T
*:
FW FE PFF*

P

and

- y T
- ko= =
PFW I FF PFF* PFF*

I

The matrix of variances for this case becomes by Eg. (89) sec (i0)

R 25 ZYa
2. ={Z.. T.. 5.
(2kt+d) (21c+d) Zv. 2z =4
23y Zay Z3a]
- ~T T ]
R RPL s —RF*
R N T ) T
= | PR P opsRPrps B s RW
LT T
_F*R ~F*RPL FARF*

We shall look at the "normal equations" of Eq. (3) for some "often used"
cases., '

Case 1. Back to front (forward) Polynomials

The fitting functions are the power series or polynomials, that is
2 -
G = a, e L

and for the indexing given by Eq. (123) sec (5), we have

Yo
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(1)

(2)

(4)

(5>

(6)

(7)

(8)



<t(i,n) = <@_Tu(i)Tu(5)D(ho)

If we assume batch-processing (not recursive spans) set i = Q in Eq. (128)

sec (5) and Eq. (9) becomes a function of n =0, 1, 2 ... N

<t (n) =<:h Tu(B)D(ho)

and for the second degree polynomial case by Eq. (34) sec (5)

1 g g
Tu(B) =10 1 28
C Y 1
where by Eg. (16) sec (5)
g = ta/ho.
By Eq. (34) sec (5)
1 8] 0
D(ho) =10 ho 0
0 0 b

The F matrix of Eq. (14) sec (10 becomes that of Eq. (124) sec (5)

<t (o)
<E(D)
T = . = N Tu(B)D(ho)
(N+1)x3 . (N+1)x3
ii(Nl_

The transpose of Eq., (14) is
7T = D(ho) TE(B) N*
3x {(N+1) Ix3 3x(N+1)

The matrix NT is given by Eq. (50) sec (5) as

101 1 1...1
N o=lo 1 2 3...wm
ROWL) | g2 g2 2

The inverse of the discrete metric-matrix required in Eq. (1) is

@™ = paoyT (N (8D (o) |
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(10)

(11)

(12}

(13)

(14)

(15)

(16)

(17}
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[R—

—

('™ = 7 oyt () o 1T ()07 ko)

The inverse T;l(ﬂ) is given by Eq. (149) sec (A) as

-5 g’
T_l(B) = 1 =28
i1
o 0 1
) T o-1 . .
The inverse (N N) is given by Eq. (118) sec (5) as
N2 ~(12N+6) 10
T -1 _ 3 _ 4 (2N+1) (8N-3) -60
(NN) = ATy oy vy |~ (LaN+e) N(N-13 -1
-60 60
0 m-1) NN-1)

By Eq. {3), Eq. (15} and Eq. (lé;
3 E}>} ~ 07 (ho)r 1 e) oy ~h z:E§2i>3
Consider the term NT€> of Eq. (21)
-l <ﬁ} 1 zZ0
N, @ 0 @ c (z@
2 .
0 <j§) c
_zo +<ﬁjl z(
= Je =z
e (B>

where the counting number vector is

<)oo= 2,3, 4, o W)

and the vector of squares of the counting numbers is

<@ =, 2t 3, D

a

nd
<:§j 1=(,1, 1, ... 1}

Eq. (23) can be written as
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(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)



- ]
N
z(o) + 2 z{1)
i=1
T N
N z (N>>= Z iz (1)
i=1
5 9
2 iz(d)
i=1

Thus Eq. (27) used with Eq. (20) in Eq. (21) for arbitrary t, and constant
data sampling interval_hD vields the estimate of the parameters.

N3N ~(121+6) 10
_ 4(2N+1) (8N-3) ~60
a:::>»u it (128+6) 0T —
-60 60
3t i 10 N-1 N(N-1)

[

I
3:@'}
A= ¥

T (ML) (N42) (NH+3)

where

and

1 ~1 -1
T, =D (ho)T ()

N

)

i=1

[
1 =
it

N
zo+ z z{1)

i=1

iz(i)

izz (i)

The variance of the estimate of the parameters is given by Eq. (7) as

z.,.., = T‘:’CRT*T
aa

The psuedo-inverse of T given by Egq. (14) is

T* = D L(ho)T T (B)N*
Jx (1) Y 3N+l

and the transpose is

el = TT;l(B)D”l(ho)

Using Eq, (32) and (33) in Eq. (31)

2 a3 = 0oyttt () D™ (o)
3x3

For the analytically tractable special case of a scalar matrix R, that is
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(28)

(29)

(30)

(313

(32)

(33)

(34)

[ ——
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R =g I
(N41) (1) Y

Eq. {(34) becomes

-1 -1 T =1 -T =1
sz =D T(ho)T TBYQN) T T(B)D” (ho)

3x3
since

@ansT) = wTw)x = vfy) L

3x3
or by Eq. (20) in Eq. (36)
- .
INZH3N42 _(12446) 10
N § - 4 (2N+1) (8N-3) —-60
aa AThou (128+6) N(N-1) N-1
33 10 ~60 60
N~1 N(N—l{J

where A and T;iu are given by Eq. (29) and (30).

Case 2. Mid-point Polynomials

The mid-point case for the monomial base of polynomials is given by Eq.

of sec (5) for k =0

<&@ =<m T (8)D(ho)

and the package of fitting functions at the m indices by Eq. (129) as

[~ . i
ey
<§(—M+1)
T = t{-1) = M TU(B)D(ho)
(MH+1)x3 *(0) (N+1)x3

{¢V

£ ()

where N = 2M
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(35)

(36)

(37)

(38)

(128)

(39)

(40)



The matrix MT is given by Eq. 66 of sec (5) as

1 T ... 1 1 1 1 . 1
MY =] M 1) ... -2 -1 . ¥
3x(N+L) v -0? .. 4 1 .. M
The matrix (TTT)_l for this case is by Eq. (18)
T..-1 -1 T .~1,~1
(T - Thou (M2) Thou
The matrix (MTM)_l is given by Eq. (120) sec (5) as
-
3GNH6N-4) - o -15
4(N2-1) (v4+3) 2-1) (+3)
T, . ~1 _ 12
army = = 0 N(N+1) (N+2) 0
-15 180
7 0 3
(N°-1) (N+3) N(N+2) (N43) (N*-1) |

The estimate of the parameters by Eq. (3), Eq. (40) and Eq. (42) is

- -1 T -1 _.T
a(>= Thou (M™M) M oz (2M>

where

<§z§£}) z = (z(-M, ... z(-1), 2(0), =z(1) ... z{M})

The variance of the estimate of the parameters is given by analogy with

Egq. (38) for the scalar matrix noise case as

3 (IN*6N-4) . 15
A(Nz—l)(N+3) (Nz—l)(N+3)
a1 12
Eaa = Mou 0 N oL (D) 0
-15 180
2 0 2
(N°=1) (N43) N(N+2) (0-3) (2-1)

Case 3. Front to Back Polynomials

hou

(41)

(42)

(43)

(44)

(45)

(46)

The indexing from the most recent "real time" data point to the back as given

by Eq. (135) sec (5) is

F =T = r Tu(S)D(ho)
{N+1)x3 {(N+1)%3

and
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Fl = D(ho)TE(B)PT (48)

The inverse of the discrete-metric matrix is
I .~-1
T

T.-1 -1 , T, .~
(F7F) B Thou (r=r) hou

(49)

The "number-theoretic discrete metric matrix" inverse by Eq. (279) sec (5) is

—

IN243N+2 12N+6 10 ]
T, -1 _ 4 (28+1) (8N-3) 60
(T°T) 12N+6 N (-1 N1 g, (50)
60 60
— 10 N-1 N(N_l)J
where
= 3 51
8o T L) (NF2) (NF3) (51)

Note that Eq. (50) is the same as Eq. (20) except for the altermating sign
changes in the diagonals from right to left. Hence, the estimate of a>>and
the variance will be the same except for this sign changes and will not be
presented here.

Case 4. Discrete Orthogonal Polynomials Back to Front

This case is the result of a Gram-Schmidt process on the case 1 equations,
that is by Eq. {(21)

a (ﬁb} =D (ho)T;l(B)(NTN)"l NT g (ﬁ}ﬁ}ﬁ (52)
By Eq. (207) sec (&)

GW) = N Bg(N) (53)
(M+1)x3  (N+1)x3 3x%3

where by Egq. {2060} sec (5)

101 1
- _Z2 _ .6
B, =10 -2 o (54)
6
O 0 FED

The inverse discreet metric (NTN)_l is given by Eq. (223) as

T\ -1 -1 T
NN) ~ = BM B
(N"N) ee 3¢ (55)
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where by Eq. (210) sec (5)

-1 T -1
M = | G (N} G{N
== [c"m eon]
or elementwise
1
WL ¢ 0
-1 _ 3N
Mgg B 0 (N+1) (N+2) 0
0 0 SN(N-1)
L (N+1) (N+2) (N+3)
By Eq. (53) B
-1
N = G(N)B
(M) 2
and

NT = B;TGT(N)

The psuedo-inverse of N is

N% = QUi NT

Ix (L)
and using Eq. (59) and Eq. (55) in Eq. {(60)

~1 T -1, T .-1.T
NN =BM B (B G (N
(N"N) Mooy (B G (M)

or
) I B, et mean) ™t T
or by Eq. (53)

-1 T B M lBTNT

g 88 &

I

(N'N)
Using Bq. (63) in Eq. (52)

a :333 - Dnl(ho)T;l(B)BgM;éBéNT z (é%i)}
Multiply Eq. (64) on the left by D(ho) Tu(B)B;l

B T (R)D(ho)ar>= 48> = M 1BTNTg>

gg 8

Qr
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to obtain

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

. 1 - ,
[uN——} et



25 1T o,
a8>- MG (W) (>
By Eq. (205) and Eq. (207) sec (5)

G(N) = NB_(N)

{N+1)=x3
B 0 1 1 1
1 1 0 - 2 __6
22 N N-1
6
Y wED |
= 1 n n2
1 N N
and by Eq. (208) sec (5)
1 1 1
n _ 2 2 _ 6
<3) g(N) - (19 n, n ) 0 - N N-1
6
1o 0 yo-n
n _ _2n _6n , 6n(n-1)
<3)g (l’l N loW +N(N—1) )

hence the G matrix by Eq. (69) in Eq. (68) is for n

1 0 0
2 6
1 l—ﬁ l“—ﬁ
4 _ 12 12(2-1)
1 -5 1 N+N(N—l)
G = .
L1 1 1

By Eq. (70) and Eq. (57) in (66)
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(67)

(68)

(69)

(70)



) -
N+1 0 0
S BN T
a®>=| 0 D) (65 0 Gz (71)
0 0 SN (N-1)
(N-+1) (N+2) (N+3)
where
_ - T 5
1 1 1 ‘e z{(0)
¢'z>= |0 1-2 1 -% 2(1) (72)
6 12 12 '
0 l1-% l-§F*¥eD - .
' EL
For polynomials of degree higher than the second degree, the elements of GT
are given by Egq. (209) sec (5).
The wvariance is given by Eq. (55) in Eq. (36) as
e =D lT g M lBTT pt (73)
aa g g8 g u
oY
T (8)D(h0)}_ ;=D ()T, 8 = e (74)
where }E~~ is a congruent transformation on the variance; hence is a base change,
and
g _ -1 T
Z. = B M B 75
L35 " P B (75)
or in open form
r 11 1
1 1 1 L 0 0
g, = 2 __ 6 N
S O -y "wm1 || 0 DD 0 x 9
6 5N(N-1) _
LO O §E-D 0 0 (N+1) (32) (N+3) ’
I o
2
1 N Q
1 6 6
| N-1 N(N-1)
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Case 5. Midpoint Discrete Orthogonal Polynomials (Ortho-normal)

This case is the orthogonal conditions for Case 2 and by Eq. (249) sec (5)

G(M) = MB (M) : (77)
(1) x3 &

where by Eq. (250) sec ()

N (342)
10 -
Bg(M) =] 0 1 0 (78)
0 0 1
or by Eq. {(77)
M = G(M)B;l(M) (79)

Using Eq. (79) in the transpose of the fitting function F matrix of Eq. (40)
FLo= 17 = DTE(B)B;T(M)GT(M) (80)
By Eq. (42) the inverse relation becomes
Ton-1 -1 T .-1 -1
{T°7T) = Thou MM ™) Thou (81)
and by Eq. (79) and its transpose
MM = B;T(M)GT(M)G(M)B;l(M) (82}

and the inverse is

O Bg(M)(GT(M)G(M))_l BE(M) (83)
By Eq. (77)
M = B;T(M) ¢t oo (84)
3x3 3x (VL)
By Ea. (44)
a>= 17t arw > (85)

The psuedo inverse of M by Eq. (83) and (84) is

R 5, anle” ansen] ™ ¢’ an (86)
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Using Eq. (86) in Eq. (85)
_ 1 \ -1
Bgl(M)Thiu = 3= ["meam]™ T
The matrix G (M) by Eq. (77) is
T,. _T.T
¢ a0 = B M

and by Eq. (78) and Eq. (41) in Eq, (88)

1 0 0 4 A4
T = 0 1 o |-<, <

- Lo

where Le is the linear convolution matrix

0 ... 1

L ven 1
c

MxM ... 0

Eq. (89) becomes

<§§ 1 1 M) 1

T o
G (M) =i — M)eL 0 M) ¢
3x(N+1) Dt

c,0 -N(N+2) <jb], 2
5 %—<j§)c

(87)

(88)

(89)

(90)

(91)

The parameter estimate in the new base now becomes by Eq. (87) and Eq. (255)

sec (5) for the inverse metric matrix

b |
} N+L 0 0
— 12 T
a®> = 0 NNL) (N 0 ¢ 02>
o 0 1802
- N(NH1) (N+2) (N2+2N-3)

The midpoint variance matrix of Eq. (46) is

D

and by Eq. (83) 1

§:~~ - a1t

aa ho

-1
aa A Tho

T, -1 ,-T
L MM T

n Eg. (93)

T -1 .7 ~T
o B0 G ODGADTT B (O T

hou .
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(92)

(93)

(94}

bl



Do the base change on Eq. (94) and obtain

g _ .-1 T
2:53 A ThouE:éa Thou (93)

where — N
1
N+T ° v
- 12 T
z:aa Bg(M) 0 N(Q+1) (N+2) 0 Bg(M) (96)
0 0 180 ;
L N(N+1) (N+2) (N"+2N-3)

The §;> of Eq. (92) is for the orthogonal midpoint polynomials., If we use the
ortho-normal relations given by Eg. (253) sec (5) as

5 =M BS(N) (97)
(N+1)x3 (N+1)x3

where by Eq. (260) sec (5)

1 0 —N (¥+2) V180
5 N+1 12 N(N1) (H2) (Non-3) /2
i /i3
BS(N) - 0 N (1) (R+2) 0 (98)
o 0 /180
} 2 172
i 12[N QL) (N+2) (N“+28-3) ]
By Eq. (97)
-1
SBS =M (99)

MM =51 sTept = 57T (100)
5 5 . 5 s

and the inverse of Eq., (100} is
oyt = BSBE (101)

and since these are ortho-normal polynomials the metric is the identity,
that is

T
5§ =1 (102)
3x3

hence
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T =1 T
(MM) = BSBS

By Eq. (44)

a (:} = T

, Tyy~L T M z>

The psuedo-inverse of M is by Eq.

W—(Mml T

Using Eq. (105) in Eq. (104)

a (§> = T;iu BSST;>>

or

-1 ~
Bs Thou a:>=

-T_T

= B B B B 5

= ST%:>

=B 5
8

(97) and Eq. (103)

the parameter in the new base as:> is given by Eq. (107) or

M = SB©
=3

where by Eq. (97), Eq. (98) and Eq. (41)

LN X.
s
1 0 0
7T
0 by, O
P13 0 Dbyg
1
wr @1
= by ML
e
13 33 c

where BS by Eq. (98) is

bll a
BS =l 0 b22
G g

&

<(i

<:IJ
VRAL

0

b13
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(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110}



Equator (109) is to be used with Eq. (106) to multiply 2> to obtain a> ,

The wvariance matrix by Eq. (101) in Eq. (93) vields

-1 T T
2l =
aa AThou BsBs Thou ) (111)

Case 6. Front to Back or (Backward) Orthogonal Polynomials

This case will not be presented here since it is similar to the forward case
except for the alternating sign changes mentioned before. The congruent
transformation on the (TIr)-1 matrix is given by Eq. (278) sec (5) to obtain
the diagonal metric matrix.

Case 7. Backward Exponential Weighted Polynomials

This case will consider the fitting of the data by exponentially weighted
polynomials with the indices running from the front of the data (real-time
or front-time) point to the back. The measurement data will be assumed to
go back in time to negative infinity, with zero values prior to the actual
time the data is available, By Eq. (169) sec (5) the time variable will he
indexed as

t{%, v) = ho(B + 2} - hoy (112)
with the span-generating index % taken to be zero in this case (for the

recursive case it will not be zero). By Eq. {(171) sec (5} the fitting
functions are

é(t) = Qe =1, ot £ .. g A2 (113)
or
2,8 = E 0D +v () = ED 4 2,(6) (114)
The index v (for & = 0) by Eq. (176) sec (5) is
_ aof2 /2
G, - 0" g T_(8)D(ho) (115)

where by Eg. (177) sec { )

4

4 = (la il YZ’ “Y3: Y ) (116)

and packagewise by Egq. (178) sec (5)

T = 7 = ¢ ao/2 w1/2

{N+1)=d

TTu(B)D(ho) (117)

and the discrete metric by Eq. (17%) sec {5) is for the 3x3 case
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T
Ix3

The inverse is

-1

T -1
ho (T7Wr)

T -1 _
(r,T)" =T

The weighted metric inverse is given by Eq. (343) sec (5) as
(1-8)>

(1-6) (1+6+62)
1D %{1+e)(1-e)2

(1-9)>
a0

where 8 is given by Eq.

6= @ -gho

and a is related to the time constant in the exponential of Eq. (113).

The estimate of the parameters is given by Eq.

a (3=

3x3 (3xN-+1)

Notice that

T T
T T, = D(ho) T (8) TWIT (B)D(ho) @

Qo

=40

e

%{1+e)(1—e)2

(1-6) 2 (1+106+98°

462

(1-6) * (1:+36)

462

(305) sec (5)

T -1 T
(TeTe) Te z (N+€> T*z
(N+1)yx1

7 (:> T (z (N+;>>

e 3X(N+l) 3x/”
where

p o= o — N+1

I ey

The psuedo-inverse of Te is

and

T, =1 T
= (T
(T,r) " T,

and by Eq. (119) and Eq. (117)

Z (/j>

462

3
(1-8)* (1438)

(31) as

482

(1-6)°

402

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)




_ -1 [T.1/2 ~ao/2
Tg = h (T WF) e
AxW+H1
Using Eq. (126) in Eq. (122)
e -1 T 1/2 —-co/2
T2 =ar> = (T Tur) z> @
where by Eq. (174) sec (5)
%0 /2 ahop ate
e = g 2 = @ 2

The vectox T Wllz €> is by Eq. (180) sec {5)

1 1 . 1 1

pl =N -@-1) ... -2 -1

Ix(W+1) N2 (N-l)2 . 22 1

and the Wl/z matriz by Eq. (151} sec (3) is
1

e1/2 0
g2/2
Gz g372
0
/2

Note also that Eq. (125) by Eq. (181) sec (5) is

<ﬁ}l)n

o

rt = - <§§f1)nL
3x(N+1) T ¢

<ﬁfl)n2L
c

where 2

<jé+1) n=(0, 1, 2, 3 ..., N)

and Lc is the linear convolution matrix.

463

(126)

(127)

(128)

(129}

(130)

(131)

(132)

(133)



Using Eq. (128) and Eq. (126) in the vector

@1) n_ w2, (@
I‘TW112>= —<ﬁ-1) n, Lec wlfz z (L (134)

@) n? Le Wllz z (@

=

Thus 5§:>is obtained by the products of Eq., (120) and Eq. (128) and Eq. (123).

The variance is given by Eq. (7) for scalar-matrix noise as

2o =TE TR o (135)
aa [=] =) v

Using Eq. (126) and its transpdse in Eq. (129)

_ 1 T w~1  ~1 -Q0o
zéa B r'[‘l'u:)u (I WI) Thou e 9y : (136)
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Section 12 UNCONSTRAINED UNWEIGHIED STATE ESTIMATION

This section relates the state estimation relations to the parameter estimation

relations of the previcus sections.
By Eq. (13) sec (10

z(NHD> = F a(d + vOHD = F a(d + 2>
(N+1) =d

By Eq. (13) sec (4)

x(t) <E(o)

X (o), a(d>

X(d+l) <%ﬂt)vfdml

f

For the class of fitting functions with

<§%0) = (1, 0, 0...) = g

We have by Eq. (2)

X(é)g = Fv(o)a(€>

dxd

Solving for the parameters
- L .
a(d> = F (o) X(0) (P

Polynomials Back to Front

The discrete state transition is given by Eq.

where

1 -

t —-t——tb
with

t = tb + Nho
or

tl = Nho

hence Eq. (160) sec (4) becomes for the 3x3 case of polynomial functions

2.2
1 Nho N_ho
2
o (Nyo) =2 N =|o 1 Nho
.o X
0 0 1
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(160) sec (4)

(1)

(2}

(3)

(4}

(5)

(6)



and the inverse by Eq. (164) sec (4) is

2.2
N ho
1 ~Nho >
-N
¢ = 0 0 ~Nho (7)
®
0 0 1.

The discrete state transition matrix of Eq. (6) by Eq. (158) sec (4) yields
N
20 (D> = ¢ x(0) (D, (8)
x(0) (3>S
Using Eq. (9) in Eq. (5)

a(d = F.h0) o =0 (D, (10)

or

I

N
o X(N) (9>S (9)

The measurements of Eq. (1) are

2] [x@] v
z(1) x(l)E |v(l)
b= . l + oL (11)
z(N) LR (N () |
- o L 4 _ _{

hence by Eq. (10)

x(0)
z{1)
x @HI>= . | = F& = F F_:;l(o) @;N % (N) (>S (12)
(N+1)=3 {(N+1)x3 3x3
iX(N)E
1 A

which relates the states of the function at time corresponsing to N to the function
values at the (N+l) time points., Inverting Eq. (12)

x(W) (>, =4 F (o) F* x (N@ (13)
3x(N+1)

The above relations will be investigated for the monomial polynomial base and
the exponentially weighted polynomial base.

Consider first the 3x3 matrix of Eq. (10) by Eq. (7) and Fq. (18 sec (4)
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1 0 07[1 -Nho N2u%/2
Fv_l(o) ¢;N =te 1 oo 1 Nho (14)
0 o 1/2] Lo 0 1
oY
1 -Nho N2h§f2
-1 -N }
F (0) 2 = | 0 Nho (15)
0 0 1/2
Also the inverse of Eq. (15) is
1 Nho N2h§/2
& F (o) - |o 1 Nho (16)
Py v
LO 0 1

By Eq. (30) sec () for a forward cycling filter

T* = DT (ho) T;l(B) N* (17)
For the special case of t0=0, the matrix product of Eq. (13) becomes

i) % — &N -1 T..-1 . T

@X Fv(o)F @X Tv(o) D “(ho) (N"N) N (18)

The intermediate matrix product term of Eq. (18) is

1 —Nho A
-1 -N 2
D (ho) Tv {0) @X =0 ho ~Nho (19)
2
ho
o0 7

|

The matrix product term of Eq. (12) is for the forward cycling filter by
Eq. (14) sec (1D

F F;l(o) >N = ND(ho) F;l(o) g N (20)

By Eq. (16) sec (11) and Eq. (19)
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- 1
1 0O
1 1
1 2 2
13 2
3 2
_l (N-1} (N-1)
- N 2 %
ri ~Nho
1 —(¥~1}ho
1 ~{N-2)ho

~ho

Note that Eq. (21) used in Eq.

to the function values.

x{1)

x{2)

x{N)

I

or packaging

(o) | 1
x(1) 1
x(2) i = 1
LE(N)A' '}

x(o) + é(o)zho + i(o

ho

zho

Nho

The above matrix can be

1 ~Nho
0 ho
0 0
N2hoZ/2

(N~1)2h02/2
(N~2) “ho® /2

h02/2
0

(21)

(12) relates the states at Nho time points ahead

The normal Taylor series expansion is to relate the
function wvalues to the initial states, that is for example

2

x(0) + x(o)ho + E(O)h%?

0
h20f2
(zho)2/2:

(Nho) 2/2:

-

2
(zho™)
) 2:

2
x(0) + #(o)Nho + k(o) MO

(22)
x(0)
x{(0)
x(0) (23)

compared with the matrix of Eq. (21).
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Observe that the state transition matrix for the polynomials yields

x(1) = Jﬂg ® X(O§>s = %@i x(li>s
x{(2) = %ii x(Zi)s = ¥@i @2 x(g?)s
x(M) = @ x>, = K€ o =),
or -
_x(o)q ]é o°
2(1) ifg 5
x(2) | = | X€ o2 x(o)>_ (24)

i;(N)J KE o~

By Eq. (11) and Eq. (1)

x (N+ Fa ( (25)
:> (N+1)x3

and by Eq. {5) in Eq. (25)

% (N{;> -7 F;l(o) x(0) ('§>S (26)

By Eq. (24) and Eq. (26)

]\ a°
FF, {0} = i. (27)
(N+1)x3 j .
e
we have also
2D B>, = x0) Dy (28)
or
x(0) (B, = 0 x() (3, (29)
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and using Eq. (29) in Eq. (24)

X (N%;>=

which is the sa

-1 N
F Fv {0) @X =

(N+1)x3

&
L&\ ®—N+l

lé ®—N+2

%@ @Hl
;<é ®0

me as Eq.

—

1 QHN
1 Q—N+l
k@ ®"N+2

i<§.®0

Using Bg. (12) in Eq. (11)

Z (N+€:>

FF;l(o) s N x(N) (§>é + v (Nfi>

FF;l(o) sV v, (§>S + E(ﬁ§>

x() (D,

(12); hence, by Eg. (12) and Eq. (30)

x(N,N) (§>é = @NFV(O)F* z (N%;>

where X(N,N) {3

The matrix product terms of Eq.

N N
& FV(O)F

By Eq. (10} we

ALY (D

and

is the unweighted estimate of the states at t=Nho based
on using all of %he first N+1 measurements, or data up to time Nho.

- @NTV(O)D_l(ho)(NTN)_l N

have

T

@NFV(O) 2 Q§>

2Lm = <@ & FL) T

o]
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(34) are given by Eq. (18) and by Eq. (1D

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)
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————

[A——

and the variance matrix under a base change transforms via a congruent
transformation, that is

B (RO, N) > RW,N)) =$;Q;
- @NFv(o)jjaé ROICHN
By Eq. () sec () in Eq. (39)

S5z = O, @07 o) ') T (ho) L (0) (2 o
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(39)

(40)



Ailw s"r'S{'

Section 13 RECURSIVE PSUEDO INVERSE AND PROJECTORS

Given a matrix T of rank d < k, the psuedo inverse of T is given as

_ (TTT)_I TT (1}
dxk dxd dxk

thus the computation of the p%uedo inverse can be obtained as the inverse of a
symmetric (Grammian) matrix T°T. If we now have a new matrix (k + 1)xd in size,
with T as a submatrix

kxd

T =f{T (2)
(k+1)xd | kxd

t
k+1

the psuedo inverse is given as

% -1 T

T = T T) (3)
dz(k+1) dxd dx(k+1)
where
Tl =t ¢ P %)
dx(k+1) dxk k+
and the symetric Grammian is
T T ki)
T T = TT+t [dXdit (5)
d(k+13d d(k)d k+1

the previous Grammian plus a dyad.

The inverse of the new Grammian as a function of the inverse of the o0ld Grammian
is given by Householder as

k+1 r
am™ = o -G anTt (6)
d(k+1)d d(k)d d(k)d
t(T T) \}\
k+1 d(k)d k+1
If we partition the new psuedo inverse of Eq. (3) as
T" = l’T“(k + 1), t':@ ()
dx(k+1) dxk k+1
U LT 0 L SR LG 16 SRR @)
(k+1)d dxk d{k+1)d k+1J
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Using Eq. (6) in Eq. {(8)

T =l - (TTT)‘lt@Qt T
dx (k+1) dxk  d(k)d el

(TTT)_lt@ _j
d(k)d T+

1+ <t(TTT)"1\£\
k+1 d{k)d < k+1

1+ & iy Tt
k+1 d{k)d k+1

(9)

Note that

T(k+1) = T - (TTT)‘X T (10)
dxk dxk " k+1 dxk

1 +<t (TTT)";y\
k+1

k+1

and
+1

t-;;@ = (TTT)_lté (11)
k+1

1+ {t(TTT)"lt_\/-
k+1 ‘4 kt+1

If we consider T as d column vectors in k space, then the k x k matrix projector
kxd
onto the subspace spanned by the d vectors is

TT = P

TT* (12}
kxk kxk
The Orthogonal compliment projector is
P ,=1-P (13)
TT TT
kxk kxk
The expanded matrix is
T = T (14)
(k+1)xd J d
£ !
k+1
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and the expanded projector by Eq. (7) is

TT" = T T"(k+1),-ﬂ’§t>
(k+1) (k+1) kxd dxk k1
kd
rooo Y
= | 1T (k1) Tt"@'
kck kxd % ktl

'@t 7" (k+1) { t/\\

k+1 dxk k+1 “ k+1
L.

The k x k submatrix of Eq. (15) is

T T (kt1) = T[T - (TTT)_fE> <£?“
kxk kxd dxk d(k)d dxk

1 +<iE(TTT)_1%:>

.

or
s N alai k‘l- e
T (k1) = TT - T T§:> t T
k(d)k kxk  kxd  k+1
1 +4 (TTT)—lxt\
k+1 //£+1

The other submatrices are by Eq. (11)

TR ST SN
1 T ke

1 +<i£(TTT)—1£>>

k+1 k+1

The inner-product of Eq. (15) is

<:}tﬁ::> _ k+1<:?(TTT)—1E:>k+1
ktl ktl

1+ Le(r) e
k+1 k+1

and the remaining term of Eq. (15) is

CHCHER

k+1

T -1,
Using (16), (17), (18) and (19) in (15)

TT“‘ - TT“‘ _ T“Ti> é'l’“

(k+1) (k+1} kxk R S —

A

§T"
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(15)

(16)

(17)

(18)

(19)

(20)
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[N

A=1 +<:;(TTT)_IE> (21)

Note that the commute of Eq. (20) is

3 E3 % "
T T = I = | T (k+1), ¢ {d [-T 7
(dxk+1) (k+1)xd dxd dxk k+1J iié?J (22)
t
or
L= T (k1) T + t>k+< (23)
dxk kxd k+1

(B) Recursive Psuedo Inverses of Full Rank Expanding Rectangular Matrices Times
Full Rank Square Weighting Matrix and Recursions on Their Projectors.

The matrix relations in this section are useful in weighted least squares.
Consider the product of a k x k full rank matrix M times the full rank matrix
T, or

M T = Ty (24)
kxk kxd kxd

and
TMT e (25)

The generalized inverse is

T T -1 T T

LA NG A (26)
dxh dxd

k3 T R :
T, = (T Ml )L ot T (27)
dxk

The k x k matrix orthogeonal projector onto the space spanned by the columns of
Eq. (24} is
10, = (ot Tt 1" (28)
kxk

The expanded T matrix times the corresponding {(k + 1) x (k + 1) M matrix is

Ty = M T (29)

{(k+1)xd (k+1}{k+1) (k+1)xd

with psuedo inverse

TM“ = (1’ MT mMr) "1 T T (30)

dx(k+1) dx (k+1) (k+1) (k+1)xd dx(k+1)
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The expanded T matrix and its transpose is given in partitioned form in Eq. (2)

and Eq. (4), hence it is convenient to partition M as
- )

L
M — IM(kt1) m©
(k+1) (k+1) kxk k+1
@ m
k¥1 (k+1}k+1
and the expanded*Grammian is -
"\\ = i
MT(k+1) : M({k+1)
kxk kt+1 :
T
M™M - -
(1) (et 1) < m é
= I e MOk + <& MT(k+1)m:>d-;>m(k+1)
Qi) +m Lant
ktl, k+1
or [ ]
G{k+1) g-‘kN
kxk \V/k+1
o =
(k+1) (k+1) X "
k+1 k+1, k+l
Using (33) in square matrix inverse term of Ea. (30)
(t'g 7y~
dxk+1(k+1) (k+1)=xd
—~
= {-TT t> (G(k+l) g>-i' v -1
| axk i kxk ] kxd !
f 5 ; “
\ i<<é g vl
\ L | -'

/r

= [ 1Teqry T + t> <:g T + TT?D < +><t e

d(k)d k+1 k+d

3
I
—

The sums of the three dyads of Rq.

D
. -
= !::@i:;ki’ig%xi : @ gig:T = BCT

- e
\g

(34) can be written as

} QR

(31)
--—1

>
(32)

m

k+1

(33)
(34)
(35)

EAR
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where

B

T
RO e
dch ITTg>’ t7’ t>g k+1, k+11 1)

Fquation (34) can be written as

1l

it

(17 G "1
dlk+1) (k+1)(k+1) (k+1}xd

[T' G(k+1)T + B ]!
dxk kxk kxd dx3 3xd

(rler1)) ! %

dxd
r - - _ (38)
l1- B 1+ ¢ (reanT ™! 37 clerte+yT) ?g
(dsd  dx3  3x3  3xd dxd dx3

Equation {38) comes from Householders inversion of modified matrices (ref.39%)
which is

1 T 1

-1 _ _ - _ -
a+ vty =at - Aty viaT ey A (39)
If we impose the constraint (inspired by knowledge of known properties when
applied to variance matrices) that the k x k submatrix of the expanded Grammian

be equnal to the previous Grammian, by Eq. (32)

G(k+1) = G = MT(k+1) M(k+1) + p@@ H (40)
kxk kxk kxk kxk

then we can obtain the expanded psuedo inverse as a function of the previous
one. Let

]

Ty Ty (1), 1y ;7

dxk+l  dx(k) k+1 1 (413

= (rfery”! TyT
d(k+1)d  (k+1) x (k+1)
where _
il = ot | GerD) q> (42)
m m

(TTMT(kﬂ) + t(d> ﬁn, TTp> + t>m
dxk dxk dx1
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The first submatrix of Eq. (41) by Eq. (42) and Eq. (34) is
T "k + 1) = [T06T + Bc') 7L [riMt + t\7<
m dxd (43)
dxk

T (k+1) = (TTGT)_L[I - BT + cT(TTGT)'lB]'ICT(TTGT)‘ﬁh(TTMT AC

= T; + (rier)” ! BT + CT(TTGT)'IB}'lcTT;
dxh (44)
+ (TTGT)_I‘ZI _nl1 + ¢hertemy 'Ry Lt erTery” 15‘ t7¢m (45)

The (k + 1)th column vector of Eq. (41) is

NG L T -1 T \\ fx\
t @ = (Ter) " [Tulk S+ t{d)m]
m %1 d(k+1)d dxk Y
— (46)
T a1 T, Ton-1
= (T GT) NI - B{I + C (T GT) B]C(TGT) [Tp + £ oym

dkya > > }

Equation (45} and (46) are quite messy. They can be simplified by assuming G

is diagonal which implies that M is an orthogonal matrix. They can be further
gimplified by assuming that M is diagonal which is equivalent in the variance

applications to the uncorrelated assumptions.

The assumptions henceforth will be assumed.

@ micy = uly - @7

and the matrix of Eq. {38) becomes

(fery ! = prler + t/ <t g 171
d(k+1)d d(kyd k+t1, kt+1
and by the Householder inversion of Eq. (6)
(tlemy™! = (2femy 7! 1 - t> <t(TTGT)_1g]

d(k+1)d

(48)
1+g /t(T 6T~ 1)

The transpose of Eg. (42) becomes
Tyt = i, t> m (49)
dgk+1l  dxk k1. 1+1

The expanded space psuedo inverse of Eq. (41) by Eq. (48) and (49) is

T(k+1)-T - (themy” t> <tT;g
dxk dxk (50)

1+g <t(TTGT)'19
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and the {(k + 1)st column of Eg. (41) is

t;@z = (TTGT)'lt@ g
+1 k+]

1+ g <t(TTGT)'1t)

where

2
g = m

The expanded space (k + 1) x (k + 1) matrix projector for the diagonal constraints

above and using the transpose of Eq. (42)

r_-— —
| MT
b okxd
TM = { k‘l’/],’t
(k+1)xd [ m <_ _

is ! ! !
w Ty =0 w _] Ty (k+1), t@ |
k+1 }

(kt1)xd dxk+1 i kxd

Lkl ]
pom < tl

r - - \ y |

= MTT, (l+1) MTt
kxd dxk 7 K+l
] s o J >
et Ty kt1) AN t1~>k+1

L
The first submatrix of Eq. (54) is by (50)

—-

KN

MTT, - MreTiem e ¢

Mg
1+ g < erleny Tl
ke &T e *
TyTy = Ty t7 <t Ty
k{d)h
1+g < t(TTGT) 1t>
The first row second column vector of Eg. {54) is=
# T -1
Tt = Mr[(Tem Iy /g
1+ g & t(TTGT)'1t>
T
=Tt >4

kxd
T+ g CTEen >

MTTM(k+1)

1
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(52)

(53)

(54)

(55)

(56)



m<t Ty(et1) = yg (t T
) Ag  dxk

¢ (trfemy i)

m <ttM>

1+g <t(TTGT)'1t>

Ag - 1
Ag

where

ag =1+ g e(Tem e Y

Thus the expanded space projector in terms

Tyly =

{(kt1)(kt+1)

- BTG

kxk

\

Ag

and due to the symmetry of the projector of (54)

The second row, second column element of Eq. (54) is

T
Ty t g
Ag
Ag - 1
Ag

of the previous

-

projector is

(57)

{58)

(59)

(60)

IT Recursive Psuedo Inverse of Fixed Size Rectangular Matrices Generated by

Shifting all Rows Up, the First Row Out and Adding a New Last Row, and Recursion

on Corresponding Projectors.

This section considers a two index sequence of vectors in d space

{E%'t (i+n)

(61)

where i 1s an open ended running index and n runs from 0 to N, then i goes to

i+l, etc.

Lt (ito)
Le(i+)

N+ 1
Vectors .

t(i+¥) ;)
<t (i+N+1
\
<:t(i+N+2)

+

L t(i+2N)

N+ 1
Vectors
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We want to psuedo invert the (N + 1) x d matrices {full rank assumptions for

simplicity).

(i) = {t(ito) |
{N+1)x=d : .

el
C; i

(62)

and the succeeding fixed size rectangular matrix of the same size and rank d,

defined as

<jt(1+1) i

T(l+1) M |
(N+1)xd

<t(1+N) i

t(1+N+1) J

Partition T(l) as

T(i) = <t(i+o)f
TI'I
Nxd -J
and
T(+1) = f T,
ﬁ( Nxd E

/L (itN+D)
| )

(63)

(64)

(65)

where the vectors in the intersection of the two sequences is designated Ty -

The psuedo inverse of Eq. (62} is

) = (1l 1)) Mt
dgN-+1 d(N+1)d dxN+1

The rank d assumption implies that
N+12z24d
The inverse of the symmetric matrix is
[ -1 o T. -1
LT 1] =y ° e+ 1l )
T, -1 . _ o T, --1
(T I - o <t(TnTn)

1+ gt(TETn)—ltZ

where

o
;

= <t(i+o)

o
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(68)
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The psuedo inverse of (66) is

@) = [TWT@IT,, T (70)
dzn.
= WEN ,, T A

dxn

The first column vector of Eq. (70) by Eq. (68) is
. _ T -1
@Y= @) e (71)
T -1
T ) t>
1+ <16(Tn n R

The second matrix of Eg. (70) is

T'}\-(i) _ T-,': . (TTT )_1t> 0<t T‘z‘:‘ (?2)
n n'n 0 n
dxN dxN T 1
1 +§, (1,1 )My
where
C T -1.T
dzﬁ = (TnTn) Tn (73)
The generalized inverse by Eq. (71) and Eq. (72) in Eq. (70) yields
Ao T -1 * T. =1, o
T (i) = },—(Tn"fn} t>0 , Ty - (TT) t>o(t T (74)
dxN+1 ) i
A A
o 0
where
_ T -1:%
&0 =1 +c(t(TnTn) t (75)
The projector onto the space of T(i) is
e < T T -1 * T . =1~9/ *
T(i) T (i) -P@t | (TyT) t>0 , T - (TT) %<t T
(N+1) (N+1) 1; T A A
T
_'n
= fa_-1 G | (76)
Ao Ao .
T £ KT o o) % 5
T rr -t e e
Ao Ao J
L
The psuedo inverse of T{i + 1)} is
. T, , . -1 T .
T (i+1) = [T (i+1) T(i+1}] = T (i+1) (77)

dx (N+1) dxd dxN+1
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The Grammian is

N+
T D) = T+ o) % (78)
N+1
where
€(1+N+1) (79)
By the Householder inversion relation
- ) N+1
Dty =l - 0 (t (1) (80)
N+
AN+1
where
T -1
=1+ {e(TT) t> (81)
&N+1 ﬁg; nn N+1
and
T, .
T (i+1) = >N+1] (82)
T(i41) = [T (D) ¢ ] (83)
dx (N+1) dxN N+1

Using Eq. (80) and Eq. (82) in Eq. {77) the first matrix of Eq. (83) is

T -1 N
T (1+1) = T - (TnTn) €> Q\t T (84)
dxN N+1
AN+

the (N + 1)st vector of Eq. (83) is

N\ _ T —1;>
t / N+1 (TnTn) N+1 (85)
AN+1

The generalized inverse by (84) and (85) in (83) vields

o _ L _ X T -1
T (i+1) = [TIl (T T ) ;2 (% Tn, (TnTn) £>N+1} (86)

dx (N+1) ANTL

and the projector onto the space of T(i + 1) is
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T(i+1) T*(i+1)

=/t [?"(i+1), ti> ]

(N+1) (1) N+1
t
N¥1
o - (87)
r % Fl o *T _'
- TT -T §> €T T €>
o N+1 N+1
X AN+1 AN+1
ﬁ; T ANHL - 1
+1 1 ———————
AN+1 AN+

Equation (86) and (87) obtained the psuedo inverse of the updated matrix and the
projector as a function of the corresponding matrices in the intersection. An
Alternate derivation could be obtained using the shift up and out matrix of

Eq. (5) Sec. (6) or _

9 -
s, T(1) = <ft(i+1)§ =|T, i (88)
(N+1) (N+1) xd - |
L, <o j
R
L |
and
N+
T(i+1) = S T(i) +E& N+ <§§t (89)
(N+1)xd (N+1)xd N+1

An extension of Householder's inversion lemma to the psuede inverse of rectangular
matrices plus a dyad would yield a direct result, however this route will not
be pursued at this point. The psuedo inverse of Eg. (89) is

N+1
o _ T,. T . -1.T,. T
T () = [T s suOT(1)+§> <:£1 1'G) st (90)
dx (N+1) dxd N+1 d{N+1)
where

SEO SuO = T €> (91)

N=N

o] L8]
(N+1) (N+1)

A less powerful approach can be used; let

Q N+
T(i+1) = T(i) - e@ 6; + & 1% ét (92)
(W1)xd  (¥+1)xd /1 N+1
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T(H1) = T(4) + [=3
{(N+1)xd : =

> 3: | (93)

T(i+l) = T{(i) +ETF L" — (94)
(N+1)xd (N+1)xd (N+1)x2xd

where

§§?£ (1, 6, 0 ...}

T (1) = T (i) - T (i) B(I + FT'E) FT (i)
dx(N+1) dx(N+1)

Equation (95) is the rectangular analog of Eq. (39).

T(i+1) =T (i) - T (i) E (I + FT ()E)" F T (1) (95)
dg(N+1)  dx(N+1) 2x2  2xd

T(i+1) T (i+1) = (T(i) + BF) T (1) §I - B(1 + PTEFT }
(N+1) (N+1) _ . B
* ' * Fw ) (96)
= T(i) T (i) 41 ~ E[I + FT (i)E] FT () ¢
+ EFT (i) 4T - 5(1 + FT*E]*FT*(i)}

Discrete Transition Matrix of Moving Fixed Span for Polynomial Functions

When the row vectors of the T matrix are polynomials as considered in this

paper, then the updated fixed size matrix becomes very simple in structure.
The three cases of interest are:

t(i, n) n = ...
tik, m) m=-M, . . .-1, 0,1, . . .M
e(l, vJ y-=

and the polynomial basis by Eq. (38), Eg. (41) and Eq. (43) Section (5) are
{t(i, n)

<t(k, m)
ce(l, y)

L1, n) T (R) D{ho) (97)
¢ 1k, m} T,(B) D(ho) (98)
(1, y) Ty(B) D(ho) {99)

non

The non-dimensional quantities are

£ 1(i, n)
L1k, m)
Ll )

Ln Ty(i) (100)
¢ m Tylk) (101)
£y Tu(l) (102)

o

where

<.n = (0, n, nz, s

<'m = {1, + m, mz, + m3, e m)dql) (103)

2 3
(I, -y, ¥7, =y, . . .(~y

PN
ot
i



If we pack the N + 1 row vector of Eq. (97) into a column as the index n varies

[ ot
T(i) ={ 1/ n Tu(i) Ty(B) D(ho) (104)
(N+1)xd N

N
‘o
N
or by Eq, (123) Seé'. (5) .
T(i) = XN Tu(i) TU(B) D(ho) {105)
(N+1)xd (N+1)xd
where I" Tor =
é Lo
i1 g . . .90 [ n
- B
i [ 1 .
[ S A | | <fi
N= .1 2 250091 =i - (106)
(N+1)xd i
BT I A
BERTIES (S oLt I B
| { |
(N+1)xd E : :
—— - l.. A
The psuedo inverse of Eq. (105) with full rank facter is
TT(i) = D (ko) T,TN(B) TN(E) N (107)
dx(N+1) dxN+1
The square matrix inverses are given by Eq. (164) Section (4).
The rectangnlar matrix psuedo inverse of Eq. (107) is
o= e i (108)

dx(N+1)  dxd  dx(N+1)

The Grammian NTN is given by Eq. (60) Section 5 in terms of the sums of the
power of the natural number. The inverse for a 3x3 matrix is given by Eg.
(224) Section {5) as_

3N + 3N + 2 ~(12N + 6) 10 ]
N =g -8+ 6) AN + 1)(8N-3) 60 (109)
© N(N+1) N-1
10 -60 60
i N-1 TS
g, - 5 (110)
(N+1) (N+2) (N+3)
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and

Pl 1 1 1 .1 -
_ |
N =i 90 1 2 3 .. .N = n:> s ?%_ s+ + o RN | (111)
. o N
L0 1 2° 3° | N -
T n%-§:> L n (3> (112)
3x (N+1) } © 1 >N
INZ+3F+2 - (12N+6) 10 fl U O I
i i
= g, - (12N+6) 4(2N+1)(8N=3) =60 |i0 1 2 3. . .N }  (112)
" N(N+1) N-1 ; :
10 -60 60 | o 1 2% 32 ., ¥
' N-1 N(N+1}} : ?
_ T, -1 T\ -1 Tyo-1 N T -2\
< 8, [(N N) %:)0, {(N°N) %> 1 (N"N) n,}z ... (NTN) nj>NJ (114)
_ T __1 ,’ ?.\\
=8, (N"N) ) [n_Q:>b, n Qxfl’ co n.éi}Nj (115)
3x3 -
The time point at indices i and n is
t(i, n) = (B, + (i+8)]ho (116)
where
B, = to/ho (117)
and the powers
Celd, n) = a7 () T,(B) D(ho) _ (118)
The time point at i + 1 and n is
t(itl, n) = [B, + (i+l+n)]ho (119)
and the powers by Eq. (154) appendix (A)
. -~ .
{ t(it1, n) = T (i) T (1) T (B) D(ho) (120)
using the commutative property
Tu(l) Tu(ﬁ) = Tu(B) Tu(l) (121)
we have
{ti*1, n) = ¢ T (i) T (B) D(ho) D (ho) T (1) D(ho) )
' (122

H

.{"t(i+1, nj <:'t(i, ) ¢t(i+1’ i)
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where

¢, (i1, i) = D'l(ho) T,(1) D(ho)
dxzd

Packaging the row vector of Eq. (118) in a column

(i) = N T (3) T,(B) D(ho)
(N+1)xd  (N+1)xd

and packaging Eq. (122}

T(i+1) = T(i) ¢t(i+1, 1)
(N+1)xd (N+1)xd dxd

and

T (a+1) = @ N(i+1, i) T (1)
d=z(N+1) dx dx(N+1)

Thus the transition matrix ¢t has inverse.

¢~ = D" (ho) T;l{l) D(ho)
The new projector is
T(i+1) T (i+1) = T(E) T (i) = NN
(N+1)xd dx(N+1) (N+1)(N+1)

It is interesting to verify these results with some simple examples.

a second degree polynomial with N = 3, or

d
N+1

3
4

and for simplicity let B = he = 1 than
Cn

T(i) =N T (i) = kfn T (i)
4x3 hx3 ¢ .
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(123)

(124)

(125)

(126)

(127)

(128)

Consider

(129)




or

T (i)
4%3

at time point i + 1

T(it1) =

L G+140)
GA+1+1)
LE+1+2)
<¥i+1+3)
0o 0
b
D1 |
i
s 22 g
3 3% |
o o |
|
o1
s 2%
3 32
1+1
i+2
i+3
it+4

- !L I

[(1+1)°, (i+1), (i+1)?]
[(1+1)°, (i+1), (i+D?] | =
[(i+2)°, (i+2), (i+2)?]

[(1+3)°, (i+3), (i+3)%]

1tl

1+2

i+3

H

T,({)

1
142i4i%
12441tk
1246149

12481416
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.2
i

12+2i+1
12+41+4

iZ46ith

£ (i+0)
< (i+1)
w (it+2)
1;(i+3)

11
o 22
3 3%

Tu(i+1) =N Tn(i)Tu(l)

Y

(130)

(131)



RGeS (1) ]
(i+2)° (i+2) (1+2)2
T @ (i+3)2 (132)
(i+4)° (i+4) (i+4)% ]

Midpoint of Span

This section considers the T matrix when the indices are referenced to the time
peint k at the center of the span and the index m running + about k. By Eq.
(35, 41) Section (5)

Lekm) = m T (s) T, (B) D(ho) (133)
and advancing k by one point

{elktl, m) = <m T, (k) T (1) T (B) D(ho) (134)
By Figure (1) Section {1} we see the time points are related

/‘t(1+0) t(k-m)
t(1+1) . \

]

= i t(k+0) (135)

i
1
i
|
1

|
( (£ (i)
I 2
Lo

\ |

\ t(1+N) l\-‘\t(kﬂn) /
/ V)

and
\
(t(1‘+0)‘9 f t(k~M) ;
Ze(itl) { £ (k- M+1)‘
. = (136)
e (i) <£(k+0)
9
<t(i+N)) \ (e (et
or
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T(i) = T(k)
(N+1)xd {(N+1)xd

The time point is
£(,m) = [B, + (k + m)]ho

and at k+1

t(k+l), m) = [BO + (k+1 + m)]ho

where by Eq. (66) Section (5)

1 M

1 -(M-1)
" - 1 -1
(L) xd 1 0
1 1
i M

-

MZ

-1y

M

By Equations (35) and (43) Section (5)

GG, m) = Ko T () T (1) T (B) D(ho)

and packagewise

T(k+1) = M Tu(k) Tu(l) Tu(s) D(ho)

(N+1yxd (WFl)xd

and also for Eq. (133) the matrix is

T(k) = M T (k) TU(B) D{(ho)
(N+1)=d

As before commuting in Eq. (140)
T (k) T (1) =7 (1) T (k)
u u u u

we obtain

T(ktl) = T(K) ¢ (kHL, k)
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3 (and-l
e S
0 0
1 1
!

(137)

(138

(139)

(140)

(L41)

(142)

(143)

(144)



where the transition matrix is

_1 — - N (145)
¢t(k+1, k) =D " (ho) Tu(l) D(he) = ¢t(1+1, i)
and the psuedo inverse is
* 1 (146)
T (k1) = 9T (K)
By Eq. (142)
* -1 -1 Ty o (147)
k) =D “(ho) T "(B) T "(k) M
i “ Y dx(N+D)
And the psuedo inverse of the rectangular matrix M is
" - (148)
W o= il
d(N+1) dxd

The Grammian (MTM) is given by Eq. (119) and the inverse by Eq. (120) Section {5).

The projectors are

75 (k1) T(k+1) = T (k) T(K) = T (149)
dxd dxd dxd
and
T(ktD) T (k+1) = T(K) T (k) = " (150)
(N+1)  (N+1) (N+1) (N+#1)  (N+1) (N+1)

Front of Span

This section cousiders the T matrix when the indices are referenced to the time

point % at the front or leading point of the span and the index y runs from
0 te N. By Eq. (99)

COERCEXORNORIS (151)
and advancing % by one time point

Letan, v o= (y T T,(8) T,(1) Dlho) | (152)
where by Eq. (44) Sec. (5)

<<§ =1, v, ¥, Y, ) (153)

A vector with alternating signs.

The matrix of N+1 yectors of Eq. (151) is
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T(®) = T T,G) T(B) Dlho)
(N+1)xd (N+1)(d)

and advancing the front point g by 1

T(e+1) = T T () T (B) T (1) D(ho)
(N+1)xd u e v

or in terms of the transition matrix
T(g+1) = T(&) ¢t(£+1, 23
where as for the two previous cases the transition matrix is

¢ (241, &) = D™ (ho) T, (1) D(ho)

(154)

(1553

(156)

(157)

and for example for a 4 x 4 matrix one can obtain similar results to equation

(131).
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SECTION 14

Recursive-Unconstrained-Unweighted Parameter Estimation

This section considers the infinite memory case as opposed to the fixed memory
or recursive fixed span cases considered later. From Eq. (13) sec (10)

:>J,=Fe>+1jr>j =F:;.>j +;2>j (1)
d

kx

with estimate of the parameters given by Eq. (33) sec (10)

~

D, =E D, = @D T, (2)

Assume now that another measurement is available z(k+1l) such that the vector of
measurements becomes

<:z @§> ) -2 (D 3)

7z (k+1)

where

é (k+1) a> + v (k+1) {43
G (k1) 3 (1) + 7 (kbD)

z {k+1)

li

we now seek a new parameter vecktor a(k+1)> determined by all of the data points
of Eq. {3) and such that

w1 | <Gw

z, = . a (k+1)> + z (k+1> (3)
Z.k .

Bl éckﬂ)

Since this is the unweighted case the sequence j will be omitted as a subscript
quite often. Eq. (5) is

2> = F o a(lhl)>  + 2(kLD (6)
(k1) xd

Multiply Eq. (6) on the left by

P = (FE)"Y BT (7

dx {k+1) d(k+1yd dx(k+1)
=

The psuedo-inverse is given by sec (B) Eq. (9) as
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pr = |Fx - (FTp)7T & T ’ (8)
de (1) 1+ & o7t o

D }
w & D

By Eq. (6) and Eq. (7}

a (H1)> = T 2> (9)

dx (k+1)

which in partitioned form becomes by Eq. (3) and Egq. (8)

- T .-1
a(k+12> = F* z> L ERT <§ Pz (& (10)
& otmt

oyt Dzl

1+ < @EHTh oD

+

By Eq. (2)

e F*z(k>=<f;(}, (11)

but the predicted value cf the measurement at k+l based on the parameter at k is

2 (erl, 1 = <E (erl) a (@ (12)
Using Eq. (12) in Eq. (10) with Eq. (2)

a (D =2 & +w WD E (i, k) (13)
with

2 (kHL, k) =z (kFl) - z (1, K) (14)

and the weight vector is

T..-1
wer1)> = AEE) f(kﬂ).? — (15)
1+ <f(k+l) (F'F) " £ (k.+>

when F is the matrix for the discrete polynomial fitting functions from
Eq. (124) sec (13)

F = N TuBho (16)

kxd kxd dxd

and
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F% = T ho N 17
dxk

with
g% = (W) T NT (18)

where for the second degree polynomial

T 1 1 1 1...1
N =10 1 22 32... k2 (19
3x(k+1) 0 1 27 37... k
and for the next time point
1.1 . 1 1
¥ o=lo 1 : k+1 (20)
3x (ket2) o 1 22 ... ¥ an?
The Grammian of Eq. (16)
T, T T
FF o= Ty OO0 T o0 (21)
d(k+1)d
and
T -1 -1 , T .-1 T
(F'F) ~ = TuB (N°N) TuB (22)
also
£ (k+1) (c> = Ty (FD) (d> (23)
and by Eq. (23) and Eq. (22)
_T.-1 -1, T -1 T
Bt s> - T, MmN (k+l> (24)
The inner-product term in the denomonator of Eq. (15) can be written as
CERHD) (R £ = < Geb) OO (kF1)D (25)
By Egq. (385) sec (1)
T..-1 -1 T
NN =3 M 26
(W'N) . gng F )
and in terms of the notation change
T..-1 =1 T
NN =B (k) M B k 27)
(N"N)} g( ) e O (k3 (
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where

M1 1
= .2 .5
Bg(k) = 0 T -~
6
0 0 )
and
(1
ktl
vl - 3k
ag (k+1) (k+2)
S5k{k-1)
(k+3) (k+2) (k+1)

The immner product of Eq. (25) can be computed as
T -1 -1, T
k1) (NN k+l> = <k+]_ BM B~ (ktl
et T () (k+1) B BT (1)
we note also that

[1, K1, (k+l)2j = e T, (1)

with
1 1 1
T (1) = |0 2
hence
ety W07 > = Gerpn awmTh o K

By tedious attention to detail one can show

o) 7T er>=

2 (N+1) 3

go [2N * D - 1038% - 150N - 48)

(61N

(28)

(29)

(30)

(31)

(32)

(33)

(34}

The weighting vector of Eq. (15) can easily be put together for the orthogeonal

polynomial cases over the infinite span for exponential wedighting.
polynomials are orthogonal over a finite discrete point set and can be used

for fixed span filters.,
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Section 15 RECURSIVE UNCONSTRAINED UNWEIGHTED STATE ESTIMATION

By Eq. (32) and Eq. (33) of section (12)

z (N+£>

sz %x(N) (€>é + v (N+£>

F_ x(N, N) 3, + 2@, 1) (Nf;>
where by Eq. (34)

x(N, N) (§>é =Pz D>

Z

and
F _=TF '1(0) p~N
77X v
and
N
* = w*
Fx =0 FV(O) 7

Consider an additional measurement

mz(O) i z (N+;>
z(1) I=].
z(N) .
Z(N+1)] | z(W+1)

with

Z(N+l) = x(N+1) + v(+1)
and

(W) = 1@ < (N+1) (?S
also

= (N+1) (§>S = & x(N) (§>S

or
x> = 57 k(L) >,

Using Fg. (1)} and Eq. (12) sec (12
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(2)

(3)

(4)

(5)

(6)

(7)

(8)

(%)

(10)
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C——
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1

-1 N -1
FETHO) 07V 07T k(WD) (§>S

x(N+;>

-1
Foo x(NrL) (3,

~(N+1}

X (Nf§> - FFv_l(O) 9 x(¥h1) (D

By Eq. (12) in Eq. (6)

f

‘i_z (NI H}[ FFV_l(O) g~ (FHL) x (N+1) (3>S
| R S + v (N2
ﬁz(Nﬂ)j D exa+n) 3
(. - . 1 : -
_ HFFV_l(o) @'(Nﬂﬂ. * (N-+1) (§>: v (N2

|

1

B e !

- B

2 (N+2/\=(FZX ®—1> x(N+1) (_:_’>S + v (N+2>
%<§)9

The estimate equation is
z (N+2> —(FZX @"l) x (N+1, N+1) (98 + z (N+>
l e
B e

Z(N+é:>= Fp % (WL, WD) (§>% + 7 (2>

Qr

whetre

szE :<sz ¢ )
1
e
‘\
The psuedo-inverse of Eq. (19) is given by Eq. (9} sec {139 as

-T.T -1.-1 .1 v
{ (¢ rszzx¢ ) eﬁﬂé ¢F£X R

T* = |dF% =
B T -1.T ;
& 7
L+ i\* '(szrzx) 2 g>l

zxE

ZX

T -1 .T

li)(FZXFZX) ve €§>l ]
T -1 .T

1 +<5.)ie (D(szsz) v e C-3>1
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(15)

(16)

(17)

(18)
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The unweighted estimate of the states based upon N+1 measurements is by Eq. (20)
in Eq. (18)

% (N+1, N+HL) (}S

FﬁXE z(N+é:> (21)

or

_(@(szsz)d@T e (>i<e oFk ) z (N+1,

x (WL, N41) (3> = oFk , (22)
s zX T -1 T
1+ 1QgcchszZX) ) e>1
T -1 T
@(FZXFZX) " (3 ] z (W+1)

T -1 T ,
1+ l@@(FZXFZX) >
The first term on the right hand side of Eq. (22) is by Eq. (3)

oFk 2 (N+> = x(N, N) (?S (23)

The scalar element in the second term of Eq. (22) is

%@ g orx z(VH) = %8 ox 1, W) 3>3 (26)
- 1<35 e x aul, M) (O, (25)
~ % (L, N) (26)
where
0% (N, N) (}S - x (W1, M) (>S | 27)

is the predicted value of the state estimates at time N+1, based on N measure-
ments. The position level term is the first coordinate of the state vector,
that 1is

a1, W = e ox L W (D, = (1, 0, 0 x (N1, N) (28)
% (W1, N)
O+, N)

Since the matrix relating the predicted measurement to the predicted state is

- . (WL, W) = 1{) e x (N1, N) (@s = x (W1, V) (29)

we have using Eq. (29) in Eq. (23) and Eq. (27) in Eq. (23}

% (WL, NHD) (>S = x QH1, W) (}S + w (N+1) (} z (N+1, N) (30)

500

. .
PN

i
e

[PV



where
7 (NHL, N) = z (1) — 2z (N+1, N) (31)

and the weighting vector is

-1.T

) el g (3
wOH1) ( zx zZX 1 (32)
> - 1+ ]<3) eerr )7t Te>

One can proceed to get an update on the w  vector for the next measurement as
well as an update on (FT F Y=L etc. One must also obtain the variance of the
predicted states as wel¥* as of the corrected estimate of the states.

These relations are derived under the discrete Kalman filter.
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Section 16 UNWEIGHTED RECURSIVE ESTIMATION OVER FIXED SPAN.

Consider a polynomial signal
<€iﬁta(§>+ <:Zta-£:>

(1, t, 24

<E§t = d, O

where « is finite or infinite. One can approximate x(t) as

x(t)
where

;(t) =@t;§c> '

The discreet vector (for N+1) points representation of x(t) is given by
Eq. (124) Section (5) as

~ 1 ' .

x(ito} | <t(it0)

;(i+1) = i i ;(i,wp)‘§:> = T(i) ;(i,wé::>

. wpxd
| % (i) | <E () J

x(t)

where

=

;((t) + 3(t)

H

(1)

(2)

(3)

(4)

(5)

(63

In this section recursive relations over a fixed span of size N+1 = w_ will

be developed. For a given time point i, the index n will run from O o N,
ther i will advance to i+l and n will repeat.

One can express this relation matrix-wise as (the hat symbols over the x are

ommitted thus Eq. (14)

[ x(i+0) ]
x(i+1)
x (i+2) = x(i)(€§>

-

x(i+N}

(N+1)x1
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and for the next set of data

x(i+{i> =

x(i+1+0) x(i+1)
x(i+1+1) x(i+2)

S e B AR WL R
x(i+14N) x(i+N+1)

where the shift-up and out matrix

and

uao

N+D e =

e

1 0. . .0
0 1....0
. ... .1
0. .. ..0
0, 0. ..1

Also for a span indexed with respect to a midpoint we have

r‘x(k—M) T
x{k-M+1}

®{k-1)
x(k+0)
®(k+1)

% (k+M)

TR ’ Mx(i+0)
0 1 z(i+1)

.

x{(itM)

and advaucing k by one point

(% (k+1-1) )

N

x(k+1+0)

+

-

x (k+1+M)

E

-
x (k-M)

x(k+0) + € {::> % (k+14+M)
ue x(k+1)

-

% (k+M)

o
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x(itN+1) (8)

(9)

(10}

(11}

(12)



and likewise the connection between a midpoint span and a front point span is

[x(k-M) ] [ x(y-N) ]
x (k-M+1) x(y-N+1)
) = . (13)
x(k+0) x(y-M)
| x{(k+M) h L X(Y_O) J
and advancing the span
x(y+1-N)
: = Suox(y> + e@ x(y+1) (14)
x(y-0) _
x(y+1)

The following time relations will be used

<&(i,n) = <L(i,n) T (B) D(bo)
Glk,m) = <E(k,m) T (B) D(ho) (15)
<&@,y = <@,y T (B) D(ho)

and
li,n) = <@ T ()
Gk,m) = @ T, (h) (16)
QLY = g1,

and
<@_= (1, n, n°, n3 .o nd—l)
<@ = (1, +m, m2, tm3 Coe ) (17)
G =4, -y, o D

If we package the N+1 measurements as a functicn of i, we have

z(1+0)

z(i+1) - )
. = z(i) @ = T(i) a(i; wp)> + z(i, wp) (18)
. ’ . (N+1)xd :> :>

z{i+N)
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or as & function of k

z{k-M)

. (N+1)=xd

z (k+M)

. = T(k) ;(k; wp> + E(k, wp>

and as a function of the span front index.

2(2) §§;> = T8) all; wp) >

(N+1)xd

+ Z(8; WPE:>

if we advance the span one point Egq. (18) becomes

z{i+1)
_ z(i+1)

z(1tN+1)

and similarly for Eg

T(i+1) = suo T(i) + @
(N+1)xd {(N+1)x(N+1)

The unweighted solutions to Equations (18, 19, 20} requires computing the

psuedo inverses

= T(i+1) ;(i+1; wpij} + E(i+1§>>

(19) and Eq. (20C),

z(i+1) = suoz(i> + @ 1z(i+N+1)

and by Egq. (89) Section (13)

TV = () T T
dx{N+1) d(N+1)d

and similar for T“(k), and T (2).

§€:><:£(1+N+1)
N+1

The update solution of Eq. (21} requires

Ty = (1T T+ )T )

These relations have been derived in Section (13).

Partitioning the measurement vector

(> - (

Z

Z

>) |

Z

)
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t{i+1)
t(i+2)

+

t({+N+1)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)



then

(p) (%) P

(27)

and the psuedo inverse of the partitioned matrix by Eq. (71 - 72) Section (13)

yields

a(i)@ = @t )M 2+ T - (TETH)_1>£ T ] z@
A A

o} O

advancing the time point to i+l

z@ = z® = /T, ;(i+1> +E(i+1)>

z(itN+1) Zgi1 <§
N+1

and using the psuedo inverse relations of Eg. (B4 - 85) Section (13)

e _ * T -1 w T -1
a(1+1)z<> B [Tn B (TnTn) >N+1< Tn] Z@ * (TnTn) 1>N+1 zI\I+1
BN+t Myt

Subtracting Eq. (28) from Eq. (30)

~ A IO 5 | Ntk &
a(i+1> = a(i)> + (TETHJ i (2yy; - érnzzhp)

AN+1
Q ks
- % (zcI - <E,Tn2§\7>)]
o]

Eq. (31) can be rewritten as

N . ) o
a(i-i—l)b = a(i)@ + (TETH) 1[>N+1ZN+1 - >Zo

A -
DACE t>N+1é T;Z@}
Ao ﬂNfl

Another expression for updating a(i+1)]:> can be obtained from Eg. (22)

5,200 + %HZNH = T(it1) a(itl) + 2(i+1)>
and by Eq. (27)

SuOT(i);(i) +5 21D+ ze, . = T(E+1) a(LHI)> + F(i+1)>

Operating on (34) by T&(i+1)

;(i+1> = T*(iﬂ)suoT(i);(i) E + T-""(i+1)§]\mzN+1
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(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

e

[

bam e



since
E3 ~ ko ~
T (DZED = T (1+DZE+HD = O
and' by Eq. ( )
T (i+1) = 8T (4)
hence
* . ~ _ -1 x L _
T (HDEGED> = 6T (DZ3E)D = O
By Eq. (28)
ai)> = T ({)z(i)>
and
" Ntln 7
Z(itN+1, N+1) = éa(i)> = & T )z
where the hat symbol is the predicted measurement.
By Eq. (86) Section (13)
* T -1
UGy = (1)
dx(N+1) +1 nn N+1
Bne
and adding and subtracting to Eq. (35) Egq. (39) times Eq. (40)

a(i+1)> = T*(i+1)suotr(i);(i)> £ ()7
Bye
T, -1 i
+ (TnTn) t>N+1z(1+N+1; N+1)

i

Using Eq. (39) in the last term of Eq. (41)

N+1E(1+N+1; N+1)

~

. . o N4L
a(i+1)> = [T (i+1)5 T(i) + (TETHJ 11>N+1<} a(i)>
| Byt

T -1 ~
+N+1; N+
+ (TnTn) t z{itN+1; N+1)

N+1
Byt
now
Suo T(i) = Suo <§’ = Tn
T, <@

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)



and by Eq. (86) Section (13)

* N % T -1 N-l% W T -]
T (ir1) = [T, - (T Oy, < T, (1) e Dy ]

ax (N+1) 4r
Byt
L . _ w T -1 W
T (i+1) 8 T(i) = [T, - (7T ey, <& T,
dx(N+1) (N+1) (N+1) (N+1)xd  dxn
AN+1
and

T'T =1

nn

dxd dxd

and (46) and (45) in the multiplicative matrix term of a(ii) in Rq. (42)
yields

- . T -1 N+ _

TUG+L) S T(E) ¢ (TT) 1:>N+1%c =1

Ay+1

and Eq. (47) in (42)

e oy T -1 ~

a(it1)> = a(i)>+ (T.T )7 o, Z(N1; N+1)

Bget

a(i+1)> = a(i)>+ w(i+1) Zc}"z“(iﬂqﬂ; N+1)

where

wiirl) Z‘> N (TETQ)-It@N+1
T -1
1+ ﬁt(TnTn) tN+1
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(46)

(47)

(48)

(49)
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Section 17 CONSTRAINED LEAST-SQUARES RECURSIVE ESTIMATION FOR ONE DEGREE OF
FREEDOM

This section considers an increasing batch of data being fitted to a d-1
degree polynomial, or a d dimensional vector of parameters where the first
d-1 parameters are constrained to be the initial estimates, thus one has

a scalar recursive relation. For k measurements partitioned as shown

2, [T, (] a1\
1Y) = (d-1)7d . + 2(k) (1)
Zy a(k)d
or
2(l)) =T a()(d-1) + t(kya(k), + 209 (2)
kx(d-1)
It is assumed that d-1 of the parameters
a(k)(d-1) = a(k-1)(d-1} = a(d—1> - (3)
is known from previous stage, then
z(K) -~ T a(d-1) = t(k) ; (k) + z(k (4)
? kx(d-1) ’ 74 "d 4
Multiplying by the psuedo-inverse
4ot 206y = T a(é-13] = a,(k), (5)
92 t(k)d
where

e 2(k)) =0 (6)
P kit t(k)d

If we now have k+l observations
.

z(k» = é T t(k{lﬁj ;(d—1> + E(k+11> (7)
2y i1 i(k+1)x(d—1) : a(k+1)d
z(k+1) - TI;(d—l = t(ktl ;(k+1) + Zz(k+1 (8)
/(k+1)xd—1 >d d >
or
;(k+1)d = ;(k+1§t [z(k+;> - T ;(d-l\ (9)

(k+t1)x(d-1)

d(k+1)tt(k+1)d
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The partitioned matrix is

T £, 1T ]
lrkxd-l )d v kxd
T = | = = [T, tlk+l> ]
(k+1)xd §<: | < (k+1) (d-D)
! .t i ot
|k KL g
L S ]
or
/TN
rkXd" \',
T :
(e Dx(a-1) < Dt
\\ k+1
and
t(gfh
t(k+i>d _ ’
Cyr1,4d
and
_ ' _ N 2
Baery = gDty = ot ¢y,
_ 2
= & Y ha1.a
Using Eq. (11) and (12) in Eq. (9)
R ’ \ - - 5
a(kr1), =1 ke, t ) / z(> - / Ta(@-1>
oy ) KL 5 ! [kxd-1 P
\\zk+1/f \ - 1)ta(d//;
%\ k+1
1 <k)t[z(5> - Ta(a- 1y
Z (k1) kxd-1 _
bret,aPrrr T -1t a(d73>)]
The predicted wvalue of the measurement is
20t1; k) = <Dt a0 = (|, <E D, et ) a(d-D>
a 4 (k)
2(ct1,8) = <EDE ald-D F e, dad(k)
Adding and subtracting Eq. (16) to last term of Eq. (15)
a(k+l) = Delz(> - T ald- D+t - z(k+1,k)
4 k1) << §> kx(do1) k+1 d Zr+1
ERSEPLEILY
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(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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—
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By Eq. (5) in (17)

- o d 2 ~ .
a(k+1)d = a(k}d ( k)tt(E}a + tk+1’d} + z(k+1; k) tk+1,d
Br+1 & (k+1)
or
a(k+1)d = a(k)d + tk+1,d z(k+1, k)

t (k+1)> <t (k+1)

which is a scalar recursive eguation.

(18)

(19)

Constrained Least Squares Recursive Estimation for Multiple Degrees of Freedom.

This section partitions the unknown d dimensional a(d> vector into two sub-
vectors of dimensions d., and d thus for k measurements

1 27

(k> = [T, T] ;(k)(d—l +  zZ(k
i ::> kxd kxd (a(k)(dzggj ::>

2

where the constraint is imposed

;(k-l)(d1> = ;(d1>

H

;(k) (d1>

and

or

kxdl

Multiplying Eq. (23) by the psuedo inverse of T

kxdz
T T2k - T a(d \] = at)(d
dzxk > 1 / 2>

z(k> - T ;(d1> :kid;(k)(d2> + E(k)
2

The predicted scalar measurement at the next stage is

;(k+1; k) = {iJ)rtl: a(k)(d> = [@t, ézt] a(d1>
+1 k+1 N

a(k)(dz

z(k+1; k)

13

e ;(d1> + {a )t ;(k)(dz/\
k+1 k+1
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(20)

(21)

(22)

(23)

(24)

(25)



The partitioning for k+1 measurements is

Z(%> /;id kid a(di>

.

2 ~r
+ z(k+l
Z141 <ﬁ )t, (? It a(k+1)(dé> ;>
\ k+1 k+2
also — | —_
! -
{ T o, T a(d1> +  z(ktl)

2

:(z(k> =
\Zk+1

z(k+ - T a(d =T a(k+1(d
(k+1\xd 1> (k+1)xd, 2/

;(K+1(Xd1 {k+1)xd "
i a(k+1)(d \

%{/

or

+ E(k+%>

Multiplying Eq. (41) by the psuedo inverse as shown

T* [z(k+1>‘ - T ;(d?] = ;(k+1)(d2>

dzx(k+1) (k+1)xd1
By Eq. (39)
T = fJ T
(k+1)xd2 .kadZ
\ <@ét
\\ k1]
and
T = (al w7t T
(dzx(k+l) dz(k+1)(k+1)xd2 dzx(k+1)

The Grammian is

(d[xki t(cmffm %kid - dTii)Z t(d§§§2)t
oy o k)4,
% dt
: k+1|

By the Householder inversion lemma, the Grammian inverse 1s

(rir)” \§ ity g - t(dé}(ﬁZ)t (o)L
d

8, (k+1) (k)d a, (k)d
TAdz
A =1+ <aze (') a2
d2 <;+1 a,(0d, K+l
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(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)



o

Carrying out the analysis one obtains

Te1) = T - D le@@ @ T, o' e
d,(k+1) id, xk d (k)d k+1 d xk d,(k)d —
2 2 2 2
L_ ‘_,__“__Kmm_"_“_“W”. A
dz dz2 (48)
= [T (1), ¢ (d%>k+1
d, xk
2
The first term on the left side of Eq., (42) is
T 2(kt1 ) = T“(k)zmi> (ri1) e (a2 <;2)t T (k) z( )
d (k+1) 2 xk d (k)d k+1 d,xk
- - i
d2 (49)
s () ey, 1 2
d, (k)d LA
2 2 dz
Consider the second matrix product term of Eq. (42) .
* | j
T T o= [T, ¢ (d2>k+1 lT
d,x (k+1) (kt1xd, d,xk kxd,
i i
a1t
bkl
<r i (50)
= T (k+1)T + t (d2 d1)t
(d xk)(kxd 2 k+1
and by Eq., (48) in Eq. (50)
S _ k3 \ T -1 (
TT = [T ()T - (171 " tea2d €amyer Gor 1, (1T t(qgg ‘alt] (51)
d X(k+1)(k+1)xd d (k)dxd d (k)d k+1 d Xk kxd AdZ z(k)d AT

The second matrix vector term on the left of Eq. (42) which is Eq. (51) times
the vector a(d1> is

e a(d{} 7T aca1 Y- o' ed2) Qo x

d, (kb1 (k+ 1) xd, d,sickxd, a,(k)d, 1Ay,
' (52)
') T a1y + (il c (a2} <d1)t ;(dQ
(4,%K)  ksd 4,(0d, A,
By Eq. (25)
ant ;(d1> _ 20k ;K - {a2)yt a{k)(dg> (53)
k+1 ket
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Using Eg. (53) in the last term of Eq. (52)
T T a@id =T T a(d1> - (i)t t(dgg'(ﬁl)t T T a(d1> 1
dy (1) (k+1)xd;  d xk kxd, d,(k)d, +1 d,xk kxd A

1 d2 (54)

2+ (' ecaz) (2015 1) - {42)t 2 () (8
AdZ dz(k)dz k+1 k+1

By Eq. (42) using Eq. (49) and Egq. (54)

;(k+1)(d2>» =T - (7 e (a2 T*(k)]z(g>
dyxk 4 (0a, k1 dxk

.o AdD 55)

I ey, o7

dZ(k)dZ Ad2

T - e e ae T T ;(d1>
dxk  d.(kd K+l 4.k kxd
2 o (k)d,y — 4k kxd,
A
- 1™ @2y (20e1; B - {a2)t a(d2))

AdZ dz(k)d2 k+1 k+l

Rearranging Eq. (55)

;(k+1)(d2;> = T (k) [z(k> - T ;(dp]

dzxk kxd1

- oty ecar §d1)t T ()20 ) 1

dz(k)d2 k+ dzxk &dz

™ a2 (ane T T agary 1 (56)

dz(k)dz k+1 dzxk kxd1 AdZ

s (1)t a2y {a2)e ;(k)(d2>
4,04, K Ay,

+ ()7 ed2 ) F(kt1,Kk)
d,(k)d, By, )
The first term by Eq. (56) is a(k)(d%> hence
a(k+1)(d2> = a(k)(dz) * 1 riryt t(dZZ Z(k+1,Kk) (57)
By, &, (00A, +1
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The three middle terms on the right of Eq. (56) equal zero since

UL A(d2> <d2)t T (k) 2(k Y 1

dZXdZ d.xk A

2 dz

+ (17! t(d2) <d2)t T 1 ;(d1> 1

d.xd k+1 d.xk kzd A
2%dy 2 1 a2 (58)
+ ('™ ecaz) (a2 a(k)(d2> =
d2xd2 k+1 Ad2
1 '™ @ (o -7 2(ky + T Ta(dl) ]
A 7d xd T d, xk d,.xk kxd
a2 9p%d, c 9 2 1
~ ‘."1
+ a(k) (d2> }? = 0>
since by Eq. (2;)
a(k)(d2y = T fz(k> =T a(dl} ] (59)
d.xk kxd

Thus we see by Eq. (57) we need only estimate d2 parameters instead of d1 +d
and the recursive relation is

Z,
;(k+1)(dz> - ;(k)(d2> s W(k+1)(d2> Y(k+1), k)

where the weight vector is

W(k+1)(d2> - (TTT)_l_t(Hdz (60)
d,(k)d, A5

and by Eq. (47)

By = 1+ (aerT T ecad - (6D)
N dy(0d, N
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SECTION 18
QPTIMAL WEIGHTING MATRIX POR PARAMETER ESTIMATION

This section obtains the optimal weighting matrix for minimizing the
trace of the variance of the estimate of the parameter vector given by
Bq (89) sec (10) as

Tn = WRW (1)
aa
dxd  dzxk kzxk kxd
subject to the linear constraint of Eq (18) sec (10) (R and I given)
L =WF=1 (2)
dzd dzk kxd
we saw in previous sections the unweighted solution occurs for
W=rF (3}

Minimize trace of Eq (1) subject linear constraint of Eq (2).

The minimum variance estimate is derived in most tg%t books using
LaGrange multiples. A few of the recent psuedo-inverse books obtain the
solution via algebraic utilization of the psuedo-inverse. These
derivations are believed to be original and appealing to geometrical

intuition. The derivation will be step—wiserstarting with the case d=1.
By Eq (1) ‘

. ={w R W) (4)
kxk

and by Eq (2)
2 ={w £ (5)
where for the polynomial case
{e=d1 =(1,1,1,...). (6)
The variance matrix R is assummed full rank (one can solve the non-
full rank case but it will not be presented here). Since R is full rank
and symmetric (positive definite) it has factors

R=EBB (7)

or Eq (7) in Eq (&)
o, =Su B B ()
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e et

ox =\/yy> (9)
< :43 ' (10)
QB'l :<p} (11

Using Eq (11) in Eq (5)

2 =<;B"l f> =<y c> (12)
p L f>: > (13)

we see the problem to minimize the quadratic form in the unknown vector £w
of Eq (8) subject to the one degree of freedom linear constraint of Eq (12)
can now be stated as finding the vectoru<¥ of minimum magnlitude (norm), which
is constrained to lie on the hyperplane ol Eq (12). 'AI,QEQ
Multiply Eq (12) by the psuedo-inverse of d>>or 7

Decompose the vectcm'<§‘into a component along é;>and one perpendicular,
that is
Q :Q Pk © Q(a)Q ) (16)

where

and

where

with

and

< =y Poon = Lyti-c < (17)

If we obtain the normal form of the equation of the plane of Egq (12)

Eg_ =<iy E:} = 4& n)} (18)
d;‘ /2 <;j£/2
ce ce
where the unit normal is
- w2
F NL/2 - (19)
[
we know that the distance out from the origin aleong the normal to the plane
is by Eq (18)

1/2 (20)
<S§> 517



The picture is now as shown in Fig (1)

origin

FIG (1) ORTHOGOWAL PROJECTION

Clearly (via the orthogonal projection theorem) by obvicus geometrical
intuition the nearest approach to the origin for the set of vectors
copstrained to terminate on the plane is the vector along the normal, or

{y-
By Eq (13)

("" c =4tB BT (21)

E) {fB B f)

= <% gt (22)

<t (B pTy~t f)

Using Eq (22) in Eq (TMIN\\§

{fB (23)

<f(BB f}

By Eq (23) in Eg (11)

<{} =<§B“l =0 {E @) (BB )“ (214)
| {*

<;}=g <f5:<f“l I“{J (25)
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R |
{w = {l Q-l
{1 oot 1) (26)
o

which iz the well known solution for the minimum variance sequence of
weights to estimate a constant. ‘
Ciearly when the guadratic surface is ﬁ\hjfpemlgneﬁ= I and !

o = {w w) (27)

which is the equation of a family of spheres., The minimum sphere touches
the fixed hyperplane as shown in Fig (2)

FIG 2 MINIMUM SPHERE TANGENT TO PLANE

By Eq (27) the minimum sphere has
<w wp = nl (28)
0

By Eq {5) the normal form for the Equation of the plane is

{ff /2

*s {w% (29)
(5 »

which is the distance to the plane [that is ¢ ;Fkg,p IR di
. '\\. ’ {

r =
o) o]

<egh/* e BE
Ladto

By Eq (24)~in Bq (28)

, A 2 N A 2
S RPN

< ff £f (31)
hence Eq (30) and (31) agjree.> < )
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Consider next the case where the parameter vector has dimensiocn 4,

that is a d-1 degree polynomial.
By Eq (1) Ny
A \ﬁJ%T\\e‘\-f !
tr iga HwRw

Partition w intopy row vectors ipy K;aggth

] -
tr iaa ﬂfj(wﬁ REW}E"'WPHJ

or

tr iéa = %<WRW}1 +...1 d<wa>d

The problem is now to minimize Eq (34) subject to the linear constraints

of BEq (2). Using the full rank factors of Eq (7} in BEq (32)

o/
tr $a = WAATWT = YYT

= l<yy>l+...+ éyy)

d
where
¥ = wA
dxk
oY
w o= ATt

L, = YA P = YC
dxk kxd
with
c=atF
kxd

where
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(32)

(33)

(34)

(35)

(38)

{(37)

(38)

(39)

(40)

(41)

(423

fE—



and

Y = (1-cc)Y (43)
The psuedo inverse of Eq (40) is

o = Toy L oF - (pTa~Ta gy 2 £1,=T (45)

dxk
or

o gty et AT (u5)
Using Bq (45) in Eq (41)

Y = Loc“ - LO(FT R eyl gl a7t (46)

and Eq (46) in Eq (38) Yoo
_ _ [ ': -'i“
7t el Rt A;f &A/\'L B N (47)
WL
SOLUTION QE_MATRIX CASE USING KRONECKER MATRIX PRODUCT,

w=1L (FL 7Y
: (8]

The solution to the matrix case can be done using the Kronecker
metrix product. The technique requires a simple extension to the vector

case where d=1, that is by Eq (u) 474 V%; /5 =mE ol (1 x4
< )

ox = @er} . (48)

and assume a vector of linear constraints instead of a matriz as in Eg (23,
that is

//" B /
“égﬂo =F, (49)
kxr
where the I of Bq (49) is not to be confused with the matrix F of Eq (2)
which is thé matrix of Fitting functions.
Using Eq (11) in Eq (49)

s B
R R AT (50)

T kxrr

Multiply Eq (50) as before by o

Qf\o c” = gt FOC* =y ¢ c”, (51)
where as hefore

<y =/\§ +<;* (52)
with

Ly =4y e (59)
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Lo

Note that the projector cC is kxk and if k=r (that is if there are k
linear constraints} then theve are no remaining degrees of freedom left
and (full rank C)

ST e (5u)

a constant vector, Equation (54) implies that the{ w vector is alsc a
constant, hence the quadratic of equation (48) can not be minimized since
it is also a constant. The problems of interest is for r k, then

&, T b

= o I ~ PR
¢” = e’y oy Cowiie (55)
P _]i_ e a . . "L L P
Mk ﬁ{; “\ihi TR AL f
C"_. = (FE B_T Bﬂl Fo)-l Fg B_T (56)
i
¢” = (5, (BB E ) FE BT (57)

or using Eq (57) in Eq (51)

S T -1 _ -1 _T -T
Ly = E L R FE I F B (58)
and Eq (58) in Eq (11)
T -1 -1 T -1
<Tw o=
Tw <§O[FO R F 17 F R (59)

The Kronecker product enters the picture via Egq (38)

1

vec w = vec(YA ~) = (AAT@ I) vec Y (80)

where Eq (B49) sec (G ) is used.
Also by Bq (37) and Eq (49) sec {G)

vee ¥ = vec(wA) = (AT@ I} vec w (61)
we use the Trace properties

tr Y YT = tr YTY = {wvec Y)T vec Y (62)
hence the inner product expression of Eq (62)

T T e

(vec Y7) vec Y =<p) yy (p.” (63)
vihere

p =k + 4d

is the same form as the problem of Eq (48) and Eq (50)wher.we use the vec
operator on Eq (39), that Iis '
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veo LO = vec(YC) = (CTQ Tvee Y (84)

2 .
The matrix C by Eq (40) is k x d in size and the vec L is d” 2 1 in
size that is

vec LO = [CT 8 11 vec Y = [ V¢ 7 (65)
d2xl dxk dxd kdxl

o
Fat=r (56)

a%xxa

we now need the psuedeo inverse of T or
pYercte 1l st ()7 (67)
kdxd? kdxd?

By Eq (83) seec (£)
T (CT@)T =C@®I (68)
Using Eq (68) and Eq (66)
T "gnecen (69)
By Eq (54) sec (§ {J DT

rrT = chgI (70)

The inverse of the Xronecker product of Eq (70) is given by Eq (55) sec (G)
as

FFT}[CCQI]‘ (c Ot er (71)
U51ng Eq (Tl)/ln Eq (67) and Eq (54) sec (G)

I = canrcTo)y T @ 1 = c(c Toytar (72)
By Eq (&4}

o = Ty T (73)

or transposing
T = eefey Tt (74)

hence using Eq {74) in Eq (72)

oo e (75)
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Eq (75) in Eq (65)
vec Y = ? vec LO = YH%TH Vﬁz,jg

= [C"T g I1 vec LO

and the de-vec or unpack operation given by Eq (43) sec (G )

~ %

vece Y = vec L C
o

or

®

Y =L2GC
o]

5oy
which agrees with Eq (Ml)jﬂué WEWED Pl Cotginiod Ao ¥he ua&x%mvuf

Woed B feliows,
By Eq (13) sec (10)

z>=Fa>+V>:F;>+;>
kxd

and premultiplying Eq (80) by w
dxk

WZ>Z;>

dxk

- (76)

(77)

(78)

(79)

!

BTl g
i ;

i

(80)

(81)

One can multiply Eq (80) by a full rank matrix M kxk in size to obtain

Mz}zidF;>+D4;>

kxk

3l ~ -
? M z>‘= Fm a > + M z>‘
with

F = MF
bl
kxd

Multiply Eq (83) by the psuedo inverse of Egq (84)

oty ot Y -~
PmMz>=FmFma>_a>
The psuedo-inverse of Eq (84) is

; T

& _ T T
P (L F)TE
m 1 m m

= (FTMTMF)"l F'M

Using BEq (86) in Eg (85)
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(84)

(85)

(86)
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g} = (M) e T z )
or by Eq (47)

w = (FT R—l F)“l FT R—l

dxk

One can now set

and
w=F M
m
duk dzk kzk
which are the factors of w,
the classical approach to weighted least squares minimizes

Gt i) o

o
%r G, = <0

which yields the same answer as Egq (87)
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SECTION 19
\%  RECURSIVE WEIGHTED UNCONSTRAINED
\/  PARAMETER ESTIMATION (INCREASING SPAN)

The optimel weighted estimate of the parameter vector is given by
c

Eq (87) of Sec‘(17,) as
Vi
‘Q}zz(FTR"lF)'lFTR'l z (1)
with
w = (PRI TR = F;M (2)
dxk
If we now have one more measurement Zk+l {a scalar)
€> F
= a(kt1) + 2 (3)
701 GEON
or
a(k+1)> = ¥ > ] . (1)
dx(k+1) Zry
The expanded matrix of Eq (2) is
R e B (5)
dx(k+1) d(k+1)d de{k+1)
Tf the expanded variance matrix R is partitioned as
-1
.
R_l =] kxk (8)
{(k+1) (k+1)
& -
then
-1 -1 —1£>
RLI-ry AR ] ~R
1 d q
R - (7)

{(k+1)(k+1) 1
Lu rR

Rl b
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with the dencminator

d=1r- <%R_lﬁ> . (8)

and the cross correlation terms arve in the wvector <&u

For the assumption of no serial correlation, that is

<E=: <@ (9)

Eq (7) bécomes

R~ = (10)
(k+1)(k+1)
-1
0O T

The transpose of the expanded fitting functions matrix of Eq (3) is

T T

F'oo= [P, £f(k+1)) ] (11)
dx(k+1) dzk

and the product

[F,£(k41)Y ][R_l &J;I

¢ x

[FTR“l,f(k+1i> ™ (12)
. T -1 P .
The inverse of the expanded F'R "F matrix is given by Eq (48) sec{ 13)
as
27yt = Rty i - e e Ry el (13)

d(k+1)d
1+ r"1~<f(FTR'lP)'l£>

Muitiplying Eq (12) and (13)

W = W - (FTR_lF)“l£><}(FTR'lF)”lFTR”lr“l,
dx(k+1) sk r"l<:f(FTR'lF)‘l£>
R oo R T GeElrie ) 72 :l (14)
1+t <if(FTR_lF)_lf:>

Multiplying Eq (1l4) by the partitioned measurement vector

';(k+1i> (15)
dxle+]. 4
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and simplifying the terms one obtains

A1) = Al + w1y z(ktL,k) (16)
with

LK) = (el - a0 (17)
and

2(kt1,k) = (EGt1) ;(k)> (18)
and

w(k+l)> = (FTR_lF)_lf(k+l)> rL (19)

1+ §f(lFTR'lP)”lf 1

PR
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Secticon 20 HOMOGENEOUS DISCRETE DYNAMIC PROCESS

Consider a sequence of j vector trajectories

XG>, = oL, 1) XD,

for k=0, 1, 2 ...
izk
or packagewise

X(k+l) = o(k+l, k) X(k)
PXJ pPxJ

where &{k+1, k) is the usual state transitiom (discrete) matrix.

Sequencing the time index k we obtain for Eq.

(2)

X)) = (1, 0) X(O)
X(2) = 2(2, 0) X(1) = ¢(2, 1) 3(1, 0) X(0)
X(k) = &(k, k-1) X(k-1) = &(k, k-1)

X(k+1) = o{k+1, k) X(k) d{k+1, k) ...

or packagewise

. 8(1, 0) X(0)

8(1, 0) X(0)

'Ry 8(1, 0)

X(2) 82, 1) (1, O)

X(3) |= (3, 2) @(2, 1) o(L, 0) X(0)

X (k) Bk, k1) vuuuvun ceees. B(1, O

X (k1) BRI, K) vrvenrennnennn ceenees O(1, O)

B ,| - 2
or

x(1) | To(1, o

X{(2) = (2, 0) X(0)

X (k) o(k, 0)

X (k+1) B(k+1, 0) I
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The last equation in the batch of Eq. (3) was cbtained by substituting in

from the top down.

X(k) = & T(k+l, k) K(rl)
X(k-1) = 61k, k-1) X(k) = ¢ F(k, k1) 8" (ktl, k) X(k+D) (6)

X(1)
X (0)

It

5712, 1) X(2)
oL, 0) XD

It

and packagewise

X(0) |
x(1)
x(2) | =

X(k)

or
[x(0)

X{1)
(21 =

l_x (k)_

Tt can be seen by Eq. (5) the k+l matrices are a function of the initial matrix.

o1, 0y o l(2, 1) 73, 2) ... o7h(rtL, |
o1z, 1y o7L(3, 2) ... oTi, ©

oL (k+1, K)

One can also work from the bottom up, thus

T (k+1, 0)
“Hlkri, 1)
(k+1, 2) X (k1)

¢41ma,k)

2, 1) o3, 2) ... o7k, K) X(kHD)
o1, 0) o 2, 1) ... o tqetL,

k) X(k+1)

X (k+1) (N

(8}

Likewise when one replaces the matrices with j=1, or a single vector, then
the state vector at the k+l time points is a function only of the initial

vector x(Oi} .

If now ¢ is a constant for all k, that is

o(kal, k) = o(1, 0) = o vk
then
p(kt1, 0) = oKD
and
s eer1, 0y = o~ D
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Using Eq. (10) in Egq. (8)

Y0y _;-(k+1) ]
(1| = {o7F X (k+1) (11)
X(2)
X (k) st
Using Eq. (9) in Eq. (5)
wey | [e )
X(2) 92
~ | o3 X(0) (12)
X (k)
X1y | | oFTt

Tf we define the matrix of Eq. (12) as

& T !
O(k+l, 0) = 32 1= o t@ (13)
{k+1) pxp @2
®k+l. QkJ
b A e
= o (ke (14)

and seek the psuedo inverse of Eq. (13).
The matrix ¢ is always full rank, hence

o% (k+1, 0) = ¢+ ox (15)

The powers matrix

o = = (I)> (16)

I
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has psuedo inverse

ot = (<<1>Tc1:-_,\.)"1 <<I>T (17)
px{k+l)p
where
<¢T = (1, oF, o°%, ... ofh (18)
and the full rank Grammian is
Gofe> =T+ 0" o+ o™t et 4L 14e™E ok (19

whose dinverse is needed

( <oy yha[reele ko™ k], (20)
Eq. (20) appears horrendous, however, we shall "construct” a psuedo inverse.
By Eq. (12)

x(0) = ¢ x(1) (21)

x(0) = ¢ X(2)
or packagewise
©ox) =3 [o7h, o] (x(z)) (22)

X(2)

or

X(0) = % o7t [1, ¢71) (K(l)) (23)

X(2)

or if

6(2, 0) = (1) e = 0.(2, 0) @ (24)

P
ol — l T '—1 T
o%(2, 0) = © [(1, %) (z)j| LI, @] (25)
9
=2 ot @, o h (26)
Note also
% 1 -1

632

—

[



By definition of the psuedo inverse

- T -1 T
6% (2, 0) = [(1, aT) (1)} (1, o]
5

-% (1, @'1i]s (1 + ote) ™t (1, ob)

Multiply Eq. (28) by (I, & )T and

%—(I, @'l)( T )= (I + ¢T¢)_1 21
o
or

T..-1

(r+efe) ™t =2 1+ @'n7]

The first three elements of Eq. (12) are

X(0) = 6% x(1) = 072 x(2) = ™2 X(3)
or
x(0) =5 (¢7h, 070, 07 x@)
X(3)
or
X(0) = %

1, o7, o7 ) k(0

X{(2)

hence by Eq. (12) the first three elements are

X (1)) T

x| = |e | 9 %0 =03, 0) X(0)

' { 2

X6 1e7]
and

o% (3, 0) = %A@“l [1, o1, 572
also

o, (3, 0) =

|
e
L=~ |
"‘“-E:J..../
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and

-1 -2

o (3, 0) =3 (1, ¥, ¥°0)

Wl

for by Eq. (36) and Eqg. (37)

% =
OI 3, 0 OI =1

By definition of 6% (3, O

1 T 2T

(I, 57, ¢2T) I (I, ¢, o°7) = %-[I 37 o7

¢

¢2

Multiply Eq. (39) by [}, @'1, @’ZJ T

and

(1+ oTo + (3 a)4]™t =‘% [1 + @ 0 + 072 ¢72T]
but

272 5727 _ (2T 4271
hence

[1+ o

Define the Grammian

®T® =G

then

I+G+G == fli+c " +¢
r 24-1 12 1, 2]

3

Continuing in the above manner one can show that (by Eq.

o(ktl, 0) = o (k, 0) @ =1 " &
i
_ .

o

and
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(38)

(39

(40)

(41)
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— — —_ — |
0% (k+1, 0) = @71 0% (k, 0) = b, ot o2, Ll o7k
Ke+L

Consider next Eq. (1)

X(0) i @‘(k+l) oK

X@) [= 078 k) = Jom® D b g

) L

L§(k)J : 2 : t
or

X(0) | = ¥k, k+1) X(k+1)

X(1) (k+1)pxp

X (k)

b -k

= wl(k, k+1) st X (k+1)

One can construct the psuedo-inverse as before, for example

1

(X(O)) - (@‘ s x(2)
X(1) I )

X(2) :-% #[e, 1] (X(O))
X(1)

and

and in general if

o )
oK
v (k, k+l) = o~ (-1}
I N
K k-1
v (k, k) =[e°, ¢, ... ¢, T] 1

and

ek, ktl) = ¥i(k, k+1) 0
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Section 21 NON-HOMOGENEQUS DISCRETE DYNAMICAL PROCESS

This section considers the non-homogenceous dynamical process

x(k+lz> = o(k+l, k) x (k2> + B(k)f(k€>> (1)

with ¢ a pxp matrix and B a pxg matrix., For a sequence of j trajectories, we
have a rectangular matrix relation

X (kH1) = & (ktl, ) X (0 + B (WEGRD <) 1 (2)

PXi pPxp PX] pPxg ,

Fk) = f(k2><<; (3)
for k =0, 1, 2, ... and j > p

Chasing the time—points (index k) as before we obtain

(X(1) = #(L, 0) X(o) + B(o)F(o) | (4)
X(2) = #(2, 1) X(1) + B)F()

X(2) = (2, 1) (1, 0)X(0) + B(o)F(o) + B(L)F(L)

X(2) = 8(2, 1)2(1, O)X(g) + ¢(2, 1)B(o)¥F (o) + B(L)F(L)

X{2) = 8(2, O)X{o) + B(1), %(2, 1)B(o) (F(l)
F(U))

ﬁ X(3) = ¢(3, 0)X(o) + B(2), #(3, 2)B(1), (3, 1)B(o} F(2)
F(1)
jX )

X(k) = 8(k, 0}X{(o) + B{(k-1), &(k, k-1)B(k-2), ... ¢(k, 0)B(o) F(k-1)

F(0)

LX(k+1) = o(ktl, 0)X(0) + B(k), ®(k+l, kK)B(k-1), ... ®(k+l, 1)B{o) F(k)

F{0)

Tackaging the above equations
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% (1) [o(1, 0)
X(2) 8(2, 0)
X(3) |= e, 0 |xm
X () 5(k, 0)
| X (k1) | o (k+L, 0)
+ [o 0
0... 0 B()

0 ... 0 B(2) @(3, 2)B(1) (3, 1)B(0)

0 B(k-1) ...

B(k) ©(k+1, K)B(k-1)...

B(0)
¢(2, 1)B(0)

¢(k, 1)B(0Q)

[ 7 (k)
F(k~1)

F(1)

d{k+1, I)B(OZJ‘E(O)

Using the linear convolution matrix

T (0)
f F(L) 0
F(2) | =
I
F (k) I
Equation (7) becomes
x@w | e, o
X(2) |=
X{(k+1)| |[oCt1,
+ [B(O)

= 9

®(2, 1)B(0)
®{3, 1)B(0)

p{kt+2)xp pxj

Ii|Fao) ]
T
0 F(1)
F(0)
X ()
Q)
B(1)

®{3, 2)B(1)

0 (k+1, 1)B(0) ...

X{0) + gr

B{2)

B(k)
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The kth state of Eq. (4) can be written in convelved form as

k=1

X(k) = ¢(k, 0)X(0) + D, o(k, B+1)B(B)F(R)
B=0
and the (k+l)th state as
' k
X(k+1) = o(k+l, 0)X(0) + 3 &(k+l, B+L)B(B)F(B)
g=0

If one is at the kth stage and wants to advance m steps ahead
k+m-1
X(ktm) = ¢(lkm, K)X(K) + 2, &(kim, B+L)B(B)F(B)
B=k
Equation {(9) is the discrete analog of the continuous convolution integral.

If we lump the product terms

B(K)F(k) = G(k)

then
o) ] (B 1 [ r@
G(k-1) B(k-1) .
G () E
G(0) B(0) F(0)
and Eq. (1) is (in open form) B -
X(ktm) = &(k4m, )Xk}
+ [o(tm, k+1), o(ktm, k+2), ... o(kim, ktm-1), T]{c(k) |
G (k+1)
| G (ketmtl) |

: _
Muliiply Eq. (14) by ¢ ~“(ktm, k) and obtain

¢'1(k+-m, X(tm) = X(k) + ¢ " (ktm, K)o Cbm, kR, ... ] | G

| G(ktm-1)
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Now

O™ (ktm, k)@ (k+m, k+l)

It

2(k, Itm)d(ktm, kt+l)
= 0(k, k1) = 0"l (ktl, k) (16)

(ktm, k)&(ktm, kim-1)

n

#(k, ktm)® (ktm, ktm-1)
8(k, ktm-1) = 8 L (ldm-1, k)

It

One can also view the first equation of the set (16) as

®(kim, k+l) = o(k+m, k)&o(k, k+1) (17)
hence

@“l(kﬂn, k)cp(k{tm, k+1) = q:'l(ker, K)o (ktm, k)&(k, k+1) (18)
etc,

Using the relations of Eq. (16) in Eq. (15)

X(k) = ¢"1(k+m, k)X (k+m) (19)
S[he, 0, e, ) ¢l b1, 1), 07 (e, K] [ey 7
G (ktm-1) Jf
or index-wise
-1 ktm-1 -1
X(k) = ¢ (ktm, K)X(ktm) - = & (B+1, K)G(R) . - (20)
B=k

Observe that by the x(ki> term of Eq. (4) for the j = 1 or vector case and
for B = pxl a constant column vector and for zero initial state, one has
for ¢ a constant matrix,

X(k)>= [b>, ¢>b>, «1>2b>, cbk'lb>] f (21)
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and if the kxk matrix of Eq. (21) is full rank, one can invert the matrix and
solve for the sequence of scalar inputs.

By Eq. (9) of the previcus section one can write Eq. (7) as

w7 Lo tae, o)

x(2) | =lo " 1, 1) X (k+1) + BT (22)
. .

X (k) &N (kHL, K)

X (k+17 I

where for ¢ a constant matrix

g . -
o I
2
g =10 ¢ I (23)
@k, @k'l, . I
and
¢ (0)]
I =} G(1) (24)
e

One can "coustruct” the inverse of Eq. (23) for example assume X(0)=0 and
one has

x) 1 T1 . [ ceo)

X(2) |= to 1 G(1) | (25)
S .

X (k1) e, ... 01 G ()

and

540

[E—,

—



G(0)
G(1)

G(k)

since

n

i

X (k+12

or
_6(0;

G(1)
G(2)

6]

or

X(1)

(e, T) (%,
(Xz

(=2, 1) {X(k)
X (k+1)

= dX(k) + G(k)

o 0
o -1
0
T
, 3 I

x(1)
X(2)

X{k+1)

(26)

(27)

(28)

(29)

Multiply Eq. (22) by Eq. (29) solves for the sequence of output forces and is
calied "deconvolution",



SECTION 22

STOCHASTIC DISCRETE DYNAMICAL SYSTEM

This section considers the non-homogenous dynamical process of the
previous section but with a stochastic term added, that is, the sequence ]

X(k+l)>j = QUL IRk, + BK)E(K),> + u(k))j

where without too much loss of generality
O(k+l, k) = § #Fk
and
B{k) = B
For the package

x(er1) = § x(1) + B £0> <L + UKD
PX] 2

The mean is

K{k+1) l*(j>= u(k+l)>

or

A
"

u(k+l)>r = u(k))+ B f(k» + u(k},u

and

x(k;)j = u(x)) + x(kyj

or for the package

X(k) = u(Rj)((l + %

using EBq (6) (for k) in Eq (7)

x(0) = 00 1) (L + X
or

X = ¥ I. - lﬁ> 1

k(KD = X(k) [L {11
or

R(k) = x() P,
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PP

P—

e

By Eq (10) we see that the orthogonal complement projector P.. maps

Eq (4) onto the M"residuals" that is -
x(k+1)§ll = ¢ X(x) 511 + B @>{ﬁ_§1l + Uﬁll (11)
and
<:EE 1 511 = <o (12)
hence
K(rl) = ¢ X(k) + 0(k) (13)
which is the recursive dynamics for package of errors,
Transposing Bg (13)
xT(er1) = XCGk) 07 + U (k) (1)
The innmer-Grammian of Eq (13) and Eq (1lu4) is
R+ DX (k1) = & X(K) X (K) 9"
+ XK VTR + 000 X (k) @7
+ U0 000 . (15)

Consider next the "cross' terms of Eq (15)3 by Eq (13) and Eq (4) of
the previous section.

] G(o)
UL (18)
U{2)

-

x(k) = 0% %(o) + [1, ¢, §7, . . . ¢F7?

and

%00 U T00 = 01,0,0%,. . . 0 ooy U Too !
U

i
| 0(k-1) U F(x)

|
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where it has been assumed that

~ ~ )

X(e) U (k) =0 (18)
that is the initial states are independent of the process noise.

Using the countably infinite set of discrete trajectories concept,
that is

-

Lim | X(k#1) X T(kr1) [i}-z P(k+1) (19)
Jre (Px) Ixp 3

Equation (15) can now be written as
P(k+1) = b P(K) OF + Qlk,k)

* L0 o T [Gesk) T
10(1,k)

Pow
!

|
Q(k-1,%)
+ [Qo,k), Q(1,k) « . . Q(k-1,k)] K

]
j¢T2

- (20)
!. !
E¢Tk—l%
If the process noise vectors are serially uhcé;related, that is
Q(ik) = Q(i,1) §(i,k} (21)
then Eq 920) reduces to the more familiar discrete variance dynamies
' T
P(k+1) = & PCl) ¢ + Q(k) (22)

Observe that the discrete case is much simpler to deal with than
the continuous case where the dirac delta function under the integral
sign is needed as in Eq (73) sec (38).
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By Eqg (5) of the previous sec

X(1) | 9!
P | 2
(2)J (P
. = L K(o) +
I -
! | e
TN K
also by Eq (22) of the previo
T _(k+1) |
X{2) -
. = |X(k+l)+
: = |
- 2(k) o ‘
b R(k+1) 1
L _ m !

Transpose Eq (23) and take the "outer product”

X(1) [x (1), x
;x(z)

E

o)

=9 x(0) k (o) [¢7, .
9%

(o)
o)

Lon gt B el |
—]

U(k-1) Ulo) . . .

tion for the package

E

@ I
Hp T
.

Qk—l’

us section

I 0
b 6
.

1

I

2), . . X T

6T

6(0) U T(k~l) ?

U(k-1) U T(k-1)
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-~

%ﬁ(l)

(23)

(24

{25)



since

N )
U(o), ot
.. 0
. i Xlo) = .
) |

U(k-1) ?J

at the variance - Covariaﬁce level

| P(1,1) P(1,2) . . . P(1,k)
P(2,1)
P(k,1) P(k,k)

= E P{6,0) ¢T

[ 2 Plo,0) ¢T

$k F{o,0) $T

|
i
!
i

+B  Jalo,0) 0lo,1)
Q(1,0)

.

.

Q(kx-1,0)

¢k P{0,0) @kTé

¢ P(o,0) ¢T2 .o« b Plo,0) $T£Hi

i
|

1
i
!

J—

Qo,k-1) .

Q(k-1,k-1)

i

r

(28)

(27)

The last term of Eq (27) is quite messy; just consider the diagonal
matrix case for §(i,k) {(no serial correlation), then the last term alcne

1S

B Q{o,0) 0
0 Q{1,1)
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0(k-1,k-1)

T

i

(28}
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[T

= | Q(o,0) Q(O,O)¢T Q(O,o)¢2T v+ . Q(o,0)
$Q(0,0) ¢Q(0,o)¢T+Q(l,l) e e e e
¢2Q(0,0) . . . . |

¢(kml)Q(o,o) . . . "1k

with the last row last column element looking like

T T
“ = ¢k~lQ(O’o)¢(k—l) . ¢(ka2)Q(l’l)¢(k—2) N

+ .. .10 Q(k—2),k—2)¢T + Q(k=1,k-1), (29)

Observe by Eq (28} that if the process nolse 1s serially uncorrelated
that the 0 matrix provides serial correlation on the states. Also even if
the process noise iz zero at all time peints k, the random initial condition
variance is seen by Eq (27) to provide serial correlation on all P(i,k}
terms- Note further by Eq (25) the rank of the matrix of P(i,k) is reduced
when Q{i,k) are all zero to rank egual p.
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SECTION 23
ADDITIVE NOISY MEASUREMENTS OF THE DISCRETE DYNAMICAL PROCESS

Many real-world measurement processes are approximately described as
the known measurement function plus additive noise; that is

2k, = HOO 2k + V(K. (1)

P

Clearly for many physical and engineering applications the measurements

are non-linear functions of the states, and the m x p matrix H of Eq (1) is
a matrlix of partials. In the same context as the previous section assume

that H is a constant matrix (this assumption reduces carrying many lnteger-

tags and greatly simplifies the typing.
The sequence of trajectories of Eq (1) is

Z(x) = HX(k) + V{k)} {23
X ]

As before defining each measurement error as
20 = u, (10 = 200}, (2

operate on Eq (2) by P.. in j-space

11

Z(k) = H X(k) + V() ()
Transposing Eq (4}

720007 = X(K) HY 4+ V()T (s)
and forming the inner-Grammian

ZOOZT () = H X(K) X (k) HT

+ HXOOV () + V() X (k) HY

F V() v(0T ()

If the state errors are independent of, that ls serially uncorrelated
with the measurement nolse, then

X(k) Vi(k) = 0 (7

and Eq (22) for the uncorrelated case of the previous section in Eq (8)
yields

Z0k) ZY(k) = H P(K) HY + R(k,k) (8)
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[—

or

202 (k) = HO P(k—l)¢THT + HOCKOHT+R(K)

(9)

When the process noise and the measurement noise are correlated, one
obtains by Eq (17} of the previous sectiocn

XOOVI () = [1,0,0%,...651]

and Eq (8) becomes at the variance level

f00 = HPOOHT + R(K)

+ HLI,0,07%,...0% 1 RCRY |
i
$uv(l’k)
b (k1,00
# 02T (0,k) ) TTkl]d]EI )
U,V LA w,v o ?
T
¢
. T
(k-1)
0
By Eq (u) | ]
21! B 0] XD
E ! :
zZ(2)yt | E .
; ‘
';' L]
| 20k} 0 H (k)
i N L
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UCo) VI (k)
U(l1) VT(k)

U(k-1) V7 (x)

L

i

V(k)

(10)

(11)

(12)



By Eq (22) sec
XD
X(2)!

|
!
1

[ %
ix(k)g

or

2(1)i
7050

1) _ N o
?¢_k I o . 0 5(0) E
E- X(k) + ]$ I ¢ .... .
i
1 <L, o I UCk=-1)
. = 7
(I & H) [é;kg . ooy |
= foo D x(k) + B |
5 | o
7] LU0 ;
: T t i N

By Eq (14} one can obtain the matrix of Cross Covariances

7(1)
7(2)

7.(%)

X1(%)
XT(k)j

N !
HEINS I

- |
|

£C,K),

5 |

(13)



24, DISCRETE KALMAN FILTER DERIYATION

The derivation of the estimation- equations abcut a single-state variable
process xJ(k) satisfying

(k01) = o(ke1, X) x,(K) + £(k) + u k) m)

% 3

can be made without drawing toc heavily on vector-space theory. The multi-
varisble case in the following section does require the reader to be, or to
become, femiliasr with matrixz-analysis methods. :

Henceforth we shall assume that at each stsge k, the observation on the
process state-variable xj(k) is contaminated by noise, hence the states xj(k}
cannot be known for any k including k = 1 because the observation has-additive
noise on it

£ylh0) = 500 xy00) v ) - B

Note that the permutation on the class of initial conditions has been dropped.
We assume that it is merely one value of the unknown, xj(l).

We shall develop the mathware for a computable model of 2 system of equations
'which will compute at each stage the best estimate (in some msthematical
sense) of where the state variable xj(k) is when ve know only 2, (k), the

noisy instrument output.
Fhe state variable x(k) of the process driven by the random unknown variable
uj(k) would be known at each stage k if the sensor were noise-free, that is,

i v, (k) were identically zero. With such an ideal instrument {or high pre-
cision deviece) there would be no doubt as to the trajectory traversed by
'xd(k). In fact we could even compute the values of the random force

uj(l), uj(2) Y

However, when the measurement z, {k)-is uncertain due to vj(k), we cannot

(k).

truly know the states xj(k} since we do not know the’ instrument noise vj(k),

hence cannot compute the process nolse uj(k).

The next question is how to obtain an estimate at each stage k of the unknown
state variable xj(k). The estimator will use the known dynamics ¢{k+1, X)

of the process, the known instrument function h{k) and other things as needed
in the dgvelopment.

551



The following mathematical developments are .stage-wise tutorial, that is at
stage k = 1, stage k = 2, and then finally &t any- erbitrary stage k, the
procedures are developed for the scalar case and then for the vector case,

Those readers already -familiar with the recursive-relations of Kelman may
proceed to the general scalar case .at stage k. in-section il or the general
vector case at stage k in section iil

Sealar Case

-Stage k-= 1. , -

‘At stage k = 1, the process is-in some unknown initial state xj(l), The
noisy instrument output zJ (1}-is available if we want it. ©Since we want

to obtain an error signal based on the difference between the observation
and some guess about what the instrument should measure then suppose we
guess or estimate what the initial state variable is (based on no observations)

and ¢all this ﬁj(l, 0}.

Sipnce we know the instrument function h(k), then we can estimate’that the
‘initial instrument output should be

23(1‘ 0) = n(1} 23(1, 0). | . (3)

We can now compute an error signal.

S A
z, {1, 0) = zjn(l)_- zjﬁl, 0) (4)

which is the difference between the first instrument reading and our -
estimate of what it should read.

We have now estimated what the initial process variable and instrument
varisble should be, have computed an error equation (4 ) and may now
correct our estimate of the initial-state with no observation and ohtain
‘an estimate of the initial value of the state variable after having used
or received the first measurement, or

A A

X, (1, 1) =%, 0) + w(l)'%'J (1, 0). (5)

We now seek a w(l) among en infinity of different "corrector weights" or
*reed back gains” at stage 1. "We want the w(l) to be used at stage one
everytime we recycle the process (or experiment) regardless of what the
rendom vectors u and v are. w(1l) should be a function of some statistical

measures on u and v, however



The first noisy observation is

-

2 (1) = n{1) x,(1) + v,(2) - (6)
Using (3 ) and (&) in ( 4)
o A . N
2 (1, 0) = h(l){x‘j(l) - xJ(l, 0)] + vy(1). : A
vsing (7) in (5} . ’
20 =50, 0 ¢ WO - K0, 01 ¢ v @) @)
= [1 - w(Ln(1)] 3?3(1, 0) + w(1)n(1)x,(1) + %(1) v;(1).

We nov define two new errors as differences of the previous varlables.

-0 =Fe, 0 | o
and
51 -% 1,0 =% @ o

The variable x, (1) is the actual (but unknown) process state variable that

(1
exists on trajéctory j. .The variable ?3 (}jl) is the estimate of xj(l),

haﬁing used the first noisy observation.

HenCefS? {1, 1) is the error in our estimate of the state at stage 1 based

on'one'AEasurement.
From equation () we see that if our initial guess{Q (1, 0) is wrong, then
2,{(1, 0) will alsc be wrong and after our observatioﬂ z(1l) comes in end

L d

otr computed error zd(l, 0} of equation (4) is large, then by equation (5)
ve will have a correction term which is the product'(w(l)gg(l, 1)) of a
large term times the weight value w(l).

Continuing with the derivation of the weights, we obtain_ﬁhe error term by
equation (%) in equation (1D} as :

J J 3

'?{1 {1, 1) = xj(l) —'; (1, 1) = x {1)-w(1)n(1)x,(1) )
| [{1-w(1)n{1)] %(1, g) - w(l}vj(l).

or

A
(1-w(1)h(1)][xj(l) - X

'?63- (1, 1) S(1 0)] = w(1)v(1). (12)

J
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Using equation (9) in equation (12}

}‘3 (1,1) = {1 ~ w(l)h(l)]'};u, 0) - w(l) éwj(l).- {13}
If we square the error of equation (13)
‘se;' (1, 1) = {1-w(1>n(1)1?'i§(i. 0) - 2w(1)

s WP S,

I# we take the partial derivative of equation (i4) with respect to w(l) and
equaie to zerc we obtain

N (1,1 = 201 - (D] (-a(2) (1, 0) - (15)
3

D v (1)1 - w3, 0) — 2] VNY)?M%@) %’f, ‘)

+ 2w(l) v_r‘;(l) = 0

L}

Taking the expected value over ell experiments in vhich § is varying we A
obtain ' ' <7

3?2 (1,0 . 2 R S A .
Egg—m— = -[1 - w(1)n(1)] E{_xj(l,o)} (1) SETELTTTTT (16)
| + w(1) Ei\'?{l)} =0

. Define the variancés

E{'i’j(l, o)} = 03,(1, 0) = p(1, 0) | | (17)

efdw] - O, o - 18)

We follow a number of current Kalman papers and papers about-Kalman
Estimation and designate the variance in state as p{l, 0J.

The cross term of eguation (15 ) under the expectation cpersator is zerc
when the following conditions held,

ef 1 - wn)] v (2) ¥, 0 (19)

= {1 - w(1)n(1)] E g"’j(l’ A:’c‘g(l, o)}

' e
We now assume that our initial guess of x{1,0) is independent of vj{l) as

i ranges over all allowable values, that is

E'%j(l) ‘;\3"(1, 0)1: 0. {20}
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Under these assumptions equation (16) and {18) become

0 = =[1 - w(1)n{1}In{1) p(1, 0) + w(l)o-\;u(l) (21)
or |

-h(1)p(1, 0) + w(l)he(l) p(1, 0) + j-'(__l)O;v_(_l) =0 (22)
or |

w(1)[(n2(2) p(1, 0) +(F5,(1)] = B(1) p(1, 0) (23)

w(1) = n(1) p(l,v?ihg(l) pl1, OMU(QIl | (;4)
‘The value of p(1, 0) which by equation (1T) ig™~. | %le%

p(1, 0} = E} [x,(1) - %(1, 0)12 & = guess W ‘ (25)

cen be obtained by guess or by a "learning process’, or by a-priori
knowlgdge about the system.

The varisnce of the estimate of state &t stage 1 based on the observation
at stage one can also be obteined by equation {14) as

E[&i (l-_,’l)} = [1 - w(l)h(l)]2 E[’:‘:‘?(l, oz} + wz(l) E{vi(lz} (26)

when the cross terms gg;ixero, that is

E{vj(l) Qg(l, 0)] 2w}t - w(l}h(l}j = 0. “ (2n
The varisnce terms of equation (26) will be denoted as

Ogp(1, 1) = EE.}? (1, 1)12:-. p (1, 1) o (28)

wfAw) 0,0 | (29)

The p({l, 1) designation is in keeping with the now near classical
notation,

Expanding the terms of equation (26)
p(1, 1) = 01 - w(1)n(1)1% p(1, 0) + W (2}OGYD) (30)

(1 - 2w(In(1) + WR(LRAL] p(1, 0) + w7 (1) 1)

p(1, 0) - 2w(1)n(1) p(1, 0)

w1 [n7(1) p(1, 0) +0g,(1)].

+
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Consider the last term in equation (30} and use equation (24) for
we(l), then
2 2 3 . .
v (1)[n®{1) p(1, 0) +00 11 ‘ (31)
a2

b%(1) 21, 0)[6°(1) 21, 0) + 0, (W17 [67(1) (1, 0) +(7,(1)]

v2(1) $7(2, 0)n®(1) (1, 0) +qr (W1 i
h(1) p(1, 0) g}ﬂlﬂ p{1, O} [hzgi) p(1, 0)'+CE;(l)]:i§

Replacing the bracket term of equation (31) by w(l) in equation (24)
~ we. obtain .

F(L%) p(1, 0) + @, (1] = 1(1) p(2, 0) w(1) (32)

Using ( 32) in equation (30) we obtain

p(1, 1) = p(1, 0) -2w(1) n(1) p(1, 0) + B(1) p(1, 0) w(1) (33)

p(1, 0) - w(1) n(1) p(1, 0).

p(1, 1) = p(3, )1 - w(1)n(1)]

also using equation (24} in equation (33) we can write p{l, 1) as

p(1, 1) = p(1, 0) = p(1, OR(D[B(1)p(1, V(1) +07_(1)15p(2,0)n(1)

Equation R4} is the scalar variance {one dimensional uncertainty ellipsoid)
of %h: estimate of the state using all of the current observations.

We can now predict what the next state varisble value should be by'pro-
pogating forward with the kxnown dynamics as

ﬁ:“(e, 1) =¢(2,1) ?&(1, 1) + £{1). | | (35)
The prediction of the next observation is
e 1) = w2 Rea). . | (36)
The elliposoid of uncertainty of the predicted state is

(2, 1) = E{’i‘z{Q, 1) E (37)
wh o :

(2, 1) = x(2) -Ji\c(e, 1) | (38)

(34)



S

R —

Using equation (1) and equation (35) in equation (38)

%20 =02, 1 X1, 1) * w)

%2, 1) =d)(2, 1) %21, 1)@(2, 1) + 2#(2, 1) %1, 1) w1) + w31

The expected value over all experiments of equation (40) is

e{%e, 1)} =22 1) =92, 1) 50, P2, 1) +0 (W) (41)

(39)

vhere

(’)Tm(l) = E, {uﬁ{l?}

(42)
* Cross term statistiesl indépendence agsumptions are
E%Hl,l)dlﬁ = 0, (43)
etc,
In conclusion, at stage one, we do:
Gilven
0,1
guess or estimate
p{l, 0) and 'gc\(l, 0}
compute | _
21, o) = h(l)'@(l, 0) (44)
Measure and compute EEEQE
1, 0) = 2(1) -1, o) (45
Compute weight w(1) equation ok )
w(1) = n(1) »(1, 0){n(1)p(1, 0)n(1) + O;v(l)}-l. (46)
Update-or correct state-estimate i - : -
3:‘(1, 1) = i\(l, 0) +-w(1)‘?(1, 0) | (47)
Compute ellipsoid of wncertainty of state estimation {48)

p(2, 1) = p(1,0)[1 - w(1)n(1)] s
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‘Predict or propogate one.étage into future with known dynamics the following

three varisasbles:
R
Predict next stage.

'2(2._1) = ¢{2, 1} QYI, 1) + £(1) - - (49) ,

Predict next observation.

A A
z(2, 1) = n(2) x(2, 1) . {50}
Predict ellipsoid_ofhuqcertaiQty{iqﬁstate
Py o phe L e W .
p(2, 1) = ¢(2, 1) p(1, 1) ¢(2, 1) + o (1), : (51
Wait for stage k = 2 and second cbservation to come in.
Stage k = 2.
The second obsérvation is taken at stage 2 and is
= . + ¥V ' . :
‘ & (2) h(2) x; (2) vJ(z) | (52)
vhere, as before, Z, (2) is known, but Xy (2) and'Vj(Z) are unkhown.
We compute the error signal
A A :
zé_(e, 1) = zjﬁtz)_- zJi(e, 1), (53)
The sub-script  J can novw be qiopped for simplieity of notation, where
it is henceforth understood that X(2, 1) for example means the best
estimate of the true jth trajectory based on the sequence of instrument
noises LV . ‘
J
Using equation (50) and egquation (52} in equation (53)
' A
22, 1) = n(2)[x(2) - x(2, 1)] + v(2) (54)

we now have computed the error in the observation, hence we can correct

our estimate of what the state variable should be based.on the use of the
gsecond. observation, that Is

A A

x(

2(2, 2) = x(2, 1) + w(2) Z(2, 1). {55)

As beforé, we now seek the "feed-back” or correction weight w(2)} at stage
5. Before deriving the w(2) expression, use (54) in (55)

ﬁm,mmﬁw,n+wwmmnﬁa-ém,ny+ﬁmvm> (56)
@a2)=u-w@mwném,n+wm)mmxw)+ﬂmva {57)
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From the error in state estlmation at stage 2 using the second observation
as before - .

%(2,2) = x(2) - Q(2 2) =[1-w(2) n(2)1%(2,1) + w(2) v(2) (58)
Multiply equation (58) by itself to obtain the square of the error term as
%2, 2) = [1 - w(2) n(2)12 %32, 1) . (59)
#2w(2) v(2)[1 - w(2) n(2)] X(2, 1)
v2(2) v¥(2).

Observe that the error and the sguare of the error in equation (59) is =
function of w(2).

In order to select a w{2) which will minimize the square of the error we
take the partial derivetive of equation (59) with respect to w{2) and
equate this "gradient” term to zero, hence

a?:w22j2 = ~2n(2){1 - w(2) n(2)] ”2(2 1) " 160)

. gav2)l - w(2)a(2)] Rz, 1)
w2) (- n@)%e, 1)
+ 2u(2) vo(2) =
Since we want w(2) to be the same regardless of how many times we repeat
the experiment; or, from s "single-test” stand-point;, w{(2) should be

selected to hold regardless of the unknown seguence driving the twe
variables at this stage u, {2} and v_.[2). Consequently we take the ex-

J
pected value over all admissible vectors 41 and’ ér and cbtain
.&,2
(2 2) Y =
aw 55 n(2)] (-b(2))p(2, 1) + w(2)o (2) = 0. (61)

The assumption of statistical independence of the wvariables ?{2, 1) and
v(2} is again assumed

E {¥(2, 1) v(2)} = 0 o (62}
also the assumption about&r'

v.(1) [v (l), v (23]

E J | (63)
n v.(2) _ :
J
b V51 v52) ¥, (1) ¥ (2) =] o, 0
1 vi(2) vi(1) v (2) y (2) 0 9y 12)



The assumptions of equation (63) can be relaxed but then one needs a

deeper knowledge of multi-linear algebras, matrix-packaging and partitioning,
matrix psuedo-inverse, etc. Hence such "highly-colored" or correlated

noise cases will not be discussed in this paper. The majority of published
.papers on Kalman theory make the implied Gaussien assumptions implied by
equation (63) for arbitrary large k. Computer storage problems for
correlated noise for large k are.also a problem.

Solving equation (6f) for w(2)
w(2)[n(2) p(2,.1) n(2) + o,¢2}] = h(2) p(2, 1) o (64)

or

%(2) = n(2) p(2,1) [n(2) p(2, 1) B(2) + o (2)]" ‘ (65)

The gsecond weight can be computed since h(E),tJ;?(2) are assumed known and
p(2, 1) vas computed at stage 1.

F)

5) end

g

We cen now derive the expression for p(2, 2), using equa‘fbn”YE

taking the expected value over all experiments
p(2,.2) = E 22, 2)) = [1 - w(2m(2)]¥ p(2, 1) + v (2)o; (2),  (66)

with assumptions

E {v{2) }‘(2; 1)} = C. (67)
Expanding equation {66) .
p(2, 2) = [1 - 2¢(2) n(2) + w2(2) n2(2)] pl2, 1) + ¥ (2)a_ (2)  (68)
={2, 2} = p{2, _i) - aw(2) n{2) pl2, 1) {69)
+ v2(2) [n(2) pl2, 1) B(2) + g, (2)]

Consider the last term of equation (69) using equation (65) for w(2}
¥(2) [n(2) p(2, 1) n(2) + o (2)] (70)

2(2) p2(2, D2(2) p(2, 1) + o (2T0(2)p(2,1) + 0, (2)]

2(2) (2, 1) [n%(2) p(2, 1) + o, (217
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and by equation (65) for w(2) we obtain .fEM e é 23
v3(2)[n(2) p(2, 1) n(2) +d‘w(2)] = h(2) p{2, 1) w(®

Using equation (71) in equation (69)

p(2,2) = p(2, 1) ~ 2w(2) n{2) p(2, 1) + n(2) p(2, 1) w(2)

or

p(2, 1) - p(2,1) h(2) w(2)

it

p(2,2)

p{2,2) = p(2, 1) [1 - w(2) h(2)]

Equation {73) can alsc be written as by equation (65) in equation {(73)

p(2, 2) = p(2, 1) - p(2, 13A{h2(2)p_(2,1) +Q‘v(2)]'1 n{2)p(2, 1)

W
We can now predict at stage k = 3 the state

Az, 20 = o3, 2 R2,2) + 2(2)
sand the observation

23, 2) = n(3) X(3, 2)

‘and the state-variance term

»(3, 2) = £ 23, 2)3.

By equaiion (1) aﬁd equation (76)
x(3) = 8(3,2) x(2) + £(2) + u(2)
?(3,2) = ¢(3, 2) 9(2, 2) + £(2)

and subtracting
x(3) - %03, 2) =%(3, 2) = ¢(3, 2) ¥(2, 2) + u(2)

Squaring equation {81) .

%2(3, 2) =(3, 2) ¥ (2, 2)(3, 2)
+ 28(3, 2) X2, é) u(2)

+ u2(2).
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Teking the expected value o .
E (22(3, 2)} = 8(3, 2) EGE(2, 2)} o(3, 2) + E {(u°(2)} (83)
or

p(3, 2) = ¢(3, 2) p(2,2) ¢(3, 2) + o (2) (84)

Summarizing the steps at stgge k= 2,-then ;éz
measure and compute error

%2, 1) = 2(2) - 22, 1) ‘ | " (85)
compute weight w(2) by equation (63) o

w(2) = n(2) p(2, 1)a(2) p(2, 1) n(2) +07 (217 (86)
compute corrgcted estimate of state

ﬁae}:%a1)+ﬂm?w,ﬂ (87)
cﬁmputg-variance of state equatioﬁ (14}

p(2, 2) = p(2, 1) - w(2) n{2) p(2, 1) ‘ (88)
Predict (update) state via dynamics equation {80)

23, 2) = o(3, 2) X2, 2) + £(2) (89)
Predict observation at mnext stage o

é(a, 2) = n(3) §(3, 2) “ L K;. " (90}
Predict next stage state-variance

§(3, 2) = ¢(3, 2) p{2, 2) 4(3, 2) + ouu(e) (91)

wait for next stage or third observation to arrive.

Stage kK.

The derivations of the equations will not be .repeated for stage k, the
relations will be based on the mathematiesl process of reasoning by analogy.
The treatment of the multi-variable or vector case will derive the relations
at stage kx, but will not develop the stage-vise Jogic at ¥ = 1 and k = 2,

We have available from previous stage predictions

Q(k, k-1)
2(k, k-1)
plk, k-1)
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and stored o k), o (k)
_ v uu

Measure and compute error
e A
z{k, k=1) = z(k) - z{k, k-1)

Gompute wik)

v(k) = n(kx) p(k, k—l)[h2(k) plk, k-1} + arw_(k)]'1

el

- Gompute corrected state -estimate

_';\(k., k) =’;€{k, k-1) + w(k) ’i'(k, k-1)
Compute variance'-

plk, k) = plk, k-1) {2 - w(k) B{k)]

Predict next state

A

x{k +1, k) = ¢(k + 1, k) Q(k. k) + £{k)

Predict next observation

Q(k + 1, k) = b{k+l) lz\c(k+l, )

.Predict variance of state

p(k+1, k) = ¢(k+1, k} pl(k, k) ¢{k+i, k) + a’uu(k).

We define the noise variances in the notation of the many Kalman

- priented papers, that 'is

O (0 = k)
oo, (k) = rk)

The three familiar equations can be written as

A
x(k+1, k+1) = ¢(k+1, k) Q(k, k)

+ p{k+1, k) h{k+1)[n{k+1) pl{k+l, k) h(k+1) + ::-u:)]'l

[2{x+1) - h{k+1) ¢(k+1l, k) Q(k, x)]
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plk+1, k) = ¢(k+1, k) plk, k) ¢(k+l k) + g(k) (102)

plk+1, k+1) = p(k+l, k) - p{k+l, k) hik+l) : {103)
’ e f

(n{k+1) p(k+1, k) h(k+1) + r{k)In(k+d) p(k+1, k)

We shall now define in words the meanings ‘at- stage k of ‘the-variables and
rewrite the equations using the distingulshing 3 '

':c-j(k-!-l) =¢(k+1, k) xj( k) + f(k) + u, (k) ' (104)
zjj(k) = h(k) x'J(k) + ‘rj(k) (105)
A

x5 (k+1, k+1) =Q(x+1, k) x NOIRY

+ p{r+1,K)h( )Ih (k+1) plk+1) + r(ﬁ)}‘l

[zJ {k+1) - h(k+1)¢(k+1,k) ‘%_ .'(k, k)] (1(56)
ple+l, k) =Plirl, &) p(k, 1P (41, X) o)
plk+l, k+1) = plk+l, k) - pli+1, ®) n{k+1) | (108)

[h2(k41) plisl, k) + (k)] n(k+1) p(k+l, k)

x(x) = xJ(k):is the true {unknown) value of the process state ai
. stage k as a result of the unknowns-uj(l),'... v k)

forcing the system.

z (k) is measurement- of the true noise-process’ xd(k) with

(k) =
additive unknown messurement neise v (k).

3 “3

{k, k) = Y(k k) is the best estimate of the state at stage k of
j the jth trajectory based on past observations
up to stege k, that is recursively ve have used
noisy -

(1), 2 (2) ... z (k)

Z

J
made noisy by v (1), ... u {k).

A _
(k+1, k} = x{k+1, k) is the best estimate of ithe state of the jth
J trajectory at stage k+l, based on observations
' only up to k. Alsoc interpreted as the predic-
+ion of the state at next stage k+1, based on
current stage k and past measurements.

b4
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VECTOR ESTIMATION EQUATIONS

This section derives the Kalman Estimation Equations for the multivariable
case using matrix analysis methods. The derivation techniques are the same
as used in the previous scalar case. The essential difference lies in the

- minimization methods. The variance of the estimate in state for the s¢alar

case is & scalar valued function of a scalar argument w{k). TFor the vector
case, the trace of the variance matrix of the estimate of state is like-
wvise & scalar-valued function, but a function of = matrix of p rows snd
columns Wik). The minimization of & scalar-valued function with respect

to this matrix,

One can arrive at the equations via strictly algebraic concepts of orthogonal
projection matrices ete., in which one does not have to enter into discussions
of partial derivaties, continuity of continous variables and gradients.

Since the majority of expected readers are agssunmed to be more familiar with

- the least-squares criterion via gradients, this report will stick strictly

with this method.

The general linearized vecter equations are

.x(k¥%EI§$= g(x+l, k) x(k){p+ B(k)f{%}SB) + ﬁ(k)u(k?ﬁﬁ) o (1)
” pxq

_ Pxg
20> = H(k) xckg@ + v(kib | (2)
mxp

The deterministlce k—varying vector f{kzsg> iz of dimension,g less than or
equal to p, and gets distributed cr cr g-coupled into all p state

variables x(k+1} via the functional relations of B(k).
' PXg

The same statements apply to the noise input vector'u(kiZ§>.

The reader should keep in mind the families of trajectories accurately
described by the } and r indices, vhat is :

x(k+1zz§> = §(k+1, k) x(ki;ﬁ) + B(k)f{E}) + N(k)ulk (3)
% : d ' J

z, (ﬁ.? H(k) X9+-v<> )
< 3 . _

As before, the accurate descriptions designated by J snd n will be dropped
for simplicity of representation.

The equations are developed as a "recursive process” or an "on-line”
processor; that is, as the observat.ons "role in'" the mechanized computer-
estimator utilizes the data, and discards it or stores it on tape or what
have you. All past data is sequentially accumulated in the "memory of the
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math-ware" vie up dated estimstes -and variance matrices ete.

Stage k.
Suppose we are at stege k and have computed during stage k-1, the following

/:}( k-1, k>

P(k-1, k~1)

s_.nd'predicted via 'dynamics

x, k;>= 3k, k-1) RAx-1, k@>+ B{k-1) f(k> _ (5)
Q(k,a k—1j>= H(k) %(x, x-i> (6)

!z\(k, k->' = H(k) ¢(k, k-1) Q(k—-l, k—@' + H(k) B{x-1) f(k—> 7N
P(k, k-1) = §(k, x-1) P(k-1, k-1) ﬁk, k-1) ' (8)

+ Mk-1) Qlk-1) ¥ (k-1).

We now receive the kth observation

z(}>-— (k) x(> + v(1> ' (9)

where z(k)> is known but x( and v(k are unknown. "We can compute an
observation error vector by equatlon _ and (9 as

2k, x-> = H(k) [x(i;> - x(k k-1>} + v(&> (10)

we now can correct the estimate in the state vector based on the observable
and computable estimate in the observation vector as

where fhe weighting matrix Wk} at stege k¥ has D rows and ‘mcolumns.

We next geek a procedure for selecting a% each stage a pan weighting
‘matrix W(k).

' Using equation (I10) in equation (”

k,> = k->+ wik) {H(x)[x{ >'- x{k, k-ﬁ>] + v(xD} a2
- =11~ Wk Hk)]x(k k;>+wk)ﬁ(kx(>+w(kv(>
pxp pxm mx
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If we now define the "unknown" error vectors

e D
NS SRS

then theoretically equation (12 )} in (13) yields

x(x, 9 = [I- ‘w(k)H(k)}x(@— (1 - wieR(x) ] Ax, k—>
- W(k)v(gz>
| ?E?k,>= [T - wiou(x) 1X(x, k-> - W(k)v(>

Transposing (16) we obtain

é}:, “1;1' :ék, k-1) [T - B (k) W (k)] - Q{)WT(R)

The dyadic product of equation {16) and {7 ) yields

*(x >><'(k x)

&k, k-1){1 - H
= {1 - W(k)H(k)}x

- [1 - w{x)H{x)]%]

- wck)v(k>@;

= {{T - w{k)H{x)] ';:‘(k k- k)v(>} )

Te) w* < (k)}

(x, k-><k k-1)[T = B (W ()]
><k)w

B=1)[T - H ()W (k)]

k)vcky><(k)w (k).

Ao,
The squere c¢f the magnitude of the error vector x(k, k) is given as %
inner-preduct of equaticon (16 } and equation {17) or,Bs the trace of t
outer—product of equation {

<(lc k-1) x»(k k—2>-2 (k, k-1)W{ic)Hx(k, k-1
+4(x k-1 )HT ()W (k) XLk, k>

41:, k-l)w(k)~v(>

+ @k, k-1)HT (k) Wi (k) W(k) v(}>

+ Q) W) W(k) m@
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Equation (19) is a scalsr valued function of a matrix argument W(k) of
size pxm. We shall take the partial derivative of the scalar with respect
to the matrix W(k),

3 e A
P x(k, k) x{kx, k term by term.

By equation { 19), there are six additive terms, each term will be handled
vis the "gradient” methods in Appendix B.

The Tirst term ie not & function of

W(k), hence

gﬁgék, k-1) x(k, k—> = [0] - (20)

The second term is by equation

o ?ﬁg{-eé}c, k-1) W(x) H(k) X(k, k—ﬁz —%ﬂﬁ}(}k)?(k,k-%}é'(k,k_l) (21)

fhe third term is

-5%{ F(k, k-1) H (k) wi(x) wik) Hk) Xk, k-l>} (22)
= 2H(k) %’(k,'k'—l%(‘k, k-1) HY(k) Wi(k)

e latter derivaticn is based on

&= <Ck ¥=1) HY (k) | | (23)
>=H(k) x{k, k—>

The fourth term is by eguatien (24)

3% {-2<?fk, k-1) W(k) v(k\)>} = -2v(k><f(k,' k-1) (25)

The fifth term by equation is

-5% 2lx(x, k1) 5 (k) W (k) W{k)‘ v(k)>} (26)

{H(x) Xk, ﬁ-lx(k) + V(RMK, k-1)E° Y WY

#



based on setting

4 =éHT> (27)

in eguation { )

The sixth term is

2 1ot W) 5k v D} = 293 k) Wk) T em

Utilizing the above six expressions in eguation (19 ) after the partial
derivative has been taken

fgf@k, x) X(x, k>} | | (29)
= —2H(x) ¥k, k-l%‘(k' k-1) |

+ 28(k) X(x, k-l><?t’(k, k-1)HT (k) Wo (k)

" 2v(k) D xlk, k-1)

+ {H{k) ?E(_k, k-lM(k) + v(k%’(k,. Kk-1)H (k)} W (k)
, T,
+ 29> elx) W) = [o]

The expected value over all experiments and allowsble values of j and n
yields - ’

Eggﬁ(k, k)_x(k‘k>} = -2H(x) E{x(k, k-l%ﬂk, k-1}} (30)

+2H(k) E{?f(k, k-lb@k, k-1)} H (k) W (k)

-2E{v{k) X *1k, k-1}}

+ [H{x) B{X(k, k-lM(k) + v(k><§.'fk, k-11 H (k)] WT(k)

+ 2E{v(k3><.r(k)} W (k) = (0]
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If we use the mtation

P(x, k) =$ﬁ.(k, k) = E {?c'(k,Mk, k)}
P{k, k-1) =%(k, k1) = E{x{x, k-Nk,‘ k-1}}

Qk) = E(u(kz:><££F)}
R(k) = E (v{k)>v(k)}

(31)

(32)

(33)

(34)

and assume that the conventional statistical independence a.s_sumptidhs hold,

&G, D00} = (0]
: ‘ N

E{v(%z:><ﬁzg-1)} = [0]

E{V(RNR}} = [0], ete.

By equation (31 ) through {37 ) in equation (30)

Ca{tr P(x,k)} = -2H(x) P(k, k-1)
IW(k). 7 m
+ 2H{x) P{k, k~-1) H (k) W (k)

+ 2§E;v(k) wT(k).= (0]

[H(k) P(k, k-1) H (k) + Res) Wo(k) = H(k) P(k, k-1)

Transposing

wik)[H(x) P(x, k-1} HT(k) + $(x)} = P(k, k-1) HT(k)-
qu

Inverting
| Wik} = P(k, k-1) B (k) [H(k) P(x, k1) H(K) * vv(k)f‘
or
Ww(k) = P(k, k-1) gL (k) [E(x) Pk, k-1 (k) + R(k)-};'l

WP = [H(x) P(x, E-1) H (k) + R(x)]™F H(k) Plk, k-1)
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The pxp matrix verisnce of the estimate of state (the p-space ellipsoid of
uncertainty) can be obtained by taking the expected value over all experiments
of the dyadic product of equation {18), :

Pk, k) =E((x(x, k§:><gik, x)} | (44)
= [T - w(x) B(x)] POk, k-1)[T - B (k). WH(x)]
+ W(k) R(k) W (k) |
Multiplying out the terms of equation. {44 ) we obtain

P(k, k) = P(k, k-1) - P(k, k-1) H-{k) W (k) , (45)

w{k) H(k) P(k} x-1) + W(k) H(k) Pk, k-1) HT(R) WT(k) -
+ Wlk) R(k) W (k)

Pk, k-1) ~ B(k, k-1) H-(k) W (k)

W{k) H(k) P(k, k-1)

+ Wlk)[E(k) Plx, k-1) E (k) + R(k)] W-(k)

Consider the last term of the above equation and equation (42 ) for W(k)
with the transpose (43), then the last term becomes ' :

w(k)[H(k) P(x, k-1) B (k) + R(k}] W (k) (46)
= Blk, k-1) B (&) [H(K) Pk, k-1)E (k) + R(k)] ™2 [H{K)P(k,k-1)ET (k)R (k) ]

x[H{k) P(k,k-1) HT(k} + R(k)]'l H{kx} P(k, k-1}"'

P(k,k-1) E(x)[H(k) P(k,k-1) + B(k)]™} H(k) P(k, k=1)

w(k) H(kx) P(k, k-1).
Using the above expression for the last term in equation (45) we obtain
P(k, k) = P(k,k-1) - P(k, k-1) H' (k) W' (k) (47)
- W{k} H(k} P(k, k-1) + W(k) H{k) Pk, k-1) |
or

P(k,k) = P(x, k-1) -.P(k, k-l)IHT(k) W (k) _ (48)

L}

P(k,k) = P(k, k-1)[I - B (k) W (k)] | (49)

pXp pxm  mxp
The matrix P(k,k-l)-was predicted and tomputed during stage k-1.
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'We can now predict the next stage (k+1) s%ate vector wvia the deterministic
process-dynamics

.Q(kfl-l, % o1, 1) klx, @Jr B{x) f(@ . (50)

The next stage prediction of- the cbservetion vector is

Q(kﬂ;@*ﬁ(kﬂ) Q(k+1,;>. o (51)

The error in the state vector at stege k+1“baaed"on"th&'predicﬁiOn of
equstion {

- x(k+1 >= x(k.+> x(k+1, b | : ' (52)

vwhere the unknown state vector is

x(k+> @kﬂ k) > + B(k) f(> u(> (53)

gnd the unknown error is by eguation {50 ) end eguation {53 ) in equation
( 52)

. ?c'(k+1,'> e(k+1, k x(> + B{k) f(>' - (54)

+ N(k) u(k> - @(k+l k]x k, 9 - B(x f(k)

= ¢{k+l, k) x(k> - x(k >J+ N(x : ) ulk)}

Using equation .in equation

'?E’(kﬂ,}: o(x+1, k) Xk, }}-ef N(k) u(k) . (55)

The :t-enspose of equation (55 ) is _ _

Q(kﬂgk é}; k) & (k+1; k) +<k).-NT(k) , (56)
The dyasdic product of equation {55 )} and-equation (56) is

R, 1< k4L, X) _ (57

a(k+1, k}?’(k, ) Xk, k)@r(kﬂ, k)

+ o(k+1, k) ><Ek) N (x)
+ (k) u(><‘(k k)@ k+l, k)
+ ¥(k) u ><k) KT (k)
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The expectatzon over all experiments of equation (57° ) is

' E{x(ku %}Hl, k)} = P{k+l, k) (58)
= #(k+l, k) E{X(x, k><§2'(k )} ¢ (k+l, k)

' n(k)-mu(k%)} ¥ ().

The statistical independence mssumption. was. invoked:

E{X(k, ka)} = [0]. - '

Define the' process nolse variance matrix _ .

a(D<u(x))= alx) | : (59
and equation becomes

P(k+l, k) -@(ku x) P(k, k)ér‘r(kﬂ k) + N(x) alx) NT(k) (60)

We may now summarize the equations and the computations - -to-be- performed at
the kth stage as the kth stage summary.

We have available from stage k-1:

/x\(ks k“>
A A
z(k, k-1).” = H(k) x(k,_k-—?’

Receive z(}>

Compute error in obgervation

Tk, k-1) D= 2(9 2(k, k-> (61)

Compute ‘weight matrix W (k) by-equation (42)

W(k) = P(k, k-1) B (k)[H(k) P(k, x-1) H (k) + R(x)] (62)

. Correct state estimate by equation (11)

Q(k, 1>=,?E(k, k'1>+ W(k) /;(ks k-]>_ (63)
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Compute new state varience by equation (49)
P(k, k) = Pk, k-1}[T - H (k) W (K)] (64)
Predict to stage k+l, by equation (50)

?c(kj-l,} - o(k+1, k) Xk, 9} B{k) f(1> - (65)

Predict observation by equation t51)

Q(kﬂ, >= H{k+1)} ?&(kﬂ, 1> ' _ (66)
predict state veriance by equation (60)

P(k+1, k) = ¢{k+1, k) Bk, k) $T(k+1, k) + N(x) Q(k) N_T(k-), (67)
wait for stage k+l and new measurement vector.

The equations can be substituted and juggled around to-obtain alﬁernate

expressions for example using equation (42} and (61) in (63) we obtain

| Q(k,}>={t\(k,k—;> o - (68)
o e B & ’

+ Pk, k-1) H (k)[H(k) P(k, k-1) B (k) + R(x)]T

,x{z@—}{(k) ok, k-1) Q(k-—l, k-1> -H(k)B(k-l)f(k->}

‘Many- similar variations of the above systems: of equations occur in the
literature.

o)

f

svage k = 1. ‘

The vector starting system of equations can be derived from equation
for k = 1,

A . .
x{1, >= intelligent guess (69)
S

P(1, 0) = intelligent guess based on experience sbout the process.

Receive_z(£§:> _ ' .

Compute error

2, >= z(1)> - M, @ | (72)
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Compute first weight

w(1) = (1, 0) [HT(l) P(1, 0) B (1) + R(l)]‘l

Correct state
2, > = Q(1,> + w(l)”{(l,>
. Compute state variance matrix by equation 49
B(1, 1) = P(1, 0) [T 2 H (1) W ()]
Prediat stage 2 by equation (30 )

e, > §(2 1) %1, >+ B(1) f(>

Predict stage 2 observation

z<2,2>= n(2) k2, >

Predict state variance matrix by eauation (67)

P2, 1) = (2, 1) P(1, 1) 8Tz, 1) + N(L)QUN (L)

(73)

(74)

{(75)

(76)

(77}

(78)



EQUATION SUMMARY FOR COMPUTER APPLICATION

This section summarizes the equations of the previous sections and points
out how to compute mechanize the estimation equations to recursively estimate
the state vector as the observations 'roll into the computer". Precomputation
of the sequence of weighting matrices for large dynamical systems 1s a necessity.

The dynamical process is described by the state vector equation

x(k@ = o(ktl, k)}c@ + Bf®> + Bf@> + N(k) u@ (1)

and a system of noisy instruments whose outputs are functionally related to
the states by the observation equation

| z@» - }kk)x@ + ,v@ . (2)

The system of estimatlion equations are:

The state vector prediction equation

Q<k+1,>> = o(k+l, 1;)3&(;:94- B(k)f@. (3)

The observation prediction

z(k+l,>> = H(k+l}X(k+l>> . &)
The Observation error

%{M—l,jbw Z(k+> - %(k+1:> (5)

and the correction to the predicted states at k+l after the (k+l)th

nbservation is available

X(ktH, k@ = %(k+1,>> + W(k+1) E(kﬂ} e (6)

The sequence of welghting matrices W(k) can be precomputed and stored in
memory. The welghts are!
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A ‘ -
W(k+1l) = P(k+l, k)H(k+1)‘\:H(k+l)P(k+1, k)HT(k+1) + R(k+1] 1 (7

where

P(k+1 k) = ¢(k+l,k)P(k, k)¢ (k+1, k) + N(k+l)Q(k+l)N (k+1) . (8)

flurLJ.’ ) = Trh, /ﬁ,w\f — 4+ T A/?/,IT

The bloclk diagram is shown“in Figure (l) as“l:he conventional feedback

(discreet) system.

(ﬁj

. ' . R A I -
+
Z(k+1 W (k) @ﬁﬂ_‘“’ k@> \ia;; X(k,,bzv
Zlctl, B> A
' xum,);.
TI(k+1)
R(k+l, &
| > < Plxsl, k)

FIGURE (1) - DISCREET FEEDBACK BLOCK

By re-arranging the positions of the feedback blecks one can obtain a
flow-block which looks more familiar to a digital programmer as shown in

Figure (2).

Tests or applications in which one can plan or design the experiment and
the times k, k+l, etc, at which instrument-data will be used to estimate
appear to admit of pre-computing the weights. If the estimation times are not

pre-designed one must compute the weights on-line.

AR
k+l, k)
Q(k-l-l, k Pradictions
H{k+! A
hett) X(k, k)
. -} 2k, Ex‘
za}
Z(k+1 B:v 1 Stage
: . Delay
Wi(k}Z(k+1, 9
+
Corrected _ f}z(kﬂ, k+

Prediction

Figure (3} - Flow Block of Estimator
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Section 25 WALSH FUNCTIONS

Walsh Functions are highly suitable for digital devices since they are square
waves and have been increasingly successfully applied to digital communication
and two dimensional imaging and filtering. Very few attempts thus far have
been made to trajectory estimation. Dr. C. F. Chen published the first paper
to my knowledge along these lines on October 1975 {reference 22) in a paper
called "Design of Piecewise Constant Gains for Optimal Control wvia Walsh

Functions". It is hoped that these techniques will scon be applied to optimal
estimation.

This section presents some of the known and published properties of Walsh
functions and adds a few new relations. Chen also in reference (20) refers

to block pulse functions very closely related to the Walsh Functions, which

he says in theory the block pulse functions do not form a complete set while
the Walsh Functions do. Chens papers in reference (21) a excellent state-space
treatments of this subject matter.

The Rademacker functions (not discussed in this report) are basically trigo-
nemetric functions blocked off for a fundamental and harmenics as shown in
Figure (1)

Figure 1 Rademecker and Sine Function

The Walsh function (first 10) are shown in Figure (2)
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Figure 2. Walsh funetions,

Continvous Time Functions.

The first four block pulse functions are shown in Figure (3)

Py (t) ]‘

” t
NON
—_— .
P, (t)
77—
()

Figure (3) Block Pulse Functions
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The block pulse functions are the "building blocks" foxr the Walsh functions
and the relaticns are for the 4 x 4 case

[0, | 111 1 4y, |
0, ) 1 1 -1 -1 by -
¢, 1 -1 1 -1 ¥,
by 1 -1 -1 1 N
or - i i ] -
O(£) (B> = W () (4 ‘ (2)
: hxdy :

or for the m x m case

¢(t)® = W (o) (m> (3)

MEI

The inverse of the Walsh matrix is

wil=1w (4)
]
ox
W = ml (5)
W= W (6)
thus

D = 0 o> | )
m _ .

By Figure (2} it is seen that continuous derivatives of the square wave functions
do not exist at the break points, however integrations behave quite well, thus
one should approximate the highest derivative of the function and integrate.
Recall that with the polynomials the approximations were made at the position
level and velocities and accelerations obtained by the derxivatives of the

fitting functions, that is

<& = <y (8)

Consider approximating the derivative of a function with the Walsh functions

o) c@> + x (®)

or (9

x(t)

I

< (t) 2 4. (t)e,

i=0Q
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where the Ci are constants.

The Walsh functicns form an orthe-normal set that is

7
(1 -~
O(E) (@) d(t) de = I (10)
0 mxm
For example the first two
1 P 1o,
$(><290 = 02 gby| dt=1 (11)
0 4 0
A
- !
1% 8
for clearly
1 i
1 5 1
dyde = 1 dtc (12)
0 0
and”’
R ¥ "L}
1 % 1
q:ocpldt = 1 dt + (-1)dt = 0 (13)
0 ' 0 A
ot o

The coefficients of Eq. (8) can now be obtained

1 1
¢(gz> x(£)dt = c@ﬁ>- + gyﬁt x c§§> (14)
0

0

o

where ¥ is approximation.

Clearly the block pulse functions are an orthogonal set, that is

]
( ¢(€Z> (t)dt = I 1 (15)
) <Q: mxm {%

M;O m

The matrix of inner-products between the two sets of functions of Egq. (1) is

:
¢(Ej> <@f£)dt —wI =Wl (16)
0 - m

also by Eq. (7)

1
( Y(t) \/qz\(t)dt W=l (17)
0 m
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or the matrix of inner-products commutes, that is

1
f¢(t)><¢(t)dt = [ e Du)a (18)
0 0

By Eq. (9) we can approximate the function in block-pulse function base as
(errors ommitted)

(1) 2GS = ey (20)

or by Eq. (16) and taking inner-product

1
_f o(L)> x(t)dt = S = W lcP> (21)
0

also
¥ 2 wes (22)
thus a base change is simple.

One can alsc by approximate relations rather than equivalent relations obtain
Lhe monomial base in the Walsh base, that is if for example

e Gy =, e, 1 =G (23)
_l\_,-{Pfi r\{b" t:nen
A
)’(‘“(L %gs <t = @(t)cq)t o
| 3%3
that is
£(t), = <o(e)cy, (25)
i=0,1, 2
Obviously
fo(t) = ¢O(t) =1 (26)
and
L=,
ar
Pp(e) >t de = (D, = [ (27)
| - [
cl
c2. 1
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By Eq. (24)

8 | 1
Cor {> U>1>j’ =J'0¢(t3 t dt

0 P
1
Cot =~[0 o dt, 9, tdt,
9, ¢,

The first column vector has values

'Co'% o ]

C]_:i = 0.
c2 % }O J
! 4
for
1
¢.dt = 1
J, %
O 1
9, dt = j 1dt + .[ (-1)dt = 0
4] 0 L
ete.

The second column vector has approximate values

§>1 o (Eiia) .

-1/8

The approximation and equal signs will loosely by used so reader beware.

For example

1 1
‘f IRE :_f tdt = 1/2
0 &

and
1 % 1
J‘¢ (£)tdt = J'tdt +-f (-1)tdt = -1/4
1 L
0 G %
etc.
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(313
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The third column vector of Eq. (28) is
;}> 1/3

= -1/3

2 -1/8

By Eq. (30), (32} and (35) in Eq. (24)

| ' 1 1/2 0 1/3 |
ot = <3E§Ft) 0 “-1/4  ~1/3
0 -1/8 -1/8_J

Note that if one approximates the first three monomial base functions by a

large number of Walsh functions say m:>3 then

B)ece) = @ocy,

mz3

)" <::)¢c¢tc$t

3xm

The inverse of the matrix is

1 1 -2 8
o b1z -4(8)
“pe ° 0 f-12 38
- ( {J
By Eq. (24)
1
. @)’(E?t = cy,
also
1 1
fot> &ode=w = Ot>@dt Cot
/
or

IR

.
Hipp Cop );€><§%t

where Hill is the 3 x 3 Hilbert matrix.

Transposing Eq. (24)

T
D - S
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(37)

(38)

(39)

(40)

(41)

(42)

(43)

PR—

[

. _ . ‘
LR [S———

PN



O

hence

1
|
fo’b @t = Hill = C) Co (44)
and
“1 o o=1.-T
Hiir = Coclye (45)

Since the Walsh matrix is symmetric by Eq. (1)

< b =LY (46)
and
LU= WL (47)
m
If we partition W into its column vectors
W= [90’)&1’ E‘f@‘z’ég,] (48)
then
(B> 05 050 03) = [y, Iy, Lp, ) (49)
or
¢ = <¢"é1 (50)

and the §>i are the coordinates in the block-pulse base of each of the Walsh

Q& 1y
VAR

The transition matrixzx on the column vectors of Eq. (51) is

Likewise

_ i

0%
ot/
1

1

(51)

0
1
0
0

= O OO

.,

e>:'L+1 =8; & (52)
i=0,1,2, 3

where the permutation matrix or shift-down operator is

(53)

o R e T e
[ e o
Lo [ e T e Y S
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and

=180 & Sy 5l

4x4
The meaging of Eq. (52) ii)for example
%71:0=0001 1 =5, f
1 i 0 o @ 0
0 0 1 0 0 0
0 0O ¢ 1 0 0
ete.,
By Eq. (47)

G-

)

G 1Dg D10 950 31 =L (D4 Dyn Dy D) 1

Eq. (56) in Eq. (57)

Q—’ [ éo) ?13 =] 2) 93] = QJ [Kj’ 0’-‘0 1! ;‘-}’2’ .W 3}
or

E>i - wj§>i
Using the base-change relation of Eq. (5%9) in Eq. (52)

a1 Sa Wy
or

_ ol _

Py TV S,
or

™ -

Pier = O Vs

which is the transition matrix on columns of w.

o =V 1sdw= (1 o o 0
o 0 0 1
o 0 -1 O
v -1 0 o

By Eq. (63) the orthogonal matrix W can be written as

V=D, e D, 1y, ¢31>]
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(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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where
D> =W (65)

Note the cyclic properties

sg =1 (66)
mxm
m+l _
Sd = Sd (67)
and
-1
= (
¢W W de (68)
m_ . ~l.m. :
o =Y sdw =1 (69)
m+l _ ;
w0y (70)

W= 1
W= w
W = ml
W o= W
Wq = mZI
(71)
W= mly
W6 = mBI
Wm ; mm/ZI

for m even.

Integraticon of Walsh Functions and Block Pulse Functions.

Chen in reference (21) presents the operational matrix for Walsh integration,
and for the 4 x 4 case, the functions and their integrals look like
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|
|
t
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ﬁﬁq E
: 1
- ' I_wt
¥ T T H 't f i
¢‘(1) z{ﬁ;'dt i
! |
1
0 + L t
(1] L St
o e !1 ; :3 — 1
J - H 3
10 AL
1 — 4l
N T S A B NG VO
Walsh function " First integration of

Walsh functions

Figure & Walsh Integration

The Walsh functions are rectangular waves, their first integrals are triangular
waves and the second integrals are quadratic curves. Chen approximated the
triangular waves over the intervals as shown in Figure (4), to obtain

t 1/2 1/4 1/8 0
F Gerae 2@(t) “1/4 0 o 1/8 (72)
O -1/8 0 0 0
0 -1/8 0 G
or
t
I @(t)dt = () P (73)
0

where the integration matrix is a constant.

The 8 x 8 integration matrix is given by Chen as

- -
/2 1/4 1/8 0 1/16 0 0 0
-1/4 0 0 1/8 0 1/16 0 0
-1/8 0 0 0 0 0 1/16 0
P, = 0 -1/8 0 0 0 0 0 1/16
- -1/16 0 0 0 0 0 0 0
o -1/16 0 0 0 0 0 0
0 0  -1/16 0 0 0 0 0
0 0 0 -1/16 0 0 0 0

Chen also gives the 16 x 16 matrix which is the same as a table in Corringtons
paper of reference (25).
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The integration of the first four block pulse functions is obtained in reference
(20} by Chen and they loock like Figure (5).

1
v, de
v f )
& % L 1
W 2
b, dt .
i = | |
1 T
3/4 Y 3/4 1
b
¥y - f%dt
-/ %
1

3/4 1

Figure 5 Block Pulse Integrals

The integral of the block pulse functions is given by Chen as

i
fo@t)dt - Qpb (75)
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with

/2 0 0 0

P, = 1 1/2 0 0 1/4
1 1 1/2 0

HxH 1 101 1/2

The integration matrices P, and P are related through a base change (or a

gsimilarity transformation as) by Eq. (46)

<o =<

and integrating both sides of Eq. 77.

ﬁ(@dt =i idt W

or
QPW =Qwa
or Eq. (78) in Eq. (79)

<YWP_ :<:@wa

or
T |
Pw =W PbW
One can now easily invert the Walsh integration matrix for by Eq. {(81)
~1 _ . ~1.-1. -1
Pw =W Pb W = WPb W
m

The block pulse matrix is lower triangular and easily invertable.

Also note that

i 0 0 0 ™
P, = i 1 0 o -1/2 1 { 1/4
1 1 1 o0
1 1 1 1
where it is know that
IPREE B B -1 10 0 0
(I -8,)7" =10 1 -1 0 =1 1 0 0
© 0 0 1 -1 1 1 1 0
0 0 0 1 1 1 1 1
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where the shift-down and out matrix (shift the row 2 of the identify matrix
dawn) is

0 0 0 0
S, = 1 0 0 0 (85)
do 6 1 0 o0
LO 0 1 0
and lower triangular unit matrix can be written as
1 0 0 0 9 3
1 1 ¢ 0 =1+ Sd + Sdo + Sdo (86)
1 1 1 0 ©
1 1 1
One can write the inverse of Eq. (84) as
-1 T _ _ T,~1

The symmetric matrix

T ‘2 -1 4] 0

(I-8, ){(I-8. Y = [~1 2 -1 0 (88)
do do 0 -1 9 1
\O G -1 1

with inverse given by Eq. (38) see (6) as the Frankel matrix, that is

. T,-1 _
[(1-8,)(1-5,) 17 = (89)

e
(SR S R
S N R
R R

and Eq. (89) used in Eq. (87) vields Eq. (84). One can now use the Householder
Inversion ILemma to invert Eq. (83).

One can also use the relations (not derived here).

(1-s) ' =1 +5+ 8%+ 5
(1+s) P =1 -5 +8% - ¢
9 (90)

(1-s9" 1 =1 + s
(1+82)'1 =TI -8

and for a scalar a

(1-a9) ™! = 1 + as + a%s% + 278°

(Itas) ! = 1 - as + aZs - &38° (91)
where

S4 =0 (92)
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Note the class of matrices

2
COI + cls + CZS

dOI + dls + dZS

commute, for 83 = 0 and

C

D 2

Ch = (COI, CII, czl)

= CCOI, c.I CZI) S

Ch = codOI + (cld0 + c

This class of commuting matrices are to be contrasted with the commuting

circulant matrices

C = aOI + alP + 32P2

with the permutation matrix

p3 = 1

and Eq. (95) becomes

Ch = (co, Cy Cz’)

Consider a linear constant coefficient differential equation

“x{t) =<:a xiﬁbs —ax +ax+ax

0

approximating the highest derivative with Walsh functions or block pulse

functions

x(t) :<:€%T§>s ~ y(t)e

Odl) S + (c2d0 + c,d. + dZCO)S

(I, s, 32) 41
diI
a1

g2 41

0 4,1

0 \dzI

2
171

2 ~

P a4
I d
P d,

2

Integrating (and remembering approximation errors)

;(t) = ;(to) + <:E%(t)Pb%:>
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(101)
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IOW

x(to) = 1<¢(t)>££(to) | | (103)
or

%(t) = <J;(t) [e/\l;z-(to) + B, o] (104)
Integrating again

% (t) =.§(t0) + <:@(t)Pb[§>1§(to)pb§>] (105)
or

K©) = o) [eyxcro) + Pb§>1§(to) v Py (106)

and integrating again

x(£) = x(t0) +<P(t)[B, &) x(to) + P§%>1;(to) 4 Pﬁ@)] (107)
x() =W x(to) + Pb§>lécto) + B2 x(to) +plc ] (108)
Packaging

% ﬁppﬂ

) [ 5

X PP !

. i b 1 (109)
X ! ¢Pb§ terms

x v

hence powers of the integration matrix arise. Note that powers of Pb are
related to powers of P since by Eq. (81)

- 1

Pw =W wa
2 _-1.2
Pw = ? wa (110)
m _ ~1om
PW =W wa

From the foregoing one would expect to exploit the cyclic nature of Walsh
tunctions just as has been done with Fast Forrier Transforms.

Chen presents a method for solving a non-homogeneous differential equation

§7 = A £7 + f(t;> (111)

mxn

and approximates the velocity vector with say block-pulse functions

§:> = c¢(€i} v (6) (112)
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where V (t) is the approximating error and will be ignored in the derivations.
Integra%ing Eq. (112)

t
() = x(to)> *+C _f Be)D> dt (113)
0
or by Eq. (75)
x(£)> = x(to)> + CB (L) (114)
Note
X(t°i>.1 = x(to)iﬁwﬂﬁ) w(ti> {115)
since
1= e ¢(t)> i (116)
hence
x(t)> = [x(to>< @+ CB, ] (£} (117)
Using Eq (117) in Eq (112)
§ Al <+ 7yl +C > = o> (118)

where the approximation of the forcing function in the block pulse base is
F(£)> = Cu(t)> (119)

operator Egq. (118) with inner-product, that is

fic@éx(pdt =c1 (119)
hence

A{£>b<:e +CP) = ¢C (120)
or

ACP, - C = -a>, <8 (121)
Set

1, <o = 3 022
then

ACP, - C =3B (123)

b

One can solve Eq. 123 for the rectangular matrix C via the Kronker matrix product
schemes of Eq. (48} Section (G).

vec ACPb = (PE X A) vec C {124)
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Using Eq. (124) in Eq. (123)

[Pg x A - 1] vec C = vec B
or
vec C = [Pg X A - I]_1 vec B
By Eq. (7€) and Eq. (2) Section (G) for
A2 A A
T
Pb x A=1 0 Af2 A
m .
0 0 Af2
and
AT AL AL
mZ m m
T _
PP g A-«1Ic= 0 A-1 A1l
b = =
m2 m
0 0 A~-1
m2
- -

Eq. (127) is Block upper-triangular and easy to invert. Note that it is a
generalization of the matrix of Eq. (93), for one can express

Pr= (4, I, T) i
S
o
SZ
uo

T

where S =5
uo de

and the (temsor product) Kronecker matrix product becomes

Pg X A= (%I, I, I {I \xA
5
S2

Thus one solves for the matrix C by unpacking or de-vecing Eq. (126),

The matrix of Eq. (128) is a special case of the block Toeplitz mattrix.
The Toeplitz matrix is of the form for a 3 x 3.

0 1 2
T = a_l aO a1
4y, 84 3
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T2
= (a I, a_jT, a 7, alI, aZI) | S (132)

-2 uo

uoc

S
uo

SZ
uo

— s

A matrix closely related to the Teoplitz matrix is the Hankel matrix whose
diagonals run from top right te bottom left or

2 1 %
H= ay a, a_y {133)
o -1 %2
= (a,, a,, a,, 4 a ) ; STZ"F (134)
AR A (R 1?2 =2 ¢ 1o
L ST
c 1o
L
c
LS
¢ uo
L s> |
"¢ uo !
with the linear convolution matrix
LC = 0 0 1 (135)
0 1 0
1 0 0
One example previously encountered is the block bi-diagonal matrix and its
inverse
- - 4
AT o o |1 AT a2 AT Tt
6 A I 0 = to Al AT (136)
0o 0 A I 0 0 ATE a2
lo 0 0o A 0 0 0 A
Another example if A and B commute and
A 0 0 0
T = -B A 0 0 (1373
0 -B A 0
0 0 -B A
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then

I 0 0
7l A7lp 1 0
(a”1By2  A7'B I
B @ 'm? ATl
h

In general if A and B (and A-l

A 0 O 0 0
B A 0 0
T = B B A O
B B B A
B B . B
then "
I 0
C 1
CE C
1
T =aA CE2 CE
ce3 cr2
CEm—Z CEm—S
with
¢ = A s
E=1-a"l3

I

(138)

d

exists) commute and the special Teoplitz matrix is

It is seen by Eq. (128) that the block pulse integration matrix can be put
into the transposed form of Eq. (139), that is

T 2mI-A -2A
Pb x A-T = -1 0 2mI-A
2m 0 0

and that the matrices commute.
Set the diagonal matrix of Eq. (141)

L = 2mI-A
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0
(139)
0
A
-
-
O .
]
(140)
ol
-2A
-2A (141)
2mi-A
(142)



and
-1
B=-2L "A (143)

then Eq. (141) becomes

T I B B
P, x AL = -L o I B (144)
2m 0o o0 I

Consider the inverse of the unit-diagonal upper-triangular matrix of Eq. (144)

I B B Rll R12 R13. I 0 0
0 T B it R22 R23 = 0 I 0 (145)
0 0 I O 0 R33 0 0 I
Multiply out the elements of Eq. {145) to solve for
A T -8B  -B(I-B)
0 I B = {0 I -B {146)
- J 0 I 0 0 I
and using Eq. (146) in Eq. (144)
PR ) S 16 155 Y A
Py x A-1171 = (-2m) 0 7! L7t (147)
0 0 Lt

- - :
How one applies Walsh functions to budding digital filters is a WideCﬁ%ﬁzﬁfl
untouched area as far as trajectory estimation is concerned. Clearly the
cyclic-nature of the functions as well as their pulse or digital-device
nature excites the imagination in the area of "real-time'" computations. The
cyclic nature of the trigonemetric functions have served continuous analog
devices in computing and communications for years; perhaps these functions
will do the same for all phases of trajectory estimation on digital computers.
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SECTICN 26

I. HOMOGENEOUS DYNAMICAL SYSTEM. Consider the homogeneous dynamical sys-
tem

x> = A (1)
where A is a constant pxp matrix. '
In general when one 1s studying the effects of a linear transforma-

tion on a vector it is fruitful to study the effect of A on a linearly
independent set of x>4 vectors (that is any basis set); for example if

P = A (2)

where x> 1is a p-dimensional column vector then for a package of p

[Drs Dy | = [4D0 495, | @)

or

Y = A X ()
PXP  pPXD DPXp

If the background base vectors have coordinates
%>i = [ g ith position (5)

1

.
+

then
T = |:e>l,e 2,---e>p] =11 0 ... 0 (6)
o 1 ¢
O 0
0 1
and if
Xx=1T (7)
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then
Y = AI {8)

or the base vector I are mapped by A to vector Y whose coordinates ave
the columns of A.

TIf we ask what linearly independent set of vectors X are mapped by A
+o the base vectors T, that is find the X such that

¥ = I (9)
then
I = A¥ {10}
or
-1
X = A (i

for full rank A.

In general if Y and X of Equation (4) are given then we can solve
for A as

A=Yt

(12)
The inverse of a square matrix (non-singular) can be expressed as

-1

1=y (x5t

(13)

Likewise, if we have an over-specified system (that is more equations
than unknowns) or more than a linearly independent set of

X>J_ i:l’2-..P
+then

¥ = A ¥ (14)
pxj  Pxp pXJ

and for rank of X=p
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A = Y X (15)
pxp  px] Ixp

where the pseudo-inverse can be written as

X% = kT = (TR K (16)
ixp

and for full rank case
(xX° )% = (xxT)'l (17}

Likewise we shall consider a package or sequence of p vectors (or
trajectories) propogating under A of Equation (1) such that at time zero

x(0) = [xw)) l,---x(0)>p:| (18)

or mach trajectory x(t) 4 originates at
X(O)>j5 j:lsza U'p

The dynamics of each trajectory or the velocity of each of the p
vectors is

é(ti>j = A x(ti>j (19)

and the dynamics of the package is the matrix differential equation
% = AX (20)

One normally assumes the solutions to (20) to be

X(t) = T x(0) = #(+) X(0) (21)

or the solution to Equation {18) to be

x(t)>j = AT x(o)>j (22)
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and takes the derivative

% =4 T %(0) (23)
X = A X(t) (2u)
where
z2.2
e(t) = eAt =1+ At + éaE—-+ e (25)

By inspection of Equation (21) if
(o) = 1 (28)

then the solution of Equation (21) is a very special set of time varying
base vectors called the fundamental basis and designated as

3(t) = At (27)

The time varying column vector of &(t) start with initial condi-
tions on the fixed background bases and propogate under A, for example

$(0)p, = 1! (28)
0|
0!
|
o
Lo
and at any time the first column vector has velocity
iy = b oD (29)

etc.

It can be proven but will not be shown here that &(t) remains non-
singular, that is the vectors in the column space of ¢ remain linearly
independent over the finite time trajectory, see Equation (25), For
example consider the scalar (one dimensional system)
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1 2
where
alzaQ:O
or
x = £(t)

the state space formulation is

Xl:X
x2 = X
o
By :_; 0 ill Xy 0
N 'J +f(
%21 10 oll¥2 t?“

or the homogeneous system is

where A 1s rank cone and is

A=[0 1 :5F1f1(o,1) = ey %(e
o of ol

<
<

that is

1

(1,0)

11

(0,1)

note
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(31)

(32)
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2 = 5, % - 7] (o0

n ——
A 0]
Hence
2 2 3 3
eAt =T + At + éﬁ%‘ + é@%"+ .
o
A
L ] = et (35)
°c 1]
and
«(tY =[1 t]=x(0) (36}
0 1

Clearly the system dynamic matrix A is rank one {(a dyad) by Equation
(33) and singular, by Equation (35) we see that ¢ is non-singular
{invertible).

Since the columns of ¢ form a base, sach ¢(ti>j obeys Equation (1),
or

& = A ® (37)
where
8(0) = 1 (38)

Fundamental Sclutions and Arbitrary Initial Condition Solution as
Linear Combination of Fundamental Basis. This section obtains the homo-
geneous solution for an arbitrary initial condition as a linear combi-
nation of the time-varying fundamental base vectors which start with
initial conditions "on" the "fixed" base vectors (non-time varying back-
ground bases).
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Consider a sequence of j>p trajectories generated by Equation (19)
X =AY (39)

with arbitrary initial conditions
x(0) = X (40)

Since ®{t) is a set of base vectors (columns form a base) the jth
vector has coordinates In the ¢ base as

- ¢\
X(‘t)>j = &(t) x(t>j (41)

Taking the derivative of Equation (41)

§>j = & x¢(ti>j + @i¢>§ (42)
Using Equation (19) and Equation (37) in Equation {(42)
_ ¢ .
Ax>. = AD . A
%>5 X (ti}J + % >§ (43)

and by Equation (41) in Equation (43)

A@xf>j - A@x?)a ¥ @if)g (1)
or

#>= 0 (u5)
which implies Egat x¢> is a constant vector:; that is the coordinates of
)

the vector x(t in the fixed background base has constant coordinates
in the fundamental base; furthermore by Equation (41) at time zero

x(0)> = 1x°(0)) (46)

For the non-homogeneous case the coordinates will be shown to he
time varying in the & base in a later secticn.

Censider next the dynamics of the inverse fundamental system of
Equation (37), where
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or taking the derivative

be " + a3 L = 0

or

d e ¥y = _ 5L st
EE(@ ) & = 00

by Equation (37)
o = A®
op

st = a

and Equation (51} in Equation (49) yields

a -1 -1
4 57 = - A
at e

Transposing Equation (52) one obtaims

where

®~T - (@nl)T
packaging Equations (50) and (53)
e 1_[a o [e)
T | 0] AT
o L =T

- LR

The fundamental inverse can be written as two ways
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(48)

(49}

(50)

(51)

(52)

(58)

{54)

(55)
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WA
|

1o oTey ol = o (aeT) ™t (56)
or

¢—T

H

T -1 T.-1
(¢ @) = (297) (57)
Define the two Grammian matrices

@@T

G¢i(t) (58)
and

o0 = G¢0(t) (59)

if the two Grammians are equal ¢ is said to be normal.
Using Equation (58) in Equation (57)

¢ = G¢i 8" (60)

Taking the time derivative

e -T LT
o = G¢i 7 e¢i i (B1)

By Equation (55) in Equation (61)

T T.-T

A® = é¢i &+ G¢i(—A ) (62)
or

A%DT = é¢i + Gy (-aTy (63)
and solving for é¢i

6 .=A0G. +06,, AT (64)

$1 % ¢i

which is a special case of the martix Riccatti, called the Lypunov
relation.
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The dynamics of the inverse Grammian G¢Ji is cbtained from

-1

or

-1 -1 -1
Gys = = Gyr By Bys

Using Equation (64) in Equation (67)

-1 -1 T, -1
G¢i = G¢i [ﬂG¢i+G¢iA ] G¢i
or
1 -1, LT -1
G¢i = G¢i A A G¢i
and by Equation (64)
G . =AG.+6 . A"
i i i

By Equation (58) the time derivative is
: . T T.
[ =
polt) = &0+ o0

and by Equation (50)

G ol 2T + 0 a0
do

G¢o

@T(AT+A)@
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(86)

(67}

(68)

(69)

(70)

(71)

(72)

(73)
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The dynamics of G;i is obtained from

-1 _

G¢O G¢O = T (74)
or

. -1 -1

G¢o G¢O + G¢O G¢O S (75)
o

=1 _ Lo -1

G¢O = G¢O G¢O G¢O (76)

and by Equation (59)

-1 -1 -T
= 1]
G¢O o = @ (77)

and Equations (73) and (77) in Equation (786) yields

ééé =~ ot (alsa) 87T {78)

a congruent transformation.

Summarizing for the outer-Grammian dynamics by Equation (73) and
Equation (78)

é¢° = ¢T (A+AT)¢

(79)
=1 _ -1 T -T
G¢o = - ¢ (A+AT )Y O

Returning now to the arbitrary initial conditions for the homogeneous case
of Bquation (20) and Equation (21). The pseudo-inverse or dual system to
Equation (21) is given by Equation (16) where we have two Gram matrices,

again one pxp in size the other jxj in size, or

X % =a (1) (80)
.. xx1
oxj xp
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and
T
X% =06_ (1) {81)
., * O
%3

One expression of Equation (16) is
e (xxT) = T (xxEyR(xx)y = X7 (82)

. AP | . . . .
since the projector (XX )}#{XX") acts like the identity for the vector in
the row space of X', hence transposing Equation (82).

T...T T
= X:’f = 3 _X%
X = (XX7) i (83)

Taking the derivative of Equation (83)

- - . T
= kS W
X = GxxiX * GxxiX (84}

Full Rank X(t). The solution to the matrix equation

X = AX(t) (85)

is
X(t) = o(t) X(o) (86)
Since &(t) is full pvank, the rank of X{t) is determined by the rank

of the initial condition matrix X(o). If X(o) has full rank, then Equa~
tion (86) is full rank factors of X(t), hence the pseudo-inverse is

Kiyy = ¥4(0) 07 () (e
Taking the derivative of Eguation (87)

k() = X% (o) 47U(E) (88)
By Equation (52) in Equation {(88)

T o= - ¥ (o) o7 1a (89)
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and by Equation (87) in Equation (89}
k* = - X*(t)ﬁ (90)
or

CHER . (91)

The dynamics of the dual (pseudo-inverse transpose) can be obtained
for the full rank case from the relation

X ¥ o= 1 (92)
PxJ Jxp  pxp
or
XX* 4+ XXE = 0 (93)
or
XX% = - XX# _ (ou)

Multiply Equation (94) on left by X¥
X*Xk* = - X*QX* (95)

Using Equation (85) in the right side of Equation (95) with Equation
(92)

P__X%* = - XRAYX® = - X&A (986)
bde

By Equation (90)

PXOX* = X% = - kA (97)

or

X* = X*A (98)

or transposing
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T _ Tl

}.(:': - AR {g3)
Packaging Equation (18) and Equation (99)
X =Ta o [ %) | (100)
WA T 2T
X O A “?tt)
2px] 2pX]
The inner-Grammian by Equation (19) in Equation (80) is
GXXi(t) = Xx' = 8(t) X(o) x?p) @T(t) (101)
o
e (&) = o(t) & (o) & (102)
wxl sl (t)
The dynamics of the inner-Grammian can be obtained easily from
& (1) = X(£) XT 4+ x(t) X (103)
xxl '
or
. _ T
GXXi(t) = A Gxxi(t) + Gxxi(t) A | (104)
For the full-rank case
-1
6 .6 ,=1 (108)
HE XXl
and one obtains
¢t = retawTet.] (1L06)
®H1 HRL XX 1L

consider next the commute of Equation (92), the outer projector

. fol . . o
- = & = ¥Ry %
PXO aT (X*%) + X¥X (107}
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By Equation (100)

P = - X®AX + X%AX = O (108)
b dal

Thus the time-derivative of the time varying outer-precjector is zero
when ¥ is full rank p. Also It is obvious that for full rank p

xo = 0 (109)

Homogeneous System Means Averages. The dynamics of the unweighted
mean of the j-trajectories of Lquation {(39) is

X 1% = A% {110}
PxJ
where
() = 15> z (111)
]

that is the pseudo-inverse of the sum vector <3)l where

Gy = (1,100 (112)
%]

Define the mean velocity vector as
K15y = 1 (£) (5 (113)
and

x18>= n (B> (114)

hence Equation (101) becomes

B () (= A () (115)

Partition Equation (114 into its row space and we have
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X% = Fl<j)xq— 15() = ﬁll x 14 | = W) (116)

26

] D
. - uE{t.
PGx w7 <5
or in its column space

K1) = [x(P>l“-X(p>j] ! i ;

hd =
t_l.“—.t
I
1 1
!
s
b
=
)
g
1
[
=i
al]
b
1]

{(117)

n () (2>

Subtracting the mean vectors from each of the j-trajectories, that is
Equation (19) minus Equation (115).

>’<>j - ﬁg = §>j = A( x>j - ux>) (118)
Define the error vector

Dy = D5 - wD (119)

D =R - > | (120)

o

5,

or package-wise

A (121)

% = A¥X (122}

Consider the package X by Equation (119)

614



e
i

X X - uQQ)l

or

s
1l

u)>4+5'<

(123)

(124)

The orthogonal projection in j space of the p-row vectors of X onto

the Q)l vector is shown in Figure (1)

<3)§: <%§ll

Gz e = L

FIGURE (1)
PROJECTION IN j-SPACE

The projector P 1 (rank-one)

L
_ DL DXL _
T aalin el 154

applied to <3)x yields for the pth vector

EGRSE &1
UE 4

PGz

i

or by Figure (1)

P<5)x = <j)££ + P<j )%
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or

P<;'< = Brx - j<>’2 = P<x - p<xPll (128)

or
PGix = P [1-p,,] = p<X1311 (129)

where the orthogonal complement projector is

Pyq = I - Pll (130}

Clearly by Equation (114) in Equation (124)

7= x - 0D (131)
X = X(1-15 ) (132)
X = XPy, (133)

Thus the R and X imply orthogonal and orthogonal-complement projectors
respectively, that is

X=X+ X (134)

where

-
11

XPy = ux(}_:><j )1 (135)

is a rank-one dyad.

Take the derivative of Equation (135)

X = XPll = AXPll = AX (138)
Thus we see that X, X and ¥ all have the same velocity matrix A.

By Equation (136)

2 = “><><L (137)

hence Equations (135) and (136) in Equation (137) yields
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{1}><l = A “x‘>4 (138)

The dynamics of the error vectors of Equation (131) or the package
{aggragate or ensemble of trajectories) is the same as Equation {136)
except for the wiggle (~), hence the dynamics of the duals of the errors,
the errcr Grammians, etc., are the same except for notation change, hence
we have via Equation (100)

(139)

n
=
o
o]

X
ZaT T

as
. 1 I .
P.(0) = %K = 2g,. =| IRE T (140)
XX T Ip 1 j=1 73 I
pxp
The dynamics of the error variance is given by Equation (104) as
A T
iﬁ = A j:).(, -+ j:;; A (1x1)
and
1 -1 T -1
Y. =-3% A-A I (142)
b X X

Note that in the above

d 41, _ a-1 o -1
E%’(i ) = 3T F (L) (143)

By Equation {133)
X = XP I
X = XPyq (1hu)

we see that the rank of X is Jj-1 Since
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p P.=j-1=p TI-P {145)
11 P
1%3

The lnner-Grammian is po and for the rank p case we have

i" - _1 jx2p __ ¢ll $12 (146)
px
2pxj _F2l $22

and in partitioned form the dynamics of Equation (141) is

A [All Loty Attt

. - 3 A

i y L'2l$ll Bgotoy
L %21 %22

Ao brath, 22 |
(147)

r T T
B S FPC $11 21 $12 22

T
L?Ql 112081, $arhonthaghas |

Nots that 31 etc., are not simple matrixz Riccatti equations like $
of Equation {(141).

The pseudo-inverse of Equation (144) can be written as

%* g{T (g‘{iT )““l = ]

}'ET j;:l
. . p4
ixp 1*p PXP

(148)
PXp

The inverse can be obtained by partitioning in reference (39) as

-1 [_ F &
$ll ¢l2 $ll(l’2) ¢l2(l:2) (149)
$o $22m.§ $,,(1,2) }on(152)
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whepe

% -l -l 1y -1 -1
122 = 4y e A d, i T ) 4

% - Sl -1
1,020 = - 477 4y, (-1, 417E )

. (150)
: 1, -1 -1
100120 = - Gt 806 07 4y, 1)

W -1 -1
*22(1=2) - ($22_$21i11¢12)
If we partition the full rank pseudo-inverse of Equation (148) as

X = [‘Xi(l,z), 23(1,2)] (151)

P | xn $xn

where

then

wr = R CREQL,2), BT
pPxp| T - =
ij

=! X &$(1,2) XlX§(l,2fI
L}

{152)
h$2xi(1,2) x225(1,2)J
= ri 01
‘0 1]
or index-wise
Xy %.(1,2) = 1 81 {153)
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for i,k=1,2 or the biovthogonal conditions hold.

Equation (148) computes the package pseudo~inverse. Each of the
partitioned matrix elements alsoc has a pseudo-inverse computed as

. ~T oo =T\ -1
x=7 X (Xx))
ixn  jxn  nxn
{15%)
2% T . BT -1
Xy = Ky (X,%))
I*n
or in terms of the Grammians the package Dbecomes
ml ~T ~T 1
X = {¥_,X G
FLE = LI e o 7] (155)
-1 |
0 GQzl
The matrix product of Equation (155) with X partitioned is
TR (9% Ry =T XRE
3 1[ (xl,x2) I X, %% (156)
! nxn
|
b X 1 v e
L2 l X2Xi I
n ek |
Note that
~ -3
®, ¥ %(1,2)
jxn
(157)
e ate
N )
X, #%,(1,2)
The package of singleton-pseudos will be designated as
- PO (
= 158
Xs ':Xl’XQ:! )
J*p
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Equation (156) can also be written in terms of the Grammians via Equation
(155) in Equation (156) as

o . LT T r’_l I
= b . |
e Tl Ffa i 0
; I
- i -1
% | 0 11 |
— e —
or
3= a "ol -1
= G : = I G. G 59
s 11 12 o ° 12722 (159)
: 1 1
Gop Coo| 10 Gy GGy I
Equation (15Y4) can be written in terms of variances as
ST o o~ =L LT
A e fi.¢‘l
10 .
__ _ (16C)
S e o -1 T
2 I __jm | m 22
and hence the package
3% ,,,:':mj. 1 "—.JI‘ .\.T_? -1
_ Ao — -
| 0 o
i

Using Fquation (161) in Equation (159} we obtain the product as a
function of the variances

Tk
1 l_%l’iz dk
X i 4 51
9 21 22| o o

-1
X TR P IR
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or
XX =1 $12$;é (162)
-1
bty I

The off-diagonal terms are

~ % -1
2 %y = dpbs (163)
nxj
and
~ -1
Ro%) = 3,307 (164)

can be related to correlation matrices in very simple manner. Consider
the ?n linearly independent vectors in

X
2nx%7

or the 2n row vectors in j-space, we can say for the first n

2 e 13
1
nxj
where 1{3»n) is an n-dimensional sub-space or linear manifold of Jj-space

and [ ] implies spanned-by.

Like-wise for ¥. Decompose the n vector of X1 into components lying
in the subspace spanned by X2 and components out of X2 as

By = Coofo Ry gur o (185)

and like-wise

Xy = Cop R+ %5 qut 1 (166)
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ot

H

5 and X; respectively

W

Multiply Equations (165) and (166) on right by X

5': ala

X%y = Co + %y gy 2 % (167)
~ ol ~ ~T
Ry FCop Y& e 1 5y (168)

Equation (162) can be written via Equations (167) and (168) as

1 . N %
-1 K
Xxs r- ClQ 1o Xl out 222 (169)

| Cor T | " o
2 out 11

If the n vectors of Xj are orthogonally projected onto %5 as shown
in Figure [2]

n<3)ﬁl nth vector of ﬁl

FIGURE [2]
ORTHOGONAL PROJECTICQNS OF X] ONTO XZ

then for the package of vectors
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5 _ou | o 5
SR [%zxg] * &) out 21 (170)
nxj %3
and likewise for 22
X, = &, [% le Xy ut 1y (171)
%3

By the associlative property for matrix products one obtains

Xl - ClZl 22 * 5’{l out 24 (172)

Ry = Cory B v %y ut 11 (173)
where

Cipy = %%, (174)

Cory ~ Xzii e

One can normalize the vectors and come~up with the standard correla-
tion coefficients as direction cosines between unit vectors or as angles
between sub-spaces etc., but these geometrical concepts will not be
pursued further here.

We can now obtain the dynamics of the singleton-duals X% by Equation

(151) s
ot el ed ] 2T 2 -1
Xg = (gl’xz_l" 3 [%1’Xé] 11 0
- = m
-1
0 22
<7 ~T [ 3~1
. %;_[%l,x%] i, O (178)
]m
1-1
0 1oz
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By Equation (139)

£ = #7aT (177)

and by Equation {147) we see that $ll and 122 are nastily coupled rela-
tions with the needed dynamics i% being difficult to come by.

The transformation between the singleton-duals and the package-duals
can be obtained from Equation (161) and Equation (148) where

1| &7 T B Lk L .
E.Hgl,xé] = [%1(1,2),x2(1,2):[ ill $12 (178)

j:21 ¢22

Using Equation (178) in Equation (161)

LA R I S I -1

[?l,xzﬁl_ L?l(l,Q),XQ(lZ)_E(} 38 T (179)
1
fghy I
or
SR T (180)
5 12722
-1
bty I

w _ W ...l _ -1
XX_ = XX | T Fobomt =] T $,0,, (181)

-1 \ -1
ipfy 1 LF21¢11 L
which agrees with Equation (15%3).

One can invert the matrix of Equation (181) to obtain the inverse
maps of Equation (180)
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The dynamics of the singleton-duals and the dynamics of the correla-

tion matrices will not be obtained at this time.
dynamics of the correlation matrices will be indicated, by Equation (172)

Xl -0 CQLL Xl t fﬁl out 2;1
% X X
2] |y ° 21 { %2 out 1]
or
= A¥ = ClQl_ X
| Co1s °
A¥ 5
O Cl2¢1‘ * Xl out 2j,
h??lL 9 N ._52 out 1L
or
A=C+CA + Xl out 2L
HFQ out 14
where
C :[’o ClzLé
| |
o °

The inverse of

the matrix of Equation (181) can be written as
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(182)

{(183)

(184)

(185)

[—
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-1 -1 1, -1 -1 -
1 110%00 all RE2 20 P PUP MRS AP P (186)

For ii i fyu¥7e (115,774 545 i

Consider an additicnal relation involving sequences of sequences, that
is let

X(t), = A X (1) (187)
pX] px]
for k=1,2,+''n, where

Xk(t) = @(t)Xk(O) (188)

Assume the initial conditions for two packages are related as
X(0)y 1 = B X(0) (189)
pxp

px]j pXj

Where B 1s a constant matrix

Xpgp = B Xk+l(t) (190)

and

® +l(t) = (0) (191)

s
by Equation (189) in Equation (191)

k+l(t) = @Bx(o) (132)

By Equation (188)

~ _l~
Xk(O) 3 Xk(t) (193)

or
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~ R ~1 -~
Xk+l(t) = &{t) B3 (t) Xk(t) {194)

For the case of X having rank n, the Xy oyt 2 of Equation (170} and
Equation (171) are equal to zero and we see by Equation (172) and Equa-
tion (173) that

— _l —
ClZL = CQLL = T(t) {195)

and the full rank factor of X are

1 I .
¥ = = X, (1) (1986)
X X, T(t)

The dynamics of T or T is discussed in the next section via Riccatti
velations.
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27. PARTITICONED HOMOGENEQUS DYNAMICAL SYSTEMS RICCATTI DIFFERENTTIAL EQUA
TIONS AND ADJOINT SYSTEMS. Consider a sequence of linear coupled homogen-

ecus differential equations

i(%;:>j: Allx(€;>ij+ AL, x€§;>2j (1)

PPy P XD,
9@, - h,, -X>j F Ay, X(B: (2)
Po¥Py Po¥Py

where the index j generates the sequence j>p and

The package of j trajectories can be written as

o —

xl = Al Al2 : xl (3)

P¥J Aoy By %,

or

X = A¥ (4)
pPx]  DX]J

In this section many relations are established so in order to keep the
notation simple we assume pl=p2=n, hence p=2n.

The solution of Equation (4} is

x(t) = 0(t) (o)
2nxj  2nx2n 2nxj {5)

Since ¢ has rank 2n, the rank of X is determined by the rank of X(o).
Suppose ¥X{o) has rank n, then full rank factors are

(o) = B C {8)
. 2 o
nxj 2nxn nxj
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Partition {(t) as -_— -

by |
Pty = nx 2n (7)
%2
2n ¥ 2n n x 2n
L —
then Equation (5} can be written as
X, () = ¢l X (o)
X (t) = §nxj nx2n 2n¥] (8)
2nx} X, () ¢2 X (o)
nx]j nx2n 2nxj
Lr— —_ O —J

1B, %ol T 71 %%
X () = 9 BO CO Y2 CO : (9)
. nxn nxj
where
Y. = ¢ 3B
k ko k=1, 2 (10)

X nXZ2n 2nxn

Equating elements of Equation (9) by proper selection of Xo

Xk vy =Y, (t)y ¢ (1)
k o
-1 i o, -1
or Yl Xl {(t) = Co = Y2 X2 {123
or
¥ =y V. tx (13)
2 2 71 1 :
o
X, = T (t) xl (11)
nxj nxn nxj
where
-1
T (t) =Y, Y (15)
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and

-1 _ -1
T (%) _hYl Y,
Note also that
v
vr) = | Y= 4B
v o
2
and
Y = ¢B_ = AQB
or
Y = AY

Using Equation (14) in Equation (18)

2nxn

or rank n factors which is the same as Equatlon (190) in the previous

section,

Congider the dynamics of the time varying transformation between

matrices of Equation (14), that is

X2_= T(t) Xl(t)
nxj

If X, iz a full rank sequence then by Equation (21) and Equation

b _ _ -1
x2 Xl =T = Y2 Yl
or
t to-1 _
x2 xl (xl xl ) =T
also
_]_ B
Gle Gllx =T

where the Iinner-cross Grammian is

_ t
G21x B X2 Xl
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(18)

(17)

(18)

(19)

(20)

the

(21)

(15)

(22)

(23)

(28)

(25)



Equation (22} and Equation (23) express the matrix factors
rank n.

The package of states by Equation (21) is

of T having

x= | M = TEox (26)
1,
X2 T nx]
nxn
or the 2nx] matrix X{t) has rank n factors.
Taking the derivative of Equation {26} and using Equation (3)
A A X 1 _b I
X = S § ] I I X, + X, (27)
Bor Bool¥2 T !
By Equation (3)
. X,
Xp = (s 84)) = (A Ag0) Wl (28)
X
2
Using Equations (26) and (28) in Equation (27}
’All Al? I O] (All’ AlQ) 1 Xl
X = L]
&T * Ty (29)
3 d |
Multiply on right of Equation (29) with Xz and use full rank property
X, X, =1 (30}
hence
T
SERETS § R (R R M (All App) (31)
21 A22 T T T T
or
Bpgt A, TI Ay +8, T
i (32)
ﬂ21+ ﬂ22 T T + TAll+ TAlQ T
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or

T = —TAll + A22 T - TAl2T + AQl (33)

which is the Matrix Ricatti Differential Equation for the system. The
initial condition for Equation (33) is given by Equation (22), it is
quadratic and non-homogeneous

1

T (o) = X, (o) X (o) = Y2(o) Y (o) (34)
or
T(o) = X, (0)X. (o) 6, 1(o) (35)
P 1 11x
The exponential-form of the solution of Equation (4} is
X(t) = e**x(0) = ¢, (o) (36)
where
_ At _
bplor =™ =10y, 4,
(37
q)21 ¢22
Note that
eAt =T + At + At2 4 .. (38)
2!
and
eAllt eA12t
At
e # (39)
AQlt A22t
@ e

but for Block diagonal or scalar diagonal systems

611 Z )t ea_ut °
A 22} _ 2,5t (40)
Q 2

Using Equations (26) and (37) in Equation (38)
Xy (1) L 9y, P .
= Xl = Xl (D)
X, (1) T ¢21 ¢22 T(o (41)
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or element-wise

K (6) = 09y + by, T Ix,(0) (42)

x,(8) = [f,y + P, T(0)IX,(0) (43)
By FEquation (21}

x,(0) = T7(0) X,(0) (44)

or Equation (u4) in Equation (43)
_ -1
X,(t) = [, T (o) + §,,I%,(0) (45)
By Equation (22)
T(t) = ¥X,(1)%; (©) (46)
and by Equation (42) for fullwrank factors

%, (£) = X3 (0)y, + Py, TIT (47)

Using Equations (47) and (43) in Equation (46}
T(t) = [y, + by, TCII0, + By, T@TT (48)
where, by Equation (34)

T(o) = Xz(o)Xlt(o)[Xl(o) Xlt(o)]_l (49)

Clearly Equation (48) is a solution to the Ricatti Equation {33) in terms
of the block elements ¢ij of ¢.

By Equation (22)

T(t) =X, K, =Y, Y (50)
nxn

Using the following Grammians and cross-Grammians:

%9 Xy = Gy
Xy ¥y = Gpps
X Xlt = Ce11t
%5 th * Gyo0i (51)

©34

[

' .
[R——



12 Glei
1 "1 Gylli

2 "2 7 Gy22i

By Equation (24)

-1 -1
fud = g2
T = CmSar T o1 S1a (52)

By Equation (21)

X, = Tt) ¥, (53)

and by Equation (15)

Y, = TYl {54)
Multiply Equation (53) on left by X;
% *
= T =
XX, = 1 = TX X, {55)
o
_ t, -1 _ -1
I = TX X6 o = T6 1,6 (56)
or
_ -1
T = GXQQleQ (57)
or by Equations (57) and (52)
_ -1 _ -1
T= Gx21Gx11 - Gx22leQ (58)
and similar analysis for the Y's or
T(t) = G L. g7t (59)

leGyll y22 yl2

One can now cbtain the dynamics of T in terms of the dynamics of the
Grammian and Cross-Grammian matrices of Equations (58) and (59) to arrive
at the results of Equation (33); thus we would like to have the dynamics
of the Grammians, Cross-Grammians and their inverses for the X and ¥
systems. The derivative of Equation (59) is

. " -'l . '-'l

T = Gy2l Gyll + Gy2l 11 (80)
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By Equations {33) and (59) equated to Equation (60)

T =-TA._ + A, T ~-TA T+ A

11 " Ao 12 21
= G0 Gyii S éyii
= Cym Gyii B T R G Gyii
. 6 YA 6. e tia (61)

vol Cyll T12 Ty21 Cyli ¢ P21

Multiplying Equation (61) om right by G

v1ll
G = -G s ta + G B
v2l  Ty21 Tyll Tylil v21 "1l
-1
t Ay 6a1 7 Gun1(Gpa] 8100800 (62)
Ay S
where
-1
B T Gyll Ay Gyll
Bop = A9
-1
By = Gyll Ao
Bor = fo1 Gy (63)
o
G = -G cl g + G B
v2l v21 yll “yill v2ol "1l
¥ By G017 Syo1 Bip Syo1
* By (64)
The special cases for
5 -l
Gyll =0
on
L] —-l 3
Gle = 0

will be discussed In later sections.
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By Eguation (4) we have

b= ad (65)

wherse
I 0
Glo) = I = (66)
2nxZn o S

Partition $ as

Yo = [h, (6D, ()] (67)

Z2nx2n 2nxn 2nxn

Form the inverse In terms of the particned factors

¢ = 0T (pH (68)
The transpose of Equation (67) is
T
by
o° = (69)
T
%
and the Grammian is ——
t t
o [Ee wd
¢4 = (70)
T t
b2 %) 4 %,
or [ -“h
+ Gll Gl?
b0 = 5 5 =6y (71)
Using Equation (71} in Equation {(68) —
t -1 #
N 9, ¢ ¢, (1,2)
o = = | nx2n (72)
t .-l *
¢, G} ¢, (1,2)
- nx2n
By Equations (72) and (67) — —
b, (1,2)
-1 _ -
Wl byl o)
ﬁ% (1,2)




or

I, = 0 0,(1,2) + 9, ¢, (1,2) (74)
20x2n 2nx2n
also
-1 &
o = ¢1(1,2) (¢l, ¢,)
¢§(1,2) (75)
= e, ¢ 7C1,2) 9
1 = 1 z (76)
% %
_?2(1,2) 0, ¢,(1,2) 9,
= i1 0
) I (77)
.
By Equation (74)
b, ¢2(1,2) =1 -0, 0, (1,2) (78)
2n¥2n
P¢22(1,2) = P¢ll(l,2) (79)

where

P11 C ¢, ¢, (1,2) (80)

2nx2n

is a rank u projector since by Equation (78)

b, 1,2y b = I (81)
nxEn

and

5(1,2) = ¢2 ¢2 (1,2) (82)

2nx2n

P

By Equation (79) we see that the projectors are orthogonal complements
that is '

22(1,2) P . (1,2) =P = 0 (83)

P¢ 1l ¢11 P¢11
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Consider next the singleton

nxZn

aE T -1 4t _
¢2 B (¢2 $2) qj2 - G¢22i

nxZn

or package-wise
by =

aiso

-1
Gll

a

Duals, that is

Ot -1 .t
q)1 - (¢1 ¢1) q)J_ -

-1
22

22

e

The matrix product of Equations (87) and (87)

The connection matrix between the two pseudo matrices is

-1

=g
or
=
b, 0 =m
which is Equation (88), hence
o
%

and by Equation (180), section (1) the inverse matrix relation gives

22 21
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G

H’lCJ

-1
2z

G

G

G

11

21

17 712

o1

I

$(1,2)

@2(1,2)

G

G

12

22

{84)

(85)

(86)

(87)

(88)

(83)

(90)

(91)



& ! -1 -1
(12 T+ €15 Gyp Gy Gy 612 G99 by
= {32)
£ -1 o 1 -1 %
(1. 20F B-Gpy Gy I - Gy Gy By Copl [0,

The comnection between the two singleton projectors with the pPOjeCtOPS

of Equations (80) and (81) can be established by Equation (91)

$l¢1 =P, = ¢l[¢ (1,2) + G i 19 ¢ (1,2)]
-1
Py =9y ¢1(l’2) t by 61 Gy ¢2(1,2)
Py = By (1,2) + 07 6 b(1,2) (83)

and similarly for P,,. Note by anti-analogy with Equation {74),

Pll + P22 71 (94)

Block Orthogonal Subsytems of ¢. Consider special case where the
block of wectors in Ql are perpendicular to all of those vectors in block
¢2 (or subspace spannéd by ¢2) that is by Equation (71) the full-rank

Ghammian is — e
T
N q)1 $l 0
070 =
t
: 0 ¢2 q)2 : {95)
]
ar
- ot -
Gyp 7 ¢1 ¢2 =0 (96)
nxEn

Using Equation (96) in Equation (93) we see that the projectors are
equivalent, that 1is

Pii = Pll(l,2) (97)

Poy = P22(1,2) (98)
and

P+ Py = 1 (99)

If we put the additional constraint that

t ot _

640

[ —

e

[



then Equation (86) becomes

oy
4, 1
b, 0

0

The dynamics of these two systems are derived in later sections.

0

{101)

Consider next the sequence of vectors contained in the subspace of

él(t), that is

x(o‘@:; = @l(o) % (o)}b

$1]

and package-wise

2nxn

Kyp(0) = (o) ., (0)

2nx]j

2nxn nxj

or full-rank factors, or

Klo) =
2ax]

as a time function

X¢l
2nxj

I X

b1

or by Equation (10u)

X¢l(t)

I

11

X¢l(t)

2nx]

or full-rank factors.

X¢l(t) =

(t) = ¢ X¢l(o)

06, 9,0f1
8]

b, (0 X14(0)

2nxn nx’j

xl(t)
nxij
xQ(t)

nj

-

$1]

It

lb1 Kig1

641

If we now partition

(o)

(102)

(103)

(1lou)

(105%)

(106}

(107)

(108)



and
X1¢l(0)

X¢l(o) = . {(109)

The connection by Equation (21) is

Xz(t)¢1 = T¢l(t) Xl¢l(t) . (110)
nxJ

where
X2(°)¢1 = T¢1(o) Xl¢(o) _ (111

By Eguation (109)

0 = T¢l(o)1 (112)
or
T¢l(o) =0 (113)
The matrix Ricatti by Equation (33) is
T¢1 - 'T¢1 SRR T¢1 'T¢1 Ao T¢1 A (114)

with initial condition given by Equation (113). By Equation (48) we also
have

_ -1 ‘
T, () = 0,,(t) ¢7,(x) (115)

which is the solution to Eguation (11l4) for the conditions of Equation
(113).

Consider next a seguence of wvectors belonging to the ¢ subspace, that

2

%EE:, = §,(0) x(OEQZ§;,
2923 $27] (116)

21N

is

or for the system Iinitial states

Xy (0) = ¢2(O)X¢2(o) = g X, .(0) (117)

Znx] nxj
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X¢2(t) = (1) Xy

(

o)

and by Equation (118) in Equation {117)

0
I

X¢2(t) = O(t)

'[ X¢2(t) = §,(0) X,

If we apply Equation (53) to Equation {117) we obtain

X2¢2(0) = T(o)%,

nxj

$

or

o I =T{o) 0

an impossible condition. 1In this case we can do the following

Xog2

¢

2

(

2(o

(o)

o)

)

xl¢2(t) = T¢2(t) X2¢2(t)
_ for now we have
Xl¢2(o) = T¢2(o) X2¢2(o)
or
0 = T¢2(o) I
if
T¢2(o) =0
; if
X142 A1 1o X142
X262 A1 A0 X242
L e . - ~— -
the time derlivative of Equation (123) is
X160 % Too Xoga * Tyo Xoys

and after inserting elements of Egquation (127} into Equation (128) one

obtains
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(119)

(120)

(121)

(122)

(123)

(124)

{125)

(126)

(127)

(128)



Too = 211 Tyo = Too Boo = Tyo Bon Tyo ¥ 8y (129)
T$2(o) =0
Contrast Equation (129) with Equation (114). By Equation (123)
l¢2(t) X 2(t) = T¢2(t) (130)

By Equation (119)

Xl¢2(t) by, () X2¢2(o)
=1 (131)
X2¢2(t) by (1) %4200
The pseudo-inverse for full-rank factor is
2¢2(t) = x2¢2( o) bZQ (132)
and used in Equation (130)
_ % -1
T, (1) = ¢, X920 Xp,(0) bon(t)
or
_ “1y
T¢2(t) = 0,0t $.(0 (133)

Solving Equation (115) and Bquation (133) for oy and $10 respectively

§,q (1) Tyl

b, (0 ¢2(t) 9y (134)

(t) ¢_

Using Equation (134) in Equation (48)

_ . -1
T(t) = [T¢l(t) ¢ll(t) t0,, TG, + T¢2(t) @22 T(o)] 55)

which relates T(t) to T¢ (t) and T¢2( t).
By Equations (48}, (58), and (59) it is seen that T(t) has factors in
j space and in n-space.

~ - -1 -1
T{t) = X, xl = G,y 6] = G,y G (136)

nxj Jjxn

One can also obtain lower-upper triangular factors, lLancos factors, and
eigenvalue factors as
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——

|
1

[

|
i

Tt _
L, ?lLu = Unﬂy
EAE (137)

etc; the Lancos facteors are orthogonal factors also known as the singular
value decomposition. The derivatives of the above factors yield interesting
relations, some of which are obtained in later sections.

By Equations (115) and (133) it is seen that T,. and T,., are only
dependent on the submatrices of , hence one would guspect %ﬁat the matrix
Riccati's could be derived via partitioning of ¢ only. By Equation (65)

$ = (¢19 ¢2) = A[¢l9 ¢2] . : (l38)
and
o, =44, | (139)
on — —
¢11 A1y Ao ¢1
= (140)
q)21 Bo1 Aoy ¢2
ER— L.
oy
$,, () = T §y, (1) (141)

and at time zero
9, 00) = 1,100 9, (o) (142)
hence

T¢l(o)

a {(143)

By taking the derivation of Equation (141) one cbtains the Riccati's
relation of Equation (115)

Dynamics of Singleton Pseudo-Inverses. The dynamics of the singleton
bseudo-inverses matrices (or duals) are obtained by Equation (u4)

X, = Xy (1u1)
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and for full rank T

-1 a
T XQ = Xl
or
-1 _ &
T = X1X2

Multiply Equation (146) by Xz

ELA— 13 &
Xl T = Xl Xl X2
EE— B &

[T EERg

Multiply Equation (144} by Plq

Xy P1p 7T X By 27X

since

NP0 X

By Equations (144) and (149)

Xy = Xy Pyy

or
t £
X, =P %

Equation {(148) becomes

S t
X, T 7= Pll x2(x2x2

t)—l

Using Fquation (152) in Equation (153)

or transposing

i R b
X2 =T Xl

By the identity relation

one obtains
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(148)

(149)

(150)

(151)

{152)

(153)

{154}

(155)

{156)
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T T +TT ™ =0 {157)
or
T T = -T " TT (158)

By Equation (33)

-1 -1 -1

T~ = T [Jmll + AQQT - TAlzT + Azl]T
or

-1 -1 -1 -1 -1

T~ = AllT - T A22 - T Ale + AlQ (159)
or transposing

-t -t * t, -t t ~t -t

T - =T All - A22T + A12 - T AQlT (160)

From the general form of the Riccati Equation of Equation (33) and
the dynamics of Equation (3) and the connection of Equation {(14) we have
the asscciated dynamics for the Riccati Equation of Equatien (180} and
the connectlon matrix of Equation (155)

puv— — P F— 1-—-—-— —
LRt t t *t
X A1 Aoy X
=1 (181)
' dg t t it
X, A2 Y X,
aiers. — T —t— — et

The singleton pseudo-inverses are given by Equation (160), Section
() as

f o

i -1

X, 6] 0 Xy
x5 o ool IR o2
2 22 2
or
x "F = ata(eDX (163)
= 11
where the diagonal block matrix is
-1
N G ] 0
dia(G,,) = (1leu)
11 -1
0 G,y

Taking the derivative of (163)
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X 2 g aialeTh)x + dia(GlT)X (165)
= -_— 11 11
at
and
* N - - %
x "t =|a aia(erl) dia 6, + dia(G]D)A dia GRk_ (166)
s 3t 11 1 ii s

or in open form

—— — —r - i a By
* & -1 -1 *t
X G O Gy O G O AT | T %
. = . + (167)
* -1 -1 ®E
X2 O G22 Q _G2 0 G22 AQl A22 [y G22 X2
L - , L — N

also combining matrices

r'_ #t Pp-1 -1 -1 r %
X 6116127811818 G11812805 Xy
_ (168)
C ke f f -1 ‘.1 -1 t
_fz CoohniGrq CppContCrnhnnban %,

s
Dynamicg of X Complete Pseudo~Inverse For Non-Full Rank Case. The
dynamics of the Generalized inverse for the non-full rank case of Equation
(20), that is

1
X = = X, = F X.{t}
1 t 71
% I (169)
Znxj E
where Fun
I
F (t) =
t T(t)

has rank n. The pggudo~inverse of full-rank factors of Equation (169) is
X =X F_ (170)

The pseudo-inverse 1s given by

% t -1t
Ft = (Ft Ft) Py (171)

where
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r e o= (1, Tt)(%) =T +T0 T (172)
T
Conzider the derivative of Equation (169)

X =F. X + F. ¥ = AX (173)
By Equation {3)

F_X, =F_(A

s, ALLYF X, +AF_X (174)
t 71 £711? T1e’ Cr

i t 1

3

Multiply Equation (174) on left by Xy

Ft = —Ft(All, AlQ)Ft + A Ft (175)

which is a rectangular matrix Riccati differential equatiomn.

Partition the matrix A as

A (176)

nx?n

and Equation (175) becomes
Ft = —FtﬂlFt + AFt : (177)

One can take the derivative of Equation (170)

X = X F 4+ X.F (178)

or
T 2
Ft Ft + Ft Ft =0

etc; however the effort becomes difficult and will not be pursued further
here.

Adjoint Dynamical Systems. Consider Equation (23)

_ t t.1 _ -1
T = xle (xlxl U= GQlGll (179}

for the special case of
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XX =@ 0 {a constant)

271 21
then
T = GQIOGli(t)
and
X (1) = 6. GI(t)x, (1)
2 210711 1
By Equation (162)
X (t) = 6. % ()
2 21071

The time derivative of Equation (183) is

. ) -
X, (T} = 6,0 0%)
By Equation (183) one has
T
X, ] X, (%)
St
XQ GQlOXl (t)
and by Equaa.on {18u)
— — ._'.
Xl Xl
* f %t
X G b4
2 21071
. _ ]
By Equation (183)
*t -t
Xy = Gy X ()

and the derlivative is

M
Xy 7 Gzloxl(t)

By Equation (187) the package of singleton-pseudos is

St bl
Xl _ Xl
Wit -t
x2 GQlOXl(t)

and at the rate level by Equation (188)
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(182}

{183)

{18u)

(185}

(186)

(187)

{188}

(189)
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L

LI
fg
Xl

-t
G210Xl

Using Equations (185) and (186) in Equation (3)

% X _ A1 By
X 6. x. ¥ A A
2 21071 21 22
. - S .
and by Equation (161)
- *t 3 t t‘ ’_—*t
% _ "All Bo1 X
LR t t e
s Al2 "Azz %,
b —— - e M—
Using Equations (189) and (19
1 _ 11 21 1
. t t -t
-t A -A G X ()
1
Gy X1 | 12 22 __210 1
By Eguation (191)
X = A X +A ¢ x
17 1™ 12721071
By Equation {133)
-t . .t %t t ., -t
Corp X1 = Ayp X 7 = Ay Gyrn Xy
or multiplying Equation (195) by Gglo on left
A t ., *t t t o, -t
Xl - GQlO Al? Xl - G210 A22 G210

Equating coefficients of Equation (196) and Equation (194) one

obtains
o -t
Al? - GQlO Al? GQlO
and
A t=0ts gt

22 210 11 T210
or transposing

~ t -1
Ay, F %210 All G210

g—
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Xl(t)

Xl(t)

{120)

(191)

(1292)

(193)

(194)

(195)

(198)

(1387)

(198)

{199)



also by Equation (131)

+ f:t 3 *t

Ghig Xy T Ay Xy T AN, G Xy (200)
and by Equation (193)

S t ., Pt t . -t

X = eALL XA G X (201)
Multiply Equation (200) on left by G2;é

L S | -1 *t

Xl - GQlO AQl Xl * GQlO AQQ G210 Xl (202)

Equating coefficients of Equations (201) and (202)

t _ -1 t
A21 B GQlO A21 o1 (203)
and
~1
At =6 Tt AL G (204)

11 210 "2z T210

Y,

t -1 it
-A G A.. G, ¥
_ 11 210 “21 T210 1 (205)
-1 t . -1 -t
10 A12 10 G219 211 G210 So10 %1

The two systems are now Equations (191) and (205); there is only one
independent variable X (t), hence the coupled system can be written by
use of Equation (188) Tor A, in Equation (191)

29
e 4
{Xl A1 Ao X
' = (206)
STt t o, -1 it
- Co10 %1 Aoy “G510 241 G010 S0 %1
Tf
Cpig = %% =1
then
B t,-1 -1
T(t) = (Xlxl ) = Gll (208)
By Equation (197)
AL =4 (209)
12 21
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is symmetric and by Equation (203)

Ay = Ay (210)
is symmetric, hence by Equation (206)
r- p— r—_ — p— B
Xl All Al2 X_'L
= (211)
° it + e
X3 Ao A1 Xy
where - ~ - = =
L |
Xl = Gll Xl (212)
Clearly now by the Riccati equation Equation (33) one cobtains
s t
T=-Thy - A T-TA, T+A, (213)

Likewise any Riccati equation of the form of Equation (213) implies a
coupled dynamical system like Equation {21l1).

there are a number of other interesting constraints one could pursue at
this point, some of which are presented below:

What 1s the nature of things geometrically, etc., when

t
Xy K =0 (214)
What if the G22 metric equals the Gll metric, then
T t .t
X2 = Xl T
or
t t ot
X2 X2 = T Xl Xl T
or
G, =TG._ T =g (215)
22 11 11

a congruent auto-merph constraint.

Clearly for the case of Equation (212)

-1
= 16
622 Gll (218)

What if

Gll(t) = GllO (217)
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a constant like a rigid base or in particular

- 218
GllO I ( }

An ON base (time varying). For case of Equation (211)

A1 819
A = . :AH
Bor Ay
Lt P
Aip 7 A1 » Aoy T By

A = A 1s said to be Hamiltonian via Buey pp (67)

is sympletic.

Rectangular Matrix Riccati. Consider the partitioning of Equation (3)
for the two cases: (1) py<pp.and (2) py> ps.

Case (1): for p1< pp Equation (14) becomes
v = 7 (219)
P2

p,%] Py P, %]

and for j=1 a single vector, Equation (20) becomes

E'-}~<(t):>l = 1 “x(t)}l = Fo(t) x(t§>l (220)
t%(t2>2j ittfl (pyxp,)ey
P2 |

Equation (41) becomes for the sequence

X = (-1 le(t) =19 4 f.I %, (0) (221)

%,(t) | T(e) b51  Oop LT(o)

.. I T

-
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One can interpret Equation (220} as all solutions to

X = AX (222)
such that

x(t) T T FT(t) X(ti}l (223)
cr also

x(£), = T(t) x(t)>l (221)

which states that the second pp-tuple of coordinates are a function of the
first pi-tuple of coordinates.

By Equation (220) we are talking about the solutions to Equation (222)
constrained to lie in the time-varying subspace of dimension pj or less (or
spanned by the pj column vectors of Fr(t). The dynamics of F(t) is

%T(t) =[: 0 :l (225)
T(t)

or by Equation (175)

F o=-F (A

+ ¢ Mypsfyoy Ty AR (226)

For the case Fy(t) is full rank, we have a time-varying base.
By Equation {(28)

)'il(t):(A A )"I X {t) (227)

117712 1
T{t)

1

|

I
w—ed
or

Xy = v (6) X (6) (228)
P1*Py
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where the velocity matrix is

Vl(t) = (All’A12) T (229)
T{t)

an "inmer product” or map-down.
One may alse ask about
Xl(t) = Xl{t) Vo(t) (230)
X x sl
P4%] 158 1747
The solution to Equation (228) for time-varying coefficients is

.[t
OVl(t) dt

Xl(t) =€ Xl(O) (231)

hence if X3(0) is full rank that is py then X;(t) remains full rank. The
rank of T(t) is determined by Equation (219) with T(t) having factors

XQ(t)XI(t) = T(t) (232)
DXp Py Py

2 P1

By Fquation {(29)

X, (1) = CIRLIN [:I :in(t) (233)
T

or

X2(t) Vzl(t) Xl(t) (234)

Equations (228) and (234} show the constraints as

5{1 = v, () “; x, () (235)

X, le(t}J
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Note the initial ceonditions

Xl(O) =3 Xl(O) (236}

x,(0) 0

are fully determined by the rank of X;(0) since Fy is always full rank.
Suppose j=p1 and

{0y =1 {237)

and Equation (238) becomes

X (8) = v, (0) % (1) (238)
PPy
subject to Equation (237) or a fundamental solution in py space. One can

make further studies on the rank of T(t) and the dynamics of T#(t) as well
as the dynamics of the two projectors

d_(T1%)
dt

It

?

and

d_(T%T)
dt

1]
-3

Cagse (2): if one wants to partition Equafion (3) such that p1<ps
reverse the roles by obtaining

= L 239
X, o X, (289)
P, %3 172 p,X3

or
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xl‘I = L X2 (240}

xlx2 = T {(241)

and selects initial conditions or Xo(t) such that X2(t) is always full rank.
Clearly L will Le different from T. Another interesting observation is
when

xT=Fo 117%x7 (242)
.
-

and by Equation (227)

X, = T(t) Xl('t) (243)

That is the velocity matrix is T{t).
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28. HOMOGENEOUS SYSTEM DIAGONALIZATION OR DECOUPLING OF
TRIANGULAR SYSTEMS

There are a number of methods for block Diagonalizing a matrix, a few
of which will be derived in this section. The papers of Friedland are per-
haps best known on bias estimation to the practitioner of the estimation game.

The first case to be comsidered will be a block triangular system, with
the generalization case deferred to a later part of the section,

Consider the system of Egq (3) =sec (2) with

AQl =0

91 All Al? %l

: (2)

%>2 0 A22 g%

— -

as before for sequences of trajectores, these become matrix equations or

(1)

or

brre—— —inr] e

Xl All Al? Xl
= (3)
XQ 0 A%EJ X2
e - - -
ants to solve the particular uncoupled system
osme - r-—
All O Yl
= (1)
¥
© A22 2
— — —t |..._
and generate the solution Xl as a linear combinaticn of the uncoupled
solutions,
X, =¥, +F, Y, (5)
= (I, By, (6)
YQ
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and

i ——

Xl I FlQ Yl
X2 0 I E Y2
- - — [
or
X =T Y
20x]  2nu2n 2nx]
where
I Fl?
F =
I
clearly e
B I -,
F =
0] I
Taking the derivative of Eg (5)
Xl = Yl + F12 Y2 + Fl2 Y2
Ey Eq (3) and Eq (4)
(Ay o % 5 A, Yy + (F, + T, A0 Y,
XQ
or e - = -
(s [T T iYy | Aypefp 7T
0 I Y2
— el
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A

22

)

(7)

(8)

(9}

(10)

(11)

(12)

{13)

(14)

—

——



*
For the full rank Y case multiply Eq (1%) on the right by Y hence

(15)

(18)

One can also arrive at the result of Eq (16) by taking the derivative

(it T Fyy i (B, Ty + 7T
0 I
op -
Flo T A1y Fip = Fpp By + 44,
of Eq {9)
X=FY+F7Y= AX
and specify what Y should be, that is
v = BY = |8 o |y
=h = 8,
0 B,
Using Eq (18) in Bq (17)
Y= (-FTr+rtar)y =By
or
By TFpp M A B AL, - By A,
0 A

and equating elements.

Note by Eq (8) the initial conditions for the sequence

Xl(o) = Yl(o) + FlQ(D)XQ(O)

one can select Fl2(o) or Yl(o), for example suppose

FlQ(O) =TI

then solve for Yl(o) or vice-versa.

For a single system, one has a full choice of F

FlQ(o) =0
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(18)

(19)

(20)

(21)

(22)

(o), say for example

(23)



then by Eq (8) for j=1

X(>l = y(c}l + Fl2(0) X(C>2 (24)
X(y’\l y(°>1 (25)

If we apply the constraint that F12(t) be a constant, that is

ar

Fiz(t) =0 (26)

then Eq (16) becomes the algebraic Riccatti equatien

A {27)

solutions of which will be discussed in section's using Kronecker Products
etc.

Observe that X may be obtained by solving the upper Block triangular
system of Eq (3) '

or the block diagonal system of Eq (4) which has solutions

Apqt RN
e 0 Yl(o)
Y = At (28)
¢} e ¥, {0)
2
wpere - =
#
I T

2!

plus solving the matrix Riccatti Differentenal equations of Eq (16) and
obtaining X from Egq (9) namely

X = FY (29)

One can also solve the algebriac Riccatti Equation of Eq (27) to obtain
a solution.

Case ii,
Consider next the solutions for X put together via
Xl = Yl + F12 Y2

5 OYl + F22 Y2

(30)

X

1
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or matrix-wise

0 F22

The inverse

™ _'l_"

. I -y Foz
F =
-1
0 Foz
The matrix B of Eg (19) is
BE=-Flps+r?la F

FY

is easily computed as

The first matrix product on the right has elements

G —Fl2

0

et

and the second term

P F 1

Byp- 12 227921

it

_l'
* o Fop Ty

_l'
“Fop Fop

l(A F, . +A )

AT 0™ o0 F o F oAy Fy 1A, F

11712 12722 "127 22

P TAF = 1 1
2001 FonlBy Fipthy Fyy)
The requirement
_ o1 _
0= Fop Boy 7 Bo1
can be satisfied for
AQl =0
hence
A “F. +F. FTYF 4AF +A_ F. ~F. T.IA F
11 12 712722722 711712 19T 22 12 22722799
B =
-1
0 F22A22F22
= Bll G
8] 822
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(33)

(34)

(35)

(36)
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If one selects T to be a constant

22
F22 =0 {39)
‘then
A —f +A..F. +A _F.. -F._ F.TA_ F
11 12 11 712 12 92 TT12 T22 Yoz 22
B = . (40)
0 Fop oo Tog

and the Ricecattl equation is

. ~ -1
Fl? - ﬂ11 Fl? N Al? F22 - FlQ F22 A22 F22 (ul)

observe that by Eq (40) if one selects the matrix F__, to be the matrix which

diagonalizes A22 22
. el s _
Bog = Fpg Agy Fpp = dia By, = 4, (42)
then the second block of Y2 is uncoupled, also
Al - » [
- » - lI)t
- L3
Y2 e YQ(O) (u3)
Case (i1ii) consider the case of
X (1) = Fpy ¥y =7, (4u)
Xz(t) = Y2
or
Fll
X = (u5)
0
The Iinverse
[ -1
F11 1 " (48)
Ei I I
Equation (33) for this case becomes —
IF“l(- F 4+ A P - AT ) FTl(A. + A - A, - A
11 11 11 11 21 " 11 1111 12 21 22
B = (47)
Bor F13 Aoy t Ay
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and

A =D {ug)

Using (48) in the B_, element of Eq (47)

12
By T A, - Ay, =0
or
A12 = A22 - All (49)
and the
Bon = Ao

and the one-one element
B =L (-% + A F..)
11 11 11 11 "11
o

Fipo 7 Ay By - Fpy By (50)

Clearly by Eq (49} the transformation of Eq (45) will work only for
the special caze of

All Bop - A1q

A = (51)
0 A

 ttrr ittt

Return now to case one. By way of summary: by FEq (3) and Eq (33)

sec (2)
oA A
¥ = b4 (52)
0 Ay,
X, = TXl (53}
T = A22 T - T All - T AlQ T (54)

By Eq (8) and Eq (10)
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— —
I F12
F =
0 I
and by Eq (4)
I —
. All ©
Y = Y
0 AQQ

' -
and by Egq (18)

Flo ®Ap) Fpp = Fpp Bpy T A,

The Y connection matrix is

Y, = Qv

2 1

with

Q= 8, Q- QA

{55}

(56)

(57)

(58)

(59}

The matrix Riccatti relation of Eq (57) implies a dynamical system

2 12 71
where R L e e
Zl Cll ClQ Zl
.= = 7
22 0 022 22
L L J L
Taking the derivative of Eq (60) and using Eq (61l) one finds that
o —
A22 0
¢ =
big Apy
or .1 — —_—
Zl A22 0 Zl
Z2 Al? All 22
— e’ ——n -
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By inspection we see that

o)

iy

L = t=l0 1
c ol
I 0
and
A (o T
59 0] 8] I
ﬂl? All I O
Thus if one defines the
Z =L X
c
then
Z =L AL X
c c

also by Eq (55)

2 =L FY
ol
or
Z =F ¥
zy
where
F = LF =
zy ol
By Eq (53)
_—| -
Xl
X:X = Xl
L—Q
. . i
and by Eq (60}
Zl
A— =
1
Zy Fig

matrix is

All Al?

8] A22
transformation
Fl?
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(65)

(66)

(67)

{(68)

(69)

(70)

(71)

(72)

(73)



Using Eq (72) and Eq (73) in Eq (67)

-

I o0 I I
Z. = X (74)
1 1
Fy I 0 T
By Eq (67)
2, = X, {75)
Eq (75) in Eq (74) yields
o —1 — —_— g “~|
1 0 I T
X X (76)
2 1
S I e I
Multiply Eq (76) on right by xl”
I o I I
T = (77)
Fls I 0 T
B S B
or
T T
- (78)
FioT I
. L.
ox
F T =1 (79)
which implies
t -1
Fil, =T (80)

hence we see that the transformation that diagonalizes Eq (52) is given by
Eq (55) and Eq (80) as

¥ o= (81}

a rather interesting result.

The transformation between the Z and Y systems are now readily obtained
from Eq (87) and Eq (55) as

Z = LFY (82)

668



o

0 I
7 = B Y=F Y (83)
T T =y
Where -
0 I
Fzy = b T = g -1 (84)
and by Eq (16)
-1 -1 -1
T = AT - T A22 * AlQ (85)

Selution to the Upper Triangular Dynamical system via The Diagonal System
and a matrix Riccattl Dynamical System,

This section presents 4 alternatives to solving the upper triangular
linear dynamical system given by Eq (3) as

All Al? Xl
- (86)
0 A22 : X2
—_ s o ——
subject to the initial conditions.
Xl(o) = %,
and
= BY
X2(o) %00 (87}

Method one consists of solving Equation (86) and (87) by any standard
numerical methods or continuious analog methods.

Method two. Since the second matrix of Eq (86) is uncoupled from the
first matrix, one has

2 22 “2 (88)

with seclution

At
22" X (o) = ¢ X
8
X2 = e 2 AZQ 20 (89)

Equation (89) can now be used in the first eguation of Eg (88) as
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1 11 ™ 12 “2 (s0)

- A t

Xog S Ay Xyt A e %00 (91)

which is a non-homogeneous linear differential equation, the solution of
which is deferred until a later sectiom,

Method three. This method used the solution of the uncoupled matrix
of Eq (89) with equation (14) sec (2}

)
X =T X (92)
o
At
-1 Moo
¥ =T e %90 (93)
and by Eq (85)
1 -1 -1
T sAL T - T7 A+ A, (94)

with initial condition

T_l(o)

Xl(o) X, (o) (95)

or

T_l(o)

1

% (o) X:(0) (X (0) X, %o (96)

This scheme of things requires the solution of non-homogeneous "bi-linear"
(missing the guadratic term) Riccatti Equation., Clearly Eq (94} is more
difficult to solve tham FEq (91) a method for solving Bq (94) is given in a
later section. ' '

Method Four. This method is a variation of the last method and is the
basizs to the bilas estimation scheme of Friedland in reference (8). Levin
also in reference (51) relates two solutions of the same Riccatti differential
equation to a new system, the details of which are disscussed in more detail
in section (33).

The methods cbtains the transformation Ea (55)

Y (87)

which diagonalizes Eq (86) in the special way of Eq (56)
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O - (98)

—

The solutions to the uncoupled systems are

e 11 Yl(o) (99}

A_.t
e ¥ ¥ (o) (100)

B

11

Iy

1

where the Initial conditions are by Eq (97)

Yz(o) = Xz(o) {101}
and

Xl(o) - Yl(o) = F12(O) X2(0) {102)
o

P ,(0) = X (0) X, (0) = ¥ (o) Xy(0) (103)
By Eq (85)

F (o) = T7(0) - ¥, (o) X:(o) (104)

By Eq (104} we see that there are two free choices of i.c. matrices namely
Flz(o) and Yl(o). For example 1if one selects,

Yl(o) =0 (105)
then

1

F12(O) = T (o) (106)

and the case becomes the same as method three Ffor then

1

Flz(t) = T ~(+t) (107)

However, for all cases in which
Yl(o)_# 0 (108)
then
-1
Frlo{t) # T 7(1) (109)

As an example suppose
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Yl(o) = xl(o) (110)
then by Eq (103)
FlQ(o) = Q (111)

Two solutions to the same matrix Riccatti differential equation, as
shown in section (33}, are related as

1

Fl2(t) = T ~(t) + N(t) (112)
where by Eq (16)
% =A . F.. -F. _A A (113)

12 7 "1 Fig T Fi B Ay
and by Eg (97)

T - =A . T «wT™ A _+A (11)

Tasking the derivative of Bq (112)

. SRR
F12 - T " =N (115)

Using Eq (113) and Eq (11%) in Eq (115)

N = AllN - NA22 (116}

which is a homegeneous '"bi-linear" matrix differential equaticn. Since the
matrix Riccatti Differential Equation of Eq (116) implies a dynamic system
connection as

W, = NW (117)

(118)

or for full rank Wl(t)

N(t) = W, () Wz(t) (119)
or the matrix factors of N have uncoupled dynamics, Eq (115) and Eq {118)

can be compared with Eq (59) and Eq (56). Clearly since matriz factors
ave not in general unique. Let N(t) have matrix factor defined as
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Ul(t) = N(t) U2(t) (120)

o

te

U. U = N(t) (121)

1l 2
Take the derivative of Eq {120)

-

Uy = NU, +NU, (122)
where _ . _

Uy D14 D1y Yy

. = (123)

U, Doy Dy Yy
o .

(DllN + D12)U2 = NU, + N[DQlN + D22]U2 (12u)
on

N =D/ N - N(DZlN) -~ ND,, + Dy, (125)
and by Eq (116)

AN - NA22 =D, N - ND,, - ND_ N+ D, (126)

which implies

Aly 0
D = {127}
0 Ay,
oy -
U, 0 Uy
. 1= (128)
U, Y U,

Thus we so that by taking solution differences and selecting factors of
N{t) in the right manner we achlieve a diagonal system as was done via method
three,

By Eq (128) | 17
At
Ul e 11 0 Ul(o)
= Ayt _ (129)
U2 0 e UQ(O)
4L -
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oy

Allt
U (1) = e U, (o) = ¢A22 U, (o) (130)
and the psuedo-univses is
~-A__t
% _ b 227 _ * -1
U, (t) = U, (o) e = U, (o) ¢A22 (131)

hence by Egq (132); (130) and Eq (121)

At . .-

Nt = e MU (o, (o) & ¥ (132)

N(t) = ¢, (t) N(o) ¢A_l(t) (133)

11 22

and the initial conditions are by Eq (132)

N{o) = Ul(o) UQ*(O) (134)
and by Eq (112)

N(o) = F (o) - 771(0) (135)
By Eq (103) and Eq {95)

M) = X ()X (o) - T (o)E, (o) - X, X, (136)
or

N(g) = le(o)XZ(o) (137)
By Eq (134)

N(o) = U, (o) Uylo) (138)

thus if the diagonal U system is initialized with

U, (o) ‘_Y(o) %X, (o)
1 _l 1 - 1 (139)
U,{0) | ~Y,{0} ~X,{0)

then the U system is time-wise velated to the Y system as

Ul(t)[ ¥ (1) 9, (€37, (o)
11
- = (140)
U,.(t) -, (1) O, (©)Y,.(0)
S I I B "
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Using Eq (139) in Eq (136)

A _t - -A. .t
N(E) = —e TTx (o)X (o) e 2 (141)
and using Eq (141) in Eq (112)
-1 b -1
Foo(0) =777(8) - ¢, (t) X, (o) X, (o) 0, (¢ (142)
1z All 1 2 A22
By Eg (97)
Xl(t) = Yl(t) + Plz(t) X2(t) (143)
using Eq (1#2) in Bq (143)
_ -1
X, (6 = =TT ¢, (1) X,(0) (1ul)

22
which is the same as Eq (93) under method three.

The Diagonalizing Transformation via Kronecker Matrix Product Solutions.

By Equation (19) the dynamic system matrices are related as

B=-FF+F*AF (145)
or

F = AF - FB (146)
By Eq (33) sec (g)

vee (AF) = (IRA)) vec T (247)

and by Eq (49) appendix g
vec FB = (BtﬁI) vec I (148)
or _ '
vec F = {EI@A) - (Btglyg vec F (149)

which is a linear matriz differential equation in the tensor product space
. . 2 . A
of dimension 4n”, that is the 2nx2n matrix F becomes a column vector of
. 2 . . .
slze 4n x 1. One may now ask whether a transformation which is a constant

matrix can be found or

F=o0 (150)
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and Eq (149) becomes
éE}@A) - (Bt@Iz} vec F =;;> (151)
The matrix IRA - Bt@I is called the nivellateur in the literative.

As an example of a solution to Eq (157) consider the 2x2 matrices of
Bqg (1u46)

s v 1 oo  —
a 2 1 T 1 i a o}
11 12 12 - 12 11 (152)
Q a22 o) 1 o} 1 o} a22
Equation (151) becomes
allI o] _‘ 1 O
- o _ {o (153)
o aQQI le 0
o
[ i ...] _—-
Q a12 o} o} i o
°© ay,~a;; © o o ) o (1543
© O Ay, Al iEsl |o
o} o o] o) 1 0
S RN [ NN -
By the third row of Eq (154)
(all - 2,0, = -ay, (155)
or
f.. = -la,. - a )_la (158)
12 11 22 12
hence we see that a constant transformation matrix
-1
1 -(ayy-ay,) Tay,
F = (157)
o} i3

diagonalizes the systems,
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Section 29 TRIANGULARIZATION AND DIAGONALIZATION OR DE-COUPLING OF ARBITRARY
NON-HOMOGENEOUS DYNAMICAL SYSTEM. The fully coupled non-homo-
geneous form is )

:E::> (# (R Ao £y £
x o> =1 | = + (1)
_X>E Byr B % £>§

A full-rank base change of the form

x@ = Fy@ (2)

yields y dynamics by taking the derivative of Equation (2)

>+ = B>+ D (3)
r
£:> = (-1 4 F“IAF}§§> £ F P> (4)

o]

or

i
V
fn

B§>> + {>§ : (5)

B = -F 'F + F AR (6)

In the previous section the form of F was taken so that F_1 could be easily
cbtained from triangular fgrms for F. Also it was shown that via the matrix
Kronecker products that F ° term was not needed. The Kronecker product
solutions via Equation (149) of Section (27) can be difficult. This section
shows some easily invertible matrix forms used by triangular matrix products.

This section obtains the composite (product) maps by going from the full system
of Equation (1) to an upper traingular system, that is

X = nyy 2n (7)
where the B of Equation (6) is upper triangular

B = (8)

followed by the transformation to a new system

P = Fyzz> (9)
with dynamic matrix C which is diageonal that is
C 0
. 11
= + 10
z:> ; z:> f>% (10)

Con
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By Equation (9) in Equation (7)

x£2> = nyFyzz> = szz>

oY
F =F F
Xz Xy Yz
and
I e
Xz vz Xy
By Equation (6)
c=-F +rlar
XZ XZ XxZ Xz

(11)

(12)

(13)

(14)

and the inverse matrix F is easily obtained via Equation (13) as the product
of simple triangular matrix inverses.

Returning now to the first stage via Equation (6) with proper subscripts

B B
11 12 \ B .
0 B Xy Xy XY Xy

4

22
with

and

I 0
Fl-( )
Xy - I

The first matrix preduct term on the right of Equation (13) is

)

1 /1 0 0
F %y =
Xy Xy L I L

The similarity transformation term is

A tA, L
¥ lAF - 11 712

Xy Xy -
L(A11+A12L)+A

H

(311 B12‘) Apptagot

0 322

-L-L(A11+A12L)+A

2114551

Using Equation (18), Equation (19) in Equatiom {15)
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(15)

(16)

(17)

(18)

(19)

(20)



we find

B, B A AL A
( 11 P ) ) (l 11712 12 ) (21)
0 By 0 “LA12™As
with
f=a, L-IA  -LA L+A (22)

Note that L is same as Equation (33) Section (26) that is the Ricatti equatiom
for T.

By the previous section the upper triangnlar system was transformed to a block
diagonal system via the transformation

y> yzZ > (23)
where
( - )
F _ = (24)
e 0o I
The dynamic matrices for this case become
I . -1
C=-F F__+F_BF (25)
Yz ¥z yz ¥z .
By analogy with Equation {20) Section (3)
c 0 B ~M+B, M-MB__+B
( 11 ): ( i1 11 22 12) (26)
0 C22 0 B22
M = B M-MB,,¥B., (27)

The Bij are given in terms of the Aij via Equation (21).

The composite transformation is by Equation (24) and Egquation (16) in Equation
(12)

F =¥ F (28)
Xz XY vz

1 o T M
Xz L I 0 I

bi M
F = ) (30)
Xz L IM+T
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with inverse given by Equation (13)

.1 (I -M) (I_ 0)
F * = (31)
¥z 0 I LI

" T+ML -¥
Fz= (32)
-5 I
where by Equation (20} in Equation (26)
C Q A +A L 0
c =({ 11 ) _ { 11712 } (33)
-0 €22 0 Bop7MA1o

and by Equation (27} and Egquation (20)

M= (Al1+A12L)M—M(A22~LA12)+A12 | (34)
In case one wants constant transformation

L=M=0
and Equation (22) and Equation (34) become algegraic matrix Ricatti equations or

0

il

Aypl-lAy -LA LA, ' | (35)

and

o}
|

= (Al1+A12L)M—M(A22-LA12)+A12 (36)
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Section30  TRANSFORMATION OF HOMOGENEOUS DYNAMICAL SYSTEM TO BLOCK COMPANION
MATRIX FORM. This section considers the constant transformation to map the the
dynamical

X A A X
T e 11 12 1 )

%y By Ay X,

to a system in block companion matrix form

%1 0 I Y,
¥ = . = = RY (2)
7 Byy Byy/\Y,
whare
X = FY (3)
and
FIAF = B (4)

If one selects the constant matrix F of the form

I ¥
o)

22
it is easily established that
~1

I -F.F
1 }f 22 6)
0 P
and
-1 N
F "AF = B (7)
or
A, -F. F-la (Ay,-FFoYA )F. + (AL.-F. F.la F
117 ¥ 12895804 11771990851 0F 1275158 20855)F (8)
-1 _1
Faohsy Fop(By Fip + 4)0F,)
" {5y 5y)
By1 By
Equating the (1,1) elements of Equation (8)
-1 ~
AypF oFoh,, =0 ©)
or
F..F Ll = A a7) (10)

12722~ 11721
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Equating the (1,2) elements and using Equation (9)
1

(B gy Fpohny)Fyy = 1 an
Using Equation (10} in Equation (11)
~ ) -1 -1
Fop = (AymAp 8y 18,)) (12)

By Equation {(10)

_ -1
Flo = A81F,, (3)

and by Equation (12)

L -1 ) -1 -1
Flo = a8 ,mA04,14,0) (14)
or
F.o=A [A_A -A Alia A 171 (15)
12 1157120017 11721722521
Equating the (2,1} elements of Equation (8)
-1
By1 = Faotyg (16)
or Equation (12) in Equation (16)
N ) -1
B21 - (AZI A11A21A22)A21 (i7)
Equating the (2,2) eliements
-1
Byp = Fpplhg Fip + 8 F, ) (18)
Using Equation (13) in Equation (18)
-1 -1
Bog T Fgplhy A 48y Fon + AY Ty, (19)
-1 ~1
Bhp = Foplay A Ay +a,,] (20)

Scalar Case. When the matrix A of Equation (1) is 2 x 2 in size

da a
A= ( 11 12J) (21)
429 359

then by Egquation (15)

a
£ = 1 (22)

12 a - a_ .a
12%21 7 211222
and by Equation (12)

f2 %~ T . (23)
12%21 T #1922
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and by Equation (17)

= - 24
a1 T 25851 T 333y, (24)

and by Equation (20)

- _ 2
Bog T2y toay, (25)

The matrix relaticns are

» 0 1
F “AF = (26)
412321 T 118y, 211 7 2

When A is a Hamiltonian matrix Section 27 ), or

a b
.
C ~a

Then by Equation (25)
= - = 2
b, =a-a=0 (28)

and

y 0 1y Y (29)
(2) - G o) (1)
(y1)=(y) | (30)
Y, ;

We see that

It

y = (be-ad)y (31)

or the system has no damping or welocity diﬁsipative term, that is the system
of Equation (31) is an oscillator when bc-a” has the correct sign (negative
feedbhack).

At the matrix level the condition is by Equation (20)

-1
-0 = 32
Byy =0 = A 0808,1 +4,, (32)

and for the matrix Hamiltonian case

T
- 33
Ay, = AL (33)

or

-1 T
- 34
ﬁ21A11A21 A11 (34)
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Section 31 NON-HOMOGENEOUS DYNAMICAYL SYSTEM X = A X + F(r)

This section considers the dynamical system

x> = A + £ (1)

2nx2n

and a sequence of j systems

X=AX + F (2)
2nxj

Two different methods of solution will be presented. The homogeneous system is
obtained in Section (25) as

b = Ad (3)
where

o(to) = I | (4)
and

o(t,to0) = @ Alt~te) (5)

where ®(t,to) is the state transition matrix or the fundamental matrix. It
always forms a base. Make 2 base change on x(t%)

X(ti>> = ¢(t,to)x¢(ti> (6)

where the coordinates of the vector x(tj>>in the ¢ basis is x¢(ti> that is
the linear combination of the columns of &

X(ti>> = ¢(tj>1x1¢ + .. L+ ¢(t):>2n xgn(t) (7)
Taking the derivative of Eq. (8)
D o= b 4 ety (8)

By Eq. (1) and Eq. (3) in Eq. (8)

Ax> 4+ £(1)> = A¢x$(t)>> + ¢§?>> (9)

and by Eq. (6) in Eq. (9)

B>+ =+ ah (10)

or

a(e,t0)xt (0> + £(0)> (11)

inverting

§¢:> = ¢t to) £(£)> (12)
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which is the "apparent velocity" as observed by an observer or the $ basis.

Integrating Eq. (12)

ﬂu;>=x%myﬂji¢*u¢@ﬂq>m (13)
' to
By Eq. (16)
x(to)> = Ix%(to)> (14)

hence Eq. (13) is
£ o
D= o+ [ o7z, E> ar (15)
to

Using Eq. (15) in Egq. (6)

t
x(t)> = ¢(t,t0)x(to)>+ ®(t,to) j (I’_l(t,to)f('c)\/\ dr (16)
Lo
Using transition matrix properties
dfl(t,to) = ¢(to,t) (17)
o(t,t0)d T(T,t0) = d(t,t0)d(to,T) = B(t,1) (18)

hence Eq. (18) in Eq. (16)

t
x&D:¢&¢wﬂw>+f 6, (D) du (19)
to ’
Eq. (17) and (18) are obvious from
d(t,to) = @ A(t-to) (20)
nb_l(t,to) - e -A(t-to) p A(to-t) (21)
and
o(t,1) =@ A(t-to) e A(to-1) -8 Alt-1) (22)
By Eq. (22) in Eq. (19)
t
x(t> = o(t,to)x(tol> + j' e AT eo)s ar (23)
to

The convolution integral of Egq. (16) was very naturally obtained in the ¢ base.
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Section 37 VARIANCES RELATED TO x}J. = A%, +U>jL Consider the sequence of i

continuous time trajectories

a

X=AX+ U {1)
nxj nxj nxj ‘
where
Ut 3N = (e) | (2)
u
mXj

Taking the arithmetic mean of Equation (1)

XU % = Moy = Aux> Y (3)
Subtracting Equation (3) from Equation (1)

x’—;lg{j1:§=A"x“+ﬁ (4)
nxj
where
K=x-p2(1 (5)
and
U=v-p2¢ (6)
By Equation (4) the dynamics of the package of residual vectors is
X=a%+uU : (7
The variance is given by
U L A o 2? 1 (8)
jmax Ej = 11 // jmax
The dynamics of the variance is by Equation (8)
jt %= (iiT * giT) j;ax (9)
Consider an alternate expression of the variance in the ¢ base
X(t) = o(t,ta)X () (10)
and
~~ = o(t, 1R (0)xT ()87 (¢, to) (11)
(D) = o(t,e0)  P(e) o7t t0) (12)
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The derivative of Equation (12) is
= dstol + 63%" + oTxhT
Now by Equations (11) and (12)
¢ _ gogoT
and
b 0T gogdT
The derivative of Equation {(10) is
%= %+ ox?
Using the relation
¢ =Ad
and Equation (8) in Equation (16)
A% + U = aek? + o0
or
) = o7 e, to)u(e)
Integrating Egquation (19)
ey = §¢(t,o) + §t¢“1(t,to)U(t)dI
Jto

where by Equation (10)

% (to) = X(to)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

Using Equation (19) and {20) and their tramsposes in Equation (15) the first

terim on the right is

t

o (1, to)u(r)ar]t

R = 071t to)ue) [X(to) + {
Jto

¢t -
%7 - o7 (¢ toyue) (K (o) + j 0 (e T (1, te)dt
to

or

ghgt?

t
& e, to) UEIT (to) + &7 (t,t0) 5 UU (187 (1, to)dt
to

687

(22)

(23)

(24)



If the noise is serially - uncorrelated and zero-mean, that is

E(u(t)} (u(t)) = U(e)UT (1) = q(t,1)6(1-t) (25)
if we assume further that

E{u(t)) (%(to)] = 0 = U(t)¥ (to) (26)

that is the initial state-errors are uncorrelated with respect to the process
noise.

Using Equation (25) and (26) in Equation (24)

B
29507 = 471k vo) g Q(t, T)8(T-0)8" L1, to)dt (27)
Jto
or
go%0T ¢'1(t,to)Q(t,t)¢"T(t,to) (28)

Clearly the second term of Equation (16) is the transpose of Equation (28) or

20T = 67 (e rodare, 07T (e, o) (29)
Combining Equation (28) and Equation (29) in Equation (16).

Y= o7l r0)ace, )0 (e, to) (30)

Using Equation (30) and the relation

¢ = Ad (31)
in Equation (4)
v = 802%T + Qe 1) + oxleTsT (32)

By Equation (13) in Equation (32)

— AS on L
x = AZXX + ZXXA + Q(t) (33)

which is the matric Riccati differential equation of the variance.
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Section 33 DIFFERENCES OF MATRIX RICCATTI SOLUTIONS

This section discusses some interesting relations involving differences of
solutions of the matrix Riccatti Differential Equation. Levin in reference

{51) drives some of these. Friedland applies some in his paper on Bias
Estimation in reference (32). Lainiotis in reference (48) applies differencing
methods to obtain what he calls partitioned Riccatti soluticns and then, ob-
taining the generalized Chandrasekhar relations. Consider the partitioned system

X A A X
(‘1) _ ( 11 12) ( 1) )
X A A X

2 21 22 2
with

X2 = TXl {2)
By Eq. (33) Section (6)

T = -TA;, + AT - TA LT + A, (3)
and by (159) Section (6)

-1 -1 -1 S SRS |

T = AT I A, + A, - T AT (4)

Both equations are non-homogeneous and guadratic.

Suppose we have one solution to Eg. (3) Ti(t) with initial condition

Ti(to) = Tio (5)
and want a second solution T (t) with initial conditiomn

Ti+1(to) = T(i+1)o {6)
obtaining

T, () = T (8) + N (t) )
The difference is

N.(t) =T -T, {8)
and the derivative is
Using Eq. (3) in Eq. (9)

* — _ _ +

Nyo= mTipgbyy 7 AT - TieBoTin © A0 (10)

S T A+ AT - TiATy +Ay)
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or

Ny = -y - TA ) F AT, - 1)
TPl T ALY
Using Eq. (7) in Eq. (11) quadratic term
N, = Ny + 8N - (T + N4, (0, + N+ T.a,T;
= NjAL ANy - TiALT, = TiAN, - NyA T, - WAy
or
Nyo= (a8, + (Ayy - T/A DN, - N.A N,

which is homogenecus-quadratic in Ni(t).

N,

N, = -N;Byp + BN,

- N.A

N.

11271

Or

which implies a dynamical system by Eq. (33) Section (2)

-

(”1) ) Bl A
¥, | 0 B
where

Bip T A T AT

Bog =8y, - T8,
where

- = .

v>, = Ny
or for a

Y, = N.Y,

with Ni(t) factors

o

Ni(t) =YY

271

22 |

(

The inverse Riccatti relation is

>4

¥

§o1 o= onTIvowT?
i i1i
or
s~1 _ -1 -1
Nim =B Vi Byy 4y
which is non-homogeneous bi-linear.

)
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sequence or package of trajectories.

2

N, + T.A
i i

12

T.
i

(11)

(12)

(13)

(14)

(15)

(16)

(17)
(18)

(19)

(20)

(21)

(22)

(23)



If now one has two solution of Eq. (23)

-1 -1
- = 24
Nopy - N Mi(t) (24)
then
. ._]_ ...1
= - 25
Mi(t) N, Nj (25)
or
y = - 26
Mi(t) BIIMi M.B,, (26)

which is homo-geneous non-quadratic. Eq. (26) implies a dynamical system

(Z>1) _ (Cll 0 ) (pl) - (322 ’ )(z%) (27)
Z> 0 Z> 0 B.s z%

2 a2 2
with connection
> o= >
2 Wad (28)
Ci1 7 Byp = 8,5 - TiA, (29)
Cop = By =851 - Ti4, (30

The dynamics of successive differences and inverses are applied in following
the obtain solutions to Riccatti equations in terms of a controlled initial
condition solution. Some of these variations are

T = Ay,T

T = ~TA,,

T = “TA,, *+ AT

T = ~TA T

T = Ay, T = TA T

T = “TA - TA T

T = By,T = TAj, = TALT

all of the above are homogeneous and linear, bi-linear, and or quadratic.

The non-homogeneous cases are

T = AyoT + A,y

T= a1+ Ay

T = -TA;,T + A,

T = “TAy; + Ay, T = TALT + A,
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Section 34 SOLUTIONS OF MATRIX RICCATTI VIA DIAGONALIZATION TECHNIQUES

This section draws upon the relation's of section 2 for block diagonalizing
a system to obtain solutiomns to the matrix Riccatti differential equationm.

Suppose we start with the given Ricecatti Eq. (3) section 31

T = HTAll + A22T - TAlZT -+ AZl (1)

with i,c, of
T(c) = To (2)
Eg. (1) implies a coupled homogeneous system given by Eq. (1) of section 31,

X A A h:4

1 11 12 1
- — (3)
Xy Bop B/ \Xy
with
X, = TX, (4)
or T{t) has the matrix factors.
= S
T(t) XX, (5)
By Eq. (30) sec 28
]l_ =
X\ I M(t) E 7,
= i (6)
x,/ L LM+I‘! z,
where by Eq. (33) of sec 28
Z; iy 0 Zy
- = (7)
z, 0 Cys Z,
= /ALt AL 0 Z,
(8)
0 Byy — LAy, Zy
with
Z2 = S(t)Zl (9)
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or

By Eq. (21) sec 31, the sclution

S(t) = 8 (t)s(o)¢;1 (t)

22 11
where
it
1 (t) = g Jrolhrthypl)dt
11
t
o (1) =@ J;o(Azz'LAlz)dt
€22

and by Eq. (34) sec 28

M= (All + AlZL)M - M(A22 - LAlZ) + A12
and by Eg. (22} sec 28
L= AZZL - LAll - LAlZL + A21

note that Eq. (14} can be written as

M = CllM - MC22 + AlZ

and has solution given by Eq. (26) sec 32 as

M{(t) = ¢ M(o)+ [ ot (T, O)A. ., & (1, o)dr o1 (£, o)
€29 ! ‘f; €22 12 eqy ] 11

The initial conditions by Eq. (6)
(xl@) ) (1 4 (o) (zlm)
X, (0) Lg(o) LoMotT Z,(0)
If we select

Mo = Lo = 0

then
(xlco)) ) (zl(co)
X, (0) Z,(0)
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(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)



and by Eq. (16} we see that M(t) is a non-homogeneous system and Eq, (17)
is simplified and

1
11

o tr -1 -
Mty = @czz(t).fo[?czz(T’ 0)A12®c 1(T, o)dr] @C (21)

1

We next seek the connection between the matrix S$(t) and the matrix T(t).
By Eq. (4) and Eg. (9) in Eq. (6)

W () )
X, = z (22)
T) 1 L 1M+l s 1

X, = (I + Ms)z1 (23)

or

Using Eq. (23) in the second element of Eq. (22)

TX, = T(I + MS)Z, = (L+ M+ 1)8] z, (24)
or

T(I + MS) = L(T + MS) + § {25)
or

T =1L+ S(I + Ms)'l (26)
If we set

N = (I + M)t (27)
then

T=L+N (28)

which is of the form of Eq. (7) of sec 31.
Eq. (25} alse be written as

T

n

L+ (L-T)M5+ S (29)

or

T=1 - NMS + S (30}
which implies that

N = ~NMS + 8 (31}
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which agrees with Eq. (27).
By Eq. (30)
T=( -NM) S + L
we see by Eq. (9)
éZ = éZl + Sél
or by Eq. (8) in Eq. (33)

(App = LA1)Z) ~ S(A, +4,,1) = SZ4
or

(A22 - LAlz)S - S(All + AlzL) =5

By Eq. (14) sec 7

N = _N(All + AlZL) + (A22 - LAlZ)N - NA

which is homogeneous quadratic in N.

The initial conditions by Eq. (30)
To = Lo - NoMoSo + So

and by Eq. (19) in Eq. (37)

To = So .
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N

(32)

(33)

(34)

(35}

(36)

(37)

(38)



Section 35

SOLUTION OF MATRIX T = -TA., + A, ,T.

11 © o2
X A A X,
g - (.1> . ( 11 12) ( 1) _ax
X, Byp Byy X,
vhere
X, = 1%,

Equation (1) becomes

. X, I\ | 0
X =\ _ X+ . X,
TX, + TX T T

1 1
Using the orthogonal property

@

applied to Equation (3)

(-T,1) (ﬁl) = %xl
X2

Using Equation (1) in Equation (5}

(-T,I) A (I) X, = T%,

T
ar
(-T,I) A (I) =1
T
QoY
T= (-T,1) /A, + AT
azy T AT
T = ~TAj, - TAT + 4,1 A,
if
Ay =4y =0
then

11 22
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Consider the system

(1)

(2)

(3)

(4)

(5)

(6)

(7

(8)

(9)

(10)

(11)



with the associated dynamical system

X 0 Bay
with
All(t~to)
¢ = @
A11
and
Xl(t) = ¢ X, (0
g 1
11
and
Azz(t*to)
] = g
A22
and
Xz(t) = ¢A (t)Xz(O)
22

X

X

The generalized inverse is

Xl(t) = X1(0)¢

1

A11

)

2

By Equation (2) T(t) has factor

T(t)
or

T(t)
or

T(t)

1

o

¢

A

A

22

22

= X2X1(t)

e -1
(t)X2(O)X1(O)¢

(£)T(0)e~
A

1

i1

A11

(t)

(t,to)
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(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)



Section 36 SOLUTION OF T = —TAll + A22

The solution of the bi-linear non-homogeneous matrix differential equation of

the form

T = —TAl1 + A22 T + AZl

is obtained. Via Eq. (9} of the previous section

AlZ = 0

hence Eq. (1) becomes

with

T(L) = Xz(t)Xl*(t)

and

T{o) = Xz(to)Xl*(to)

Obtain T(t) as a solution of the system

TC(t) = _TcAll + AZZTC + A

21
with

T(t)

]

Tc(t) + N(&)

or

N(t) = T(t) - Tc(t)

and

N(t) = —N(t)All + AZZN(t)

with initial condition

N(to) = T(to) - T_(to)
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(2)
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(4)

(3)

(6)

(7)

(8)

(9
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select

Tc(to) =0 {11)

then
N(to) = T(to) (12)
By Eq. (21} of section 8§

(t) T(to) qa;l (t) (13)
22 11

N(t) = @A

The system Tc(t) via Eq. (4) has factors
T (t) = [Xz(t)Xl*(t) ]. (14)
with

X, (t) = Tc(t)ch(t) (15)

and initial condition

ch(to) = Tc(to)XlC(to) =0 . {16)
Select
ch(to) = Xl(to) (17)

By Eq. (3) the first coordinate is uncoupled hence

All(t—to)

ch(t) =g Xl(to) (18)

The second matrix coordinate of Eq. (3) is
Xpe(£) = 8,58, () + A%, (%) (19

or by Eq. (18) in Eg. (19)

ch(t) = A22X2c(t) + A (t, to)Xl(to) (20)

o)
21 All
which is a2 linear non-homogeneous equation with solution given by Eq. (16)

section 34

Xy (B) = &, (t, to)X, (to)+o ,
2 A 0%y (o) a,, ¢ to)f

t
T, to)A, @ (T, to)X, (to)dr
22 1 1

-1
t0¢A22( 21 Al
(21)
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The initial condition by Eq. (16) is zero, hence Eq.

B A
X, (t) = 8, (¢, to{[to¢A2 (T, to)A

22 2

By Eg. (18)

1

X¥F (t) + X&(to)0
1c 1 11

&
21 All

(21) becomes

(r, to)Xl(to)dr

A

{t, to)

1

Using Eq. (22) and Eg. (23) in Eq. (14)
T (t) = @A (t, toi]:o@;l (T, to)Azl@A (T, tO)dT]@;l
¢ 22 22 11 11
Using Eq. (13) and Egq. (24) in Eq. (7)
L) = &, (t)T(to)¢;1 (£, to)
22 11
+ ¢A (t, to}fﬁ @;l (t, to)A21<I>A (T, to)dT @&1 (£, to)
22 YY) 11 11
or
t -1
T{(t) = & (t, to) [T(t0)+ & (t, to)A,. & (t, to)dr
AZZ to A22 21 All

which is the solution of Eq. {(1).
Note by section 32 Eq. (12)

o

= A . @ {t, to)
All 11 All
with
o) (to) = 1
A1
and
¢ =A_ . @ (t, to)
A22 22 A22
with

® (to) = T
22
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Section 37 SOLUTION T = ~TA,,T

The solution of the homogeneous quadratic differential equation

T = ~TA, T (1)

with implied coupled dynamics

()G G

Z 2

where

XZ = TXl ' (3}
By fq. (2)

Xz(t) =0 (&)
or

X, (£) = X, (t0) (5)
a constant.
Using Eq. (5) in Eq. (2)

X, = ALK, = Alzxz(to) (6)
integrating Eq. (&)

X1(t) = Xl(to) + A12X2(to)(t—to) (7}
Using Eq. (3) in Eq. (7)

Xl(t) = ]I + AlzT(to)(t-to)}Xl(to) (8)
The psuedo inverse of Eg. (8) is

X;(t) = X (o) [T + A, T(to) (t-t0)] * (9)
using Eq. (9) in Eq. (3)

T(t) = xle(t) (10)

= X, (£0)X) (to) [T + Ay, T(0) (t=to)] ™"
T(t) = T(to)[I + & ,T(0) (t-to)] ™} (11)

The above derivations are straight forward, however, one can obtain a solution
via

R (12)
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or using Eq. (1) in Eq. (12)

4_.1 _

T A

12
Integrating £q. {13)
170 = 17 (ko) + A, (t-to)

also Eq. (14) can be written as

T he) = [T+ AlZT(to)(t—to)]T_l(to)

Inverting Eq. (15) one obtains

T(t) = T(to)[T + A12T(t0)(t—to)]_1

which agrees with Eq. (11).
An interesting case occurs when A

=N 2
A, =ay
By Eq. (14)

12

() = (170 (to) + &, %2 ol
where

g = t-to

is a rank-one dyad say

Using the Householder matrix inversion limma one obtains

T(t) = M(to) 1-3d> Yao

o \
1+ faa’,0
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Section 38 SOLUTION T = ~TA12T + A21. This section obtains a solution of the

non-homogeneons quadratic equation

T=-1a,T+4, (1)

T(to) = To (2)

in terms of a contrelled matrix solution to Equation (1) with a controlled
initial condition which may simplify the computation. Assume we can select
the IC such that

Tc - TCA12TC * A12 (3)

with

= i 4
Tc(to) Tco 4}

Note that the simplified dynamical system is
X 0 A X
1 12 1
X, Ayp 0 %
with

X2 = T(t)X1 | (6)

Since Equation (3) is non-homogeneous it can have dynamics with

Tc(to) =90 (7)
Note that if we try the inverse dynamics
TThea -1 17t (8)

12 21

which is the same form as Equatien (1) with no simplification.

Let the desired solution be

T(t) = T (t) + N(t) (9)
where

R(t) = T(t) - T_(t) (10)

N(to) = T(to) (113

The derivative of Eguation (10 is

N=1T-7% ‘ (12)
Using Equation (1) and Equation (3) in Equation (12)

N = - TAl T + TCAI

T, (13)

2 2
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and by Equation (9) in Equation (13)

N = - N(AlzTC) + (- TCAlz)N - NA_N (14)
or

N=-NB, + B,,N - NB_N (15)
with

N(to) = T(to) (16)
and

B B AT A

0 Ly 0 "TA

The homogeneous system of Equation (15) is solved in Section {(26) by Equation
{7) and is

t
N(t) = ¢B (t,to)[T{(to) + [ ¢B (t,to)A12¢B (1,to)dt] 1¢B1 (t,to) {18)
22 “to 711 22 11
with
& = AT ()b, (t,to) (19)
B11 127 ¢ B11
with
o, (to,to) =1 (20)
11
and
d. =-TA_ & (t,to) (21)
822 c’12 322
with
¢B (to,to) =1 {22)
22
Using Equation (18) in Equation (9)
T(t) = Tc(t) + N(t) : _ (23)

or

(24)

RCRTS

t
T(t) = T_(t) + &, (t,to)[T(to) +‘f 6y (1,t0)A 0 (1,to)dr] o
¢ 2 to °11 22 11

2 12°B
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Section 39 SOLUTION OF T = —TAll + A22T - TAlZT

This section obtains a solution of the homogeneous bilinear quadratic equation

T = -TAj; + A),T — TA T (1)

with implied dynamical system

X A A X

1 i1 12 1
e (2)
X2 0 A22 X2
where
= A
X, = TX; (33
The dynamics of T_1 is
7l - g7l (&)
or
-1 -1 ~1
T = AT T =T A, A, (5)
which is non-homogeneous and bi-linear. The solution of Equatiom (5} hy
section 33, equation (26) is
-1 B
T () = &, (t, to) [T(to)
A
11
+_[§0¢A (1, to)A 0, (1, to)dx]@ll (t, o) (6)
11 22 22
or inverting one obtains
T(t) = &, (t, to)[T(to)
A
22
t -19.-1
+ @ {1, to)A ,® {1, to)dt ]@ (t, to) (7)
to All 12 A22 All
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Section 40 SOLUTION T =—TAll + A22T - TAlZT + A21

This section like the previcus section obtains a solution of a non-homogeneous
with bilinear and quadratic terms as a function of the solution to the same
equation but with controlled (arbitrary initial conditions). As before let

T(t) = T _(t) + N(t) (1)
with

T(to) = N(to) (2)
and

Tc(to) =0 : (3)

By Equation (1)

N(ty = T(x) - T_(t) (4)
or

ﬁ = % - ic(t) (5)
Using the equation

T=-TA _, + A22T ~ TA

11 oT + Ayg (6)

1

in equation (5) one obtains

N(D) = Ny F AT F (A, = T AN - NAN 0!
or
ﬁ = —NBll + BZZN - NBlZN (8)
where
Bl " A AL T (9)
Baa T2 T T B (10)
BIZ - Alz (11)
Note that equation (8) is missing the force function B,,, or is homogeneous. The

solution of equation (8) is obtained in section 38, equition (7) as
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N(t) = @B (t, to)[T(to)+ t @B (T, to)A12¢B (T, to)dT]_l B
22 11 22 11

where

& (t, to) = (A, + A, T ) & (t, to)

Bll 11 12 Te B11

o (t, to) = 1

11

0] (t, o) = (A, - T A .) & (t, to)

B22 22 c 12 B22
with

] (t, to) = 1

By2

Using equation (12) in equation (11)

T(t) = Tc(t) + N(t)

where

Tc(to) =

and N(t) is given by equation (12) through equation (16).

g1 (t, to) (12)

(13)

(14)

(15)

(16)

a7

(18)

It should be noted that in ref (47) Lainiotis uses this sclution technlque for

the special case of the Hamiltonian system, that is

A1 A
Ap = T
Aoy A
with
T
Apg = Ay
and
T _
Ayy = 89
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Section 41 THE CONTINUOUS KALMAN FILTER

Consider a sequence of j>n dynamical systems driven by a deterministic forcing
vector functions f(t) and a stochastic forcing vector u(t) ., where u(t) 1is
different for each j, that is the package 3

[y Wy - ws) = U (1)

for u{t) an £ dimensional vector, with mean

uty =iy, (2)
has full rank, that is

pU = & (3)
The deterministic forcing vector f(t) for the package has rank one

[, £, . . . £)1= £ {1 (4)
and mean

(f><1)1*> = f> (5)

Having thus characterized the nature of the forcing vectors, the differential
eguation is assumed to be of the form

By, = Ay + £+ By>g (6)

or for the package
K= 8K+ £35{1+BU (7)
Assume further that we have the linear observational equation relating the

state vector to the measurement vector z> of dimension m through the known
transformation matrix H(t) plus additive measurement noise.

Z)j = Hx>.j + u>j (8)

mxn
or for the package

Z=H +V ("
mx mxJ

with measurement vector noise mean of

1" S =, (10)
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Equation (6) is called the process dynamics or plant and equation (8) the
measurement vector. Equation (6) is to be thought of as the "true process
dynamics" and will be referred to as the "truth model”. 1In actual practice
one usually linearize the "true' non-linear process dynamics; in which case
Equation (6) would represent the linearized equations and must be treated
with all due respect for linear regions in which they are valid.

The process noise and the measurement noise are further characterized by
their variances. FEach of the stochastic noise vectors can be described as

=y -,
a package-wise
U:U—p%<1
The rank-one dyad of Eq. (12) by Eq. (2) can be written as

N/ - -7
b2 AT =031 =1 =1

where in "population space'" or the larger j-space
Pri =t (}ﬁ): 1> {1
i%j J1>

is the rank-one projector.

Using Eq. (13) in Eq. (12)
=10 - UPll = U(1 - Pll)

ox

U= UP11
where the orthogonal complement projector is

whe
"

=1-1 1

Pll

which is rank j-1.

A similar relation holds for the measurement vector

with zero mean v , that is

wha *

V1 = VP111 =0

The variance of the process noise is
Elu . - .u - =Eu . u
[w - w 0y Y ;
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or matrix-wise

T jmax .
Q(t,t) = Lim U5 1 = 2@y W) 1 (21)
j**  jmax j=1 jmax

The limit as j max goes to countably infinite will be be assumed in all of the
relation and not written down.

The serially uncorrelated assumption is used, that is

~r j/-"IN _

E(u ) = Q(t,06(¢,1) (22)
and similarly for the measurement noise

E(u‘%JQu) = R(t,1)8) (23)
The correlation between the two vectors is assumed zero, that is

W =@MV =0 (24)
The mean of Eq. (7) is

ey = Ay + 20D ) Bu ) (25)
and the mean of Eg. (9) is

H>z = HH>X * “>v (26)
The dynamics of the error vectors is

X>j = X>j - “>x (27)

a package-wise

X = AX + BU (28)
The observation error is

z); - Hy, = E)J. (29)
or package-wise

7=H +V (30)

~ Sl

7= g
at time T the transpose of Eq. (30) is

= %, 7 W (31)

L
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or

AR R AR A R Y (32)
wOW A1

assume the measurement ncise is independent of the state or

E[x><F] = 0 = X (33)

Dividing Eq. (32) by j max one obtains
E[2><2] =$=(t,1) (34)

or Eq. (33) in Eq. (32)

_ " T
i;;(t,t) = (H,1) zi:XX(t,z) 0 H (35)
0 R(t,1)8(t,1) I
or
j:;; = Hi‘;;HT + R(t,T)6(t,1) (36)

Consider next a man-made estimate of the state vector with dynamics having
the structure

Q(t,ti> = A ;(t,ti> +E(E)> + CL) (37)

where the contrel wvector c(ti} (controlling x(t,ti} to follow x(t)>>in
some sense to be defined later) has the structuxe

c(e)> = WDz, t)> | (38)

where the error vector ;(t,t) is given by

z(t,t)> = z(t) > - z(t,t) >

Ag(t’ti>j = H;(t,t£>-+:ﬁ:> (39)
and z{t,t) 1is the estimate of the measurement vector

2(t,£)> = H x(t,t) >+ E)u (40)
Using Eq. (38) in Eq. (37)

%(t,tj>j = Ax(t,ti>j + f(ti) + Bp(ti)u + W) E(t,tj>j {41)

One can think of Eq. (41) as a Curve follower or positioning-serve problem
with feedback matriz W(t) and when z(t,t) is zero, the system of Eq. (41)
is following Eq. (6}

The error in estimate of the state vector is

XL, = x(t) - ;(t,tj> (42)
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or package-wise
X(t,t) = X(t) ~ X(t,t) (43)
The variance of the state estimate is given by

EGOE(t, 1)) = (e, 0% (t,t) = B(t,t) (64)

j max

The minimization criterion is to find a W(t) which minimizes the trace of
P(t,t} which is

T
EKxx>,) = trf XX = tr P(t,t) (45)
J (j ma;)

and then to find the dynamics ﬁ(t) for the optimal W(t).

The error dynamics Eq. (6) minus Eq. (4) isg

(6, = Ax(t,e)> + Bu(t)>, - W(e) z(t,t)> (46)
Using Eq. (3%9) in Eq. (46)

F(6, 0>, = (A-WE) X(t,t)>. + Bud, - W, 47

(£,e> = ( (e,£]>; + Bu>, - Wud (47)

or package-wise

X(t,t) = AEﬁ(t,t) + BU(t,t) - W(t) (48)
with =

A = A - WH (49)
The homogenecus system has dynamics

Xh = AEXh (50)
and the fundamental matyrix dynamics

¢E = AE¢E {51)
or

t
JtO(A—WH)dt

b (t,to) = e : (52)
with

¢E(t0,to) =1 {53}
The solution matrix to Eq. (48) in fundamental base ¢E is

%(t,to) = @E(t,to)iq’(t,to) (54)
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The time derivative yields.

X(t,to) = éE§¢ + ¢E§¢ (55)

or via Eq. (48) and Eq. (52) in Eq. (55)

AgX + BU = WV = AP X" + X . (56)
or

BU - WV = ¢E§¢ (57)
or the apparent velocity is

¥ - ¢£l(t,to)[Bﬁ-Wﬁ} (58)
The solution in the @E bases is

~0 y Lo o

X7 (t,to) = X" (to,to) + ¢E (1,to) [BU-WV]dr (59)

to

The variance by Eq. (44) and Eq. (54) is

P(t) = ¢E(t,to)p¢(t)¢E(t,to) (60)
where the variance observed in the ¢E base is
PPt t0) = ¥, t0)¥ (e, t0) 1 (61)
j max

The dynamics of Egq. (60) is

o_- q)"_[‘ .¢'T q)aT
P = (t,t0)p % + o B% + o Pl (62)
Using Eq. (51) and itz transpose in Eq. (62)
5 $4T $yT 504 T
P = AE¢EP ¢ + ¢EP ¢EAE + ¢ P ¢ (63)
and by Eg. (60) in Eq. (63)
- T 204, T
= AP+ PA; + QP 0 (64)
The final term of Eq. (64) must next be evaluated by Eq. (61)
B = (0T 4+ 09Ty (65)

j max

Consider the last term of Eq. (65) by Eq. (59) and the transpose of Eq. (58)
OG0T _ (g0 ! 5 S tar
5% = X(to, o) +~[ o (1,t0) [BU(T) - WW()]dr (66)

x[T(t)BT - ﬁT(t)wT(t)]¢£1(t,to)
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note by Eq. (54) and (53)
% (to,to) = X(to,to)
and the assumption is made
B[X(to, to)>{T(t)] = BIX(to, o) IO

or

1
=

¥(to,to0)l (t) =
and

0

1l

%(to,to) V(L)
thus Eq. (66) becomes

~t

o0 = o o) Bl - W) [0 )BT

.‘to

The parenthesis terms become

- 1o T (¢ toddr

B0 - W)l (T st - Fwt = Ui @)s? + W (v

where the relation of Egq. (24) has been used. Using Eq.

in and Eq. (72) in Eq. (71}

. ot
00T

. to

applying the &(t,t) function as defined in appendix (a) Eq.

T @@ﬁl(t,to)[BQ(t)BT + WR(t)WT]¢£1(t,to)
The transpose of Eq. (74) is

T]¢_T(t,t0)

22507 - 107 et to) [BQBY + wRW
Using Eq. {74} and Eq. (75) in Eq. (65)

20 o Lot to)iBonT + WRWT]¢£T(t,to)

(22) and Eq. {23)

¢£1(t,to)[BQ(t,t)é(r—t)BT ¥ WR(t,t)ﬁ(t,t)WT}¢éét

{17) we find

which is the varience dynamics observed by an observer in the ¢ space.

U51ng Eq (?6) in Eq (64)

P = AgP + PAE + BQB + waT

Eqg. (7?) is wvalid for any W(t) selected An optimal W(t) has not as yet

been found. Eq. (77) is a matrix Riccatti and implies a dynamical system

YZ = PY1
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(76)
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or
or

_ T T.-1
P = YzYl(YlYl)

Since P(t) is symmetric so is

2

Cu T _ oy T
Gp1 = Yoy B N,
By Eq. (211) Section (25):
. Ifrl_ T
oo™
v, - BB + WRW

A

E

(79)

(80)

(81)

(82)

which is a Hamiltonian system with solution given by Eq. (12) Section (36) asg

Tt
P{t) = ¢E22(t,t0) P(to) + }
- to
where
H _ T
q’1‘311 B AE¢E11
and
®ao2 T A%
note that the term of Eg. (62)
- _ .¢, T
PP = ¢EP ¢E

by Eq. (76) becomes

ép = BQB! + WRW.

The homogeneous part of Eq. (64) is

- T
Py = APy + Pyag

with solution given by Eq. (20) Section {30} as

Ph(t) = ¢E(t,to)P(to,t0)¢E(t,to)

Thus Eq. (77) can be viewed as

P = Ph + Pp

Consider now Eq. (77) which we seek to minimize, that is

P = AP + PAE + BOBT + WRW.

¢£](t,to)[BQBT + WRW. 18
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where by Eq. (49)

A = A - VH (92)

By definition of

P = EX(t,t) \';{'(t,t) b= lim &1 (93)
- jmax>0 jmaxi-

when trace of P is minimized with respect to the matrix W, then trace P
is also a minimum. The gradient matrice's of appendix (F) are used to
find optimal W, via

8P = 3 (ApP + PAE + WRWD) (94)
W Wt

since
5 D) = o (95)
oW’

By appendix (F) summary

3 [(A-WH)P] = - WP (96)

St

Trausposing Eq. (96)

B(pAT) = - H (97)
aw’

The quadratic term of Eq. (94) has gradient given by the transpose of Eq.
(51) appendix (F) as
3(WRW ) = 2RW (98)

our

Using Eq. (96), Egq. (97) and Eq. (98) in Eq. (24}
T

9P = - HP - HP + 2RW = 0 (99)
oW’ |
ar
T
HP = RW (100)
or
Wl = R lup (101)
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and transposing

v=pHR L (102)
which is the optimal gain.
Using Eq. (102) in Eq. (91)
P = (A-PHR™'EP + P(AT-H'R™1HP) + BQB + PHIRIRR™ lHp (103)
or
b= ap + AT - pHTR 'Hp + BOB! (104)
Equation (104) is a matrix Riccatti and implies a dynamical system
Xz(t) = P(t)Xl(t) (105)
where by Eq. (213) Section (25)
;‘ }'{1‘ _AT HTR_ lH \ Xl \\\
. ) o= . T j j (106 )
: ; i {
Xy  BOB A L Xz}
which is a Hamiltonian system. If Xl and X2 are nxn matrices
_ -1
P(t) = X2X1 (107)
Ezpressing the inverse as
-1 _ T T,.-1
Xl = X1(X1X1) (108)
ar
IR U S
P(r) = X2X1(X1X1) (109)
The product
T
= 1
XZXI I 10
and
P(t) = (X)) (111)
The initial condition for Egq. (105) for any Xl(t) implies
Xz(to) = P(to)Xl(to) (112)
Suppoese
Xl(to) =1 (113)
then
Xz(to) = P(to) (114)
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By Eq. {110¢), for any Xl(t)

X,(t) = XIT(t) (115)

thus Eq. (106) becomes

X AT R\ /X (6)
1 1
o T ~T (116)
X BGB A X (L)
1 1
with
Xz(to) = P(to)Xl(to) {117)
Via Eq. (116) and Eq. (82) one may ask what is T for
Y X '
Dler 1 (118)
Y3 X2
Summarizing we have the plant stochastic dynamics given by Eq. (6)
(0> = &>+ £(0N + B(hu(e)> (119)
with noisy measurement given by Eq. (8)
z(ti>~ = H(t) x(tf\ + u(ti} ’ (120)
The optimal estimate of the states has dynamics given by Eq. (37), Eq. (38)
and Eq. (102)
x(£,t) = Ax{t,tj> +OEEY> P(thTR_IE(t,tiB (121)
where by Eq. 39
ZCe,t) = 2(0)> - 2(t, ) (122)
and
2(t,6)> = H(t) x(t,0)> (123)
and by Egq. (104)
P = AP + PAT - PH'R™'H + BQBT (124)

One must initilize Eq. (121) and Eq. (124) with an x(o,oi}-and F{0).
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Section 42 CHANDRASEKHAR TYPE ALGORITHMS ¥OR SOLUTION OF OPTIMAL KALMAN
GAIN MATRIX

Recently a number of papers have appeared which solve the matrix Riccatti
differential equation which describes the dynamics of the variance of the

state estimation via a system of equations called the Chandrasekhar equations.
Kailath and Lainiotis in references 42 and 48 have attempted to obtain algorithms
which are stable and require less computations than the straight forward

solution of the non-linear Riccatti equation. There is alsc a close relation
between the bias estimation equation's of Friedland and the Chandrasekhar type
equations to be discussed in a later section. Both methods diagonalize or
decouple equations.

The variance Dynamics by Eq. (124) section 41 is
P = AP + PAT - PH'R THP + BQBT (1
and by Eq. (77) section 40 for any W

~ T T T
P = AP + PAL + BQB + WRW (2)

where by Eq. (49) section 41

AE = A - WH (3)
and by Eq. (102) section 41 for the optimal W

W= PHR ™ ()
By Eq. (104) section 41 for the optimal W

p = ap + PAT — pETR™Lhp + mQaT (5)
or

p = AP + PAT - WRW + BQBT &)
Eq. (6) should be compared with Eq. (2).
By Eq. (105) and Eq. (106) section 41

X2 = PXl (N
with

il AT HR ™y X

. = T (8)

X, BQB A X,

Kailath derives the Chandrasekhar type algorithms for the time invariant case
in ref 42 and Lainiotis in ref 48 derives the time varying case. This section
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will merely obtain the constant matrix system case for tutorial purposes.

The derivative of Eq. (6) is

P = AP + PAT - WRWT - WRWT

9

where the assumption on Eq. (4) is

W = PHR * . (10)
The transpose of Eq. (10) is

Wwo=rtur (11)
and using Eq. (10) and Eq. (11} in Eq. (9)

5 = Aé + éAT - éHTWT - WHﬁ | (12)
ox

P = (AWH)P + P(AT-H'W) (13)

which is homogeneous and non-quadratic, with solution given by Eq. (20) sec 34

‘ - -1
P=o._ (t) P) &L (1) (14)
Y AR
The Eq. (13) implies
v, = PV, (15)
with
v —(a-wm) T 0 v
( 1 1
\ = (16)
v, 0 (- / \ v,

and the fundamental matrix of Eq. (14)

£
0 () = P _Jto(A—-WH)Tdt (17)
i1

and

ft
®n (t) =@ Lo (a-wm)at (18)
22

Note that Eq. (16) implies adjoint

v, = VI*T (19)
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hence by Eq. {(15)

. P ‘
P Vl Vl (20)
with
T T,=~1
* =
vy v (vlvl ) (21)
and
LT T, -1
Vl (VlVl )| Vl (22)
or
- T.-1
P = (Vlvl ) {(23)

also Eq. (l4) can be written as

f(t) = ¢AE (t, to) P(o) @iE

22 22

(t, to) (24)

The constant matrix P(0) can be expressed as a lower triangular-diagonal-upper
triangular (LDU) decomposition

P(o) = Lo s _ Lo (25)

where So is the signature matrix of P(0). One can find a theorem on page 91 of
Perlis which states that a real synmetric matrix P(0) of rank ¢ is congruent to
a matrix S0

I, 0 0
8, ={ 0 -T,o O (26)
0 0 0

Eliminating the 0's of Eq. (26)

P(0) = Lo §_ Lot (27)
nxn nxo XM Oxn

Partition Lo in
Lo = (L1, L2 ) (28)
nxo nxzB nx(c-8)

and
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é(o) =

t
-~
o
'._I
=
]
o
/—_-\
o [
™
;
~
Pt
2
i o
™
-
\.,_____/
e
il =
] =
] =
\‘\-.._../

or

é(o)

1l
r(
H

|
i
™

Using Eq. (25) in Eq. (24)

. _ T T
P(t) = @ LoySLy €,n

AE,, 22

Y(t, o) SYT(t, o)
where

Y{t, o) = & (t, o)L
Ay °

and
T

AR

YT(t, o) = Lz 3
22

Eq. (33) can be written as

Y(t, o) =[Y,, Y,]=T%,. L., & L
(Y Y1710 AE,, 1> "AE,, 2]

Using Eq. (35) in Eq. (32)

. _ T

P(t) = (¥, YZ)(IB 0 ) (Yl )
T

0 _I(a-B) Y2
or

i _ T T

P(£) = Y, Y - LY,

TIXTL (mx8) (Bxn n(o-Rf)n

By Eq. (32) in Eq. (10)
W= Y(t, o}SYT(t, o)HTR'1
and by Eq. (33)

T(t, o) = (A-WH)Y(t, o)
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(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)



with
Y(o, 0) = L0 (40)

Equations (38) through Eq. (40) and the equations given by Kailath and for
some systems said to be easier to solve.
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, APPENDIX A
THE BINOMIAL MATRICES, RUTISHAUSER MATRICES AND THEIR INVERSES

There are many areas of stochastic and deterministic dynamical (con-
tinuous and discrete) system theory where one is lead to an n-tuple of

e lements raised to powers. One of the most fundamental is the expansion
of the exponentials

2

eU‘t =1+ (ut)l + (ut)

n
57 o (g_?.) Foeaa (1}
where u may be a real scalar, a complex scalar, a real or complex
square matrix. The vector Taylor series expansion of a vector along a
scalar (time) generated trajectory, the characteristic equation as a
power-series in the eigenvalues, or its matrix analog via the Caley-
Hamilton condition, or theée fundamental solution of a differential
equation, The Fourier series frequency domain analysis of differential
equations, or of covariance matrices yielding power spectral matrices
through the Laplace, Fourier, etc., transforms., The complex and matrix
case will not be strongly developed in this paper.

Consider sequence of reals raised to powers

& = @lulp?u®, g @
and the change of variable

u = z(xty) = zw _ (3)
where

w o= (xty) (4)

then the jth power term of the vector of equation (2) is

'3 =laean ) = 23 ey ()

Bankier in his paper "Generalizations of Pascals Triangle" reference
(63 gives

(x"')’)j = % (i) xi yj-‘i S *_"I.‘ ~ ‘ (6)
i=0 cE :

also due to commutativity of x and y
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) = 3y )
i=0

where the binomial coefficients are given by Morrison, page 26 of refer-
ence {61), as

iy - j ! ,
) "T""(“j]"’iT Lice L (8)

where j is a non-negative integer and i is any integer; also

Jy - ¢35 2 il
(33 = (I = g

If i>j, then j-i<0 and the binomial coefficient is taken to be zero.

(9)

Returning now to the transformation of equation (3) applied to the
powers in equation (1) we obtain first by the two factor products

L) ) - - —1

a = (wo,w,wz,'--wj,'-'wd 1) 2° 1 : (10)
z
2
z
5]
L -
= /uD () '

. < ug_\wD[z ) (i)

where the row vector (ﬁ is to the powers and the diagonal matrix D{zJ})
is given in equation (10). Thus we need consider the w vector and for

<

finite-finess say a 6X6 matrix obtained from the following elements

0 -
wl =1 = <xe>1 (12)
where
X = (xo,xl,xz---xs) (13)
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and

(1,0,0,0,0,0)

ZoN

W= (xEy) = (1,x,X7,X7,x ,Xx7)
w2= (Xiy}zzx T2 Xy +y
or
N
Wl = <% y2
2y
1
0
0
L 0 ]
etc. Packaging the powers
GGt w Y
0 1 2y
0 0 1
0 0 0
0 0 0
| O 0 0

2.3 4 5
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(14}

(15)

(16)

(17)

(18)



Q= & T ) (19)

Equation (18) can also be written as

<w = (1=i)"»}’2si)’3s}’4:iy5) -1 X x2 xs }(4 XS_ (20)
0 1 2x 3x2 4x3 5x4
0 0 1 3x 6x2 10x3
0 0 0 1 4x 10x2
¢ 0 0 0 1 5x
0 0 0 0 0 1]

By equation (18) for positive y unity we have generating equation (7)
W et = ] dy ot fody (21)
. 1 . 1
: 1=0 i=0
Or matrix-wise
=&t 1111 1] =<Ge = kT (+1) (22)
0 1 2 3 4 5
0 0 1 3 6 10
0 0 0 1 4 10

0 0 0 o0 1 5

0 0 0 0 o0 1|

which are the well-used binomial coefficients. We will call the B
matrix the Binomial matrix. By equation (18) for the negative y case we
have

Wend= ] denitata | odent S (23)
i=0 i=0



and packaging the powers

G = <x 1 A 1 - 1 -1 = GT D (24)
0 1 -2 30 -4 5
0 0 1 3 6 -10
0 0 0 1 -4 10
0 0 0 0 1 -5
0 c 0 0 0 1

Just as we observed in Section (4 ) equation (164) for the triangular
Taylor matrix the forward and backward expansions were inverses of each
other, we observe here

T,(+1) T (-1) = T = BB(-1)

1= 1 1 1 1 1 -1 1 -1 1 -1}
c 1 2 3 4 slfto 1 -2 3 -4 5

0 0 1 3 6 10§ 0 0 1 -3 6 -10

0 0 0 I 4 10¢1 0 G 0 1 -4 10

0 0 0 0 1 5110 0 b 0 1 -5

10 0 0 0 0 1] LO 0 0 0 0 1]

One may be thought of as a forward propogation by unity and the
other as a backward {or reverse propogation by unity.

Consider the translation on the real axis of equation (21)
w=x+1 (26)
which power-wise generates the transformation

w o= xB | (27)

and the inverse translation
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-

w o o=w-1 (28)

which generates the transformation
w” = &B(-1) (29)
Substituting equation (20) in equation (28}

wo= (x+1) - 1 = x (30)

or using equation {27) in equation {(29)

G = &BB(-1) = X (31)
hence in general

BB(-1) = I (32)
or

B(-1) = B+ (33)

which generates the inverse of the matrix of binomial coefficients.

Morrison on page 27 states that the binomial coefficients [%) may be
conveniently displayed using the well-known Pascal's triangle in which
each number is the sum of the two above it.

1
1 1
12 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 & 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
FIGURE (1)

FAMOUS PASCAL TRIANGLE DISPLAY
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We find on page 12 of Miller's book, reference [59] an improvement of
the display by a table array shown below for the 7X7 case with slight
modifications

3
i ] 1 2 3 4 5 6
¢ 1 1 1 1 1 1 1
1 o 1 2 3 4 5 86
2 0 0 1 3 6 10 15
3 o 0 0 1 4 10 20
4 0 0 0 0 1 5 10
5 0 0O c 0 0 1 6
6 0 0 0 0 0 0
TABLE I

BINOMIAL COEFFICIENTS (i)

Miller also points out that it is easily seen that the sum of any two inte-
gers in consecutive rows is the same as the integer to the right of the
second one in the next column. Note that these properties stated by
Morrison and Miller in their mnemonic representations are quite trivial
with respect to their analytical matrix representations and related

matrix properties,

If we designate the binomial matrix in index notation where 1 is the
row and j the column indexed from i,j=0,1,2,-.-d-1 we have

- _5? y :
B = [b;;] = [()] = [i!(%li)T] (34)

or

00 01 02

10
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(35)

n |
e ——— —— p——
— ~— — _I_."__I_A
1o [ L]

o ] o o o
e S SRy o e
T p—————

——— —r— —_—,

g R o [ar I

J— —— ———

| e} o | o ™

— — - ey [ —

— s,

— o —

o o T

T

o

ial matrix can be written as fa

10 10 binom

The
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B = |0t 1! 2! 3! 41 5!
IOHOF ol ol2t 0t3! 0!({4-0)! 0!(5-0)!
1! 2! 3! 41 5!
110! 111! 112! 11{4-1)! 17({5-1)!
2! 3! 41 5!
210! 2r(3-2)1 21 (4-2)1 21(5-2)¢
3! 4! 5!
31(3-3)! 31(4-3)! 31(5-3}1
4! 5!
41(4-4)1  41(5-4)!
5!
51 (5-5)1
and the triangle of Figure {1) the 11Xil case is
1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8
1 3 6 10 15 21 28
1 4 10 20 35 56
1 5 15 35 70
1 6 21 56
1 7 28
1 8
1

732

36
84
126
126

(36)

9!
07 (9-0)
9!
1T (o<1
9!
5T(9-5)7
91
5T(0)"
1] (37)
10
45
120
210
2521= B
1ol 11%11
120
45
10
1..




The binomial coefficients (J} are alsc known in terms of the number of
combinations of j things taﬁen i at a time. A few other areas of their
occurrence will be pointed out. In section (6) we find a modified
version of the matrix by taking successive discrete differences.

Suppose we have the product of two time functions and take the deri-
vative with respect to time

z({t) Xy

zZ = Xy + zy
7= Xy + xy2 + x¥
Z = Xy + 3Xy + 3Xy + Xy (38)

etc, or package wise

(2(0),2(t),z()2) = LX) [y v ¥ ¥ (39)
0 y 2y 3y
0 0 y 3y
6 0 0 vy

There is another interesting nested representation of the matrix of
Equation (18) we note that for the dX*d case

0
wo= 1= @y (40)
where
1 _
E,, = e(%} De=100 (41)
0
i 0
wl = x+y = (1,x)[0 zff 1) = <§ E B¢ B i} (42)
y dx2 2X2 2%d
1 0
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s ta? s gl 31\ =& e B By @)
2y dX3 (3X3) 3%d
1
2
Y
W= (xty) = (1,%,%0%0) 1] /1) =¢xes ETy(d> (44)
3 ¢
. y dx4x4 4xd
*+1 y2
3
y
where the "select' matrices are
E o= |1 : (45)
dx2  12x2
0
(d-2) x(2)

etc, the linear-convolved double-signed binomial coefficient matrices
are designed Bc. Packaging the equations we have

(o= <x [FyoF ) FgsFyr Pyse Fy ] » (46)
where
T T
ro= B B B =By By, B (47)
ad

The pseudo inverse of Equation (47) is easily obtained

F. = E. . B gl : (48)
j j+1 Tc(3+1) 941

where for example the inverse of the 5X5 element is

1| 1 (49)

o
I+
I
1l
|4
=
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Packaging the terms

o= & [Fgps Byvd, F2Y>’“'Fj)>'” Py (50)

or

Gi=&xT (51)
where

T = [Fog>,Fli>---Fd_lj>ﬂ (52)
and

T - _<ng “ . (53)

The inverse computation requires
o'yt
or consideration of
T. | - .T | T .. T |
T = <YF0F0}’> GEGF 17 <.>’F0Fc1~1>’> (54

<&FIF02>

T
b<3Fd-1Fof> ‘ g

For the positive y unity case, that is (x+1l)=w we have
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wl = (1,x}]0 1 Zl) {55)
1 0 1

=
13
—
—
>
E
[ %]
p—
- ]
=]
i =
ST
Lot o I L)
N

W

1]
et
—
-
Lol
]
»
3]
-
b
-
<
=

—
o SN T O

etc. For example consider the product

T, T T
FoFg = By Bog Bg By By By (56
dxd

The product
Ec E, =] 1 (57)
5
5Xd di4 x4 }
<40

and using Equation (53} in Equation (52}

FZFs = E, o o0 o 1] EE (58)
dxd d¥s |4 o o o

0 3.6 0 0

0 0 3.4 0

0 0 0 o

It is felt (though time is not available in this report) that the
matrices of Equation {58) can be related to some of the coefficients
for example in the Legendre and Gram polynomials. Returning now to
Equation {18) in Equation (11)

<@ = <%'Tu(ty)D(zj) (59}
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where the upper triangular matrix Ty(ty) of Equation (51) is spelled out
in Equation (18). Equation (59) can also be written by Equation_(lS) in

Equation (11)

G = () T, 0000)

(60}

Returning to Equation (24) the Ty{-1) matrix was generated by the

backward propogation
w% = {xmljj
since if we substitute in Equation (7)

y = -1

we obtain

Let us now look at the matrix generated by
WD = a0 = [(EDEDY = (07D
for j=0,1,2---d-1; we have

1-0°% < 1= %1

(1-x)

I

(-1 (x-1).

(1-x)7 = (-3 x-1)?

(1-x]d“l - (—1)d_1(x—1)d_1

or
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[1-°, (1), 007, a0, @0 2 Qe 1)

=y 1) = Koy

1

Koy -1 = oy TC-D)

where I(-1) deisgnates the alternating sign matrix of ones.

(63)

W =l

-1

+1

(-1)]

(-1}

——

d-1

By Equation (50) and Equation (62) in Equation (68)

1 _ ] ] J=L, 152
w (-1 = (-1) iE=0 (;) s (-1)

Using Bquation (24) in Equation (65) we find

G, 1) = Kx

IO Lan B B an BN oo | I—‘-‘l

= <x T, (-1)1(-1)

or

-1

<o o O

o o o -

-1
3
-3
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11
-4 5
6 -10
-4 10

-5
o 1]

(65}

(66)

(67)

By Equation

(68)

(69)

.(70)

(71)



CASHE G |+1 +1 #1 41 w1 -+l (72)
-2 -3 -4 -5
+1 +3 +6 +10
0 -1 -4 -10
0 0 +1 +5

| 0 0 0o -1

o o o o o
o O O O

By Equation (25) we see that Equation (22) is
ERGE <xTu(+1) (73)

Qo = Gt o= &o(-1) (74)

<@%(-1) = <§B'1I(~1) = <}Tu(-1)l(-1) (75)

Westlake on page (140) calls a matrix the Rutishauser

-

R=f1 1 1 1 1 (76)
0 -1 -2 -3 -4
0 0 1 3 6
0 0 0 -1 -4
6 0 0 0 1]

and we see that the R matrix is the matrix of Equation (72) and Equation
{70), that is

B'll{-lj = R (77)

From Equation (77) it is obvious what the inverse of the Rutishauser
matrix is

Rl s 1l = 1 (78)

where

17y = 1) (79)
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observe by Equation (8¢) for the 4X4 case

R =1 111 1] =1 1 1 1 (80)
-1 01 2 3 0 -1 -2 -3
1 00 1 3 0 0 1 3
-0 0 o0 1 0 0 -1
or
-1
Rl - 1B =R (81)
hence
RZ = 1 (82)

or the Rutishauser matrix is idempotent index 2. Todd on page (240) of
reference [86] defines the condition number of a non-singular matrix A

c(A) = | 2 | | (83)

where A is a root of largest medulus of A and u a root of least modulus.
Todd states that the eigenvalues of the Rutishauser matrix are either 1
or -1, so that

c(R) =1 (84) (84)

Consider the Rutishauser matrix transpose

Rl =f1 0o o o o0 (85)
1 -1 0 0 o0
1 -2 1 0 0
1 -3 3 -1 0
(1 -4 6 -4 1

and
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0 c 0 -1 -4
0 0 0 o0 1

L. -

and its inverse is

®'Ry"!

i
I

=
I

= RI R !

The Grammian of Equation (87) is

T

R'R

il

1 1

3

4

10 20
15 35

S e

1
2
3 6 10
4
5

By Equation (35} we see the generalized R matrix is

=108 (2) (3) (3)
GRHEH

5
15
35

60

l—|
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(- 1J1(

(- 1)3

3

0

3}
)
)

(86)

(87)

(88)

(89)

(90}




Hence the Grammian matrix of Equation (89) involves the products of the
binomial coefficients. Todd on page (240} of his book gives the matrix
product elements as

RR = [(lzj)] , 0<i, j<d-1 (91)

where by Equation (8)

i+jy o (@3¢
() e

iy

The inverse of RTR is

(RTR)"1 = R IRT (93)
by Equation (81)

R = R} {94)
and transposing

RV = rT | (95)

hence Equation (94) and Equation(85) in Equation (93)

®®R)"! = et (96)

and for the 5XG case

T [ 1
RR~ = s -10 10 -5 1 (97)

-10 30 -35 19 -4
10 -3 10 -27 6
-5 18 -27 17 -4

1 -4 6 -4 1

Since Eugation (97) is also a product of the binomial terms, one can
obtain the general expression for the i-jth element which corresponds to
Equation (91).
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We also have

RRY = RR'T = RRT(RR_IJ (98)

RrY = RRIR)R™E (99)
and by Equation (96) in Equation (99}

RRY = R@®R)L r7E (100)
which implies that the eigenvalues of RR' and (RRT]_l coincide.

By Equation (63) we see that any function sequence of the form
g (1) = [l—fi(t)]J ) (;"L) -0 £ ) (101)
i=0

or packagewise

(e(t) = E(BIR (102)

generates the Rutishauser matrix. Westlake on page (140) gives the left
eigenvector corresponding to the three unity eigenvalues for R as

A, =1, 1= 1,2,3

as
<§gu =( 6x3h4x4,3x3-2x4,x3,x4,x5) (103)

or factor-wise
<§%u = (XS,X4,X5) 6 3 i 0 0 (104)

-4 -2 0 1

¢ ¢ 0 0

—

and the two eigenvectors corresponding to
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as

<§%u = [0,2x4—x5,2x4—x5,x4,x5) {105)

and factor-wise
G = xox |0 2 2 1 0 (106)
J 0 -1 -1 0 1

or packagewise,

1 I N
<u sxz  axy| = UA =R (107)

@llo

3<u ZX3  2X2

where
A = }I{ o : (108}
343
I
0 “ixz

also the right eigenvectors are given by Westlake as for iji=1 i=1,2,3

V(P = Yy =1 o o 'yl_' (109)
. y o 1 oo|f,
2 0 -1 1 2
Y571 o o -2{1|7s
-2y _(J 0 1]
T
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and for kj=-1 j=4,5

}
1
}

v = [y ol EER N R4
j

Ly, ~ay.) -2 3|y,

] 2

1 0 -3

0 1

74 0 0

U—O —a B -

and packagewise

I 0 V = RV
3xX3  3X2

0 I
2X3  2X2

Returning now to Equation ( 4-)

we shall recast three cases corresponding to

Ww=X+Yy

i

W= X -y

for y#0, normalize Equation (113)

X
= W == -1 = -1
by~ y Ty

and for x#0, normalize Equation {114)
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=w =1-L-1 -
=W, 1 x 1 Y

wWE

The powers of Equation (115) generate

<?y = <%yB

and the powers of Equation (116) generate

<&by = <%yB(_1)

and the powers of Equation (117) generate

<@x =<@XR = <:yXB(—1)I(-l)

we also have
<§y = <§D_l(yn)
G, = G oM
Sy = o 7o

g = G070

Using Equations (121) and (122) in Equation {(118)

<w = <xD_l (y™)BD(y™)
corresponding te
W= X+ Yy
and similarly
-1, n
Qny = 0TI MB-1IDGT)

corresponding to
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(117)
(118)
(119)

{120)

(121)
(122)

(123)

(124)

(125)

(126)

(127)



W, =X -y (128)
and

G (D) = Gt yMro o™ (129)
corresponding to

wb[—l) =X -y (130)
where

D™y = |1 (131)

"d-1
yoo

Reconsider Equation (6} for x=y=1, we have

eyd = 29 - % ( i) (132)

i=0

Or as an innerproduct

o[ (>

The binomial matrix of Equation (34) has the property using Equation

(133)
@1 B ‘[1,2,22,23,24,---,23,“‘:2d_1] (134)
dXd
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Now reconsider Equation (7) for

1 (135)
1

i
0= § CD (1) : (136)
i=0
and as an inner-product

oL () (3] e

The Rutishauser matrix of Equation (76) thus has the property

<@@1 R = <L BTl1(-1) = <§§ 0 (138)

y-Binomial Matrix and its Inverse. YTor lack of better terminology
the y-binomial matrix will be defimed as the matrix of Equation {18) for
plus sign case, that is the real-axis translation

33

X
Y

u

then

w=XxX+y (139)

induces the monomial-base transformation

G = xB(y) (140)

where B(y) is the binomial matrix carrying along the variable y; by
Equation (35}
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2= [(8) (B (37

or for the 6%X6 case

—

B(y) =| 1

0

O

If we make the additional variable change on the real axis

wE W -y

at the package-of-power level by Equation (18) for negative sign

0

0

0

0

G- Gty (-y) = aBloy)
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(142)
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adding Equation (139) to Equation (143)

w -x+y -y =X

and package-wise

& =<

Substituting Equation (140) in Equation (144)

<«7' = <XB(37) B(-y) -<XI

or

B{y) B(-y) = T

o

B(-y) = 87y

)

where for example

B"l(y) =il

0

0

If we make the translation by Equation (139)

Yy

0

0

0

0

r=w+q=x+ (y+tq)

or package wise

<r - <wB(q) = <xB(y+q)

using Equation (140) inEquat ion (152)
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(146)
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(148)

(149)

(150)

(151)
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<r =<xB(y) B{q) =<xBf,y+q)

hence we have

B(y+q) = B(y) B(q)

If
q= (1) v

where n is an integer, 0,1,2+-:

Bn(y) = B(ny)

and

B M(y) = B(—ny)_]

Note by Eguation (125)

-1
B(y) = D "(y) B{1) D(y)
or for the 6x6 case

Bly) =[1 !

1
y

o O
o =

o e
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{183)

(154)

(155}

{158)

(157)

(158)




adding Equation (139) to Equation (143)
W Ex+y -~y =x

and package-wise
<~r’ = <xI

Substituting Equation (140) in Equation (luu)

Gt = &Bly) B(-y) =<x1

or

B(y) B(~y) =1

or

B{-y) = B_l(y)

where for example

5y =1y v -y g
O 1 -2y 3y2 -4y
0 0 1 -3y 6y2

0 0 0 0 1

0o 0 0 0 0

If we make the translation by Equation (139)
r=w+qg=3x+ (y+tq)

or package-wise

<r = <wB(q) = <xB(y+q)

using Equation (140) in Equation (152)
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(1u48)
(147)
(148)
(149)
-
-y
SyLL
-1 OyB
- 5y
l -
(151)
{152)



Powers of B(y) can be expressed as powers of B(1l}, that is

B”(y) = DX (y) B1) D(y) (160)
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Appendix (B) BACKWARD AND FORWARD FRACTORIAL FUNCTION MATRICES, STERLING AND
ASSOCTATED MATRICES AND RELATIONS TO RUTISHAUSER AND BINOMIAL
MATRICES

Consider the (i - j)th element of the Binomial matrix of Eq. (35) sec (A4)

5. 4l
i TG0 o

and the quotient of Eq. (1)

it _ O 3G-DEmD) e GG L.l 2. (2)
(j-i)! (G-1) (3-i-1) ... 2 .1
and after cancelling common terms ‘
21
Lor = 3G-DG-2) ... (-4 D) (3)

(j-1)!

Equation {(3) is a special case of the backward-factorial function of crder i
written as

s 2 5G-D G- L G+ D) )

when j is less than i, then Eq. (4) is equal to zero as can be seen by entering
the values in Eq. (4).

Brand in his paper "Binomial Expansion in Factorial Powers" states that in the
calculus of finite differences the factorial powers x{(n) plays a role analogous
to that of xn in the differential calculus. He states that there is not only a
wide diversity of notations for the factorial powers but also a disagreement as
to its definition when the index is negative. Brand says that moreover the
notation (ax + b)(n) is sometimes used in a way which may be a fertile source of
error and that the way out of this confusion is to use a single definition
applicable to all real wvalues of the index. He states further that the alleged
factorial powers (ax + b)(n) are readily converted to genuine factorial powers.

When n is a positive integer the backward factorial function (x a real variable)
of order n is defined as the product

2@ o xGe-1) (1-2) (x-3) ... (x-n + 1) )

Thus x(n) is the product of n terms starting from x and counting down by unity,
for example if n = 3

« 3 = x(x-1) (x-2) (6)
Also the forward facteorial function of order n is defined as

D o g (ekl) (eb2) (43) ... (ebnol) (7)
and for the example n = 3

B - ey e (8)
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Note by Eq. (4) that
59 2 3G G- L. 3e2e1 = 5 )

Returning to the definirion of Eq. (5), consider

™ = k(-1 (x-2) ... (x-m + 1) (10)

and
(X—m)(‘) = (x-m)(x-m-1} ... (x-m-n+l) (11

and.the product of Eq. (10) and Eq. {(11) veilds
ne (x-m) () | (o) _ (@) (x=n) (m) (12)

Miller, ref (59) says that the definition of Eq. (5) when n is a negative
integer stems from the same type of reasoning used in defining negative
exponents in elementary algebra, that there it is easily proved that for n
and m positive integers

XK = Xn+m 13
and if this rule of exponents is to hold for non-positive integers one is in-
evitably led to the definitions

XO =1

and

x b= 1/x"

Brand considers Eq. (12) to obtain a definition for all real values of m and n
when m = 0, Eq. (12} becomes

L0 () | )

(14)
hence if x # 0
0 =1 (15)
When m = -n Eq. (12) yields
X(0) _ X(*n) (x+n)(n) _ (16)
or
= - ;;Ii;?ﬁ? - R 7Y (1) (17
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One can alsc show very easily that
Xﬁn+@ = ximj (x+m)Ln] = x[nl (x—n)&n} (18)
Clearly when the variable x is complex for example the La Place transform

variables or z in the continuous or discrete frequency domain, many of these
relations carry over, but will not be pursued in this report.

In the above we also have
.0l

S0y (19)

and in accordance with Brand

o - (20)
and
(-n) _ 1
0 ey (21)
Returning now the Eq. (3) and Eq. (4) we have
(1) _ j!
: G-1)1 (22)
and using Eg. (22) in Eq. (1)
;3 i!(j:) ' (23)
1
also
(1)
l?—'- i>0
o )
SN _
K ) 1 i=0 (24)
0 i<o0
Forming the column vector for 1 =0, 1, 2, ... d-1 we have
F oy T =T
@0 o 16N
A 1 )
L@ 21 | (g) ; (25)
FIONE il Lj)
b é' . - % i
o | , I
] ) ! L
(d—l) _ | I j :
L ‘, ] (d l)' —L é_l m:'



or

( )
::>3 =Fb (

Solving for the vector of binomial coefficients

g - -
{(ﬁ? 1/0! é 10 %
1 (j‘] . 1/11 ! 5(1)
%(;}'=I 1721 % FIC
- ;

o " L
/3 1 b (d-1)
&y @or ] B

(26)

(27)

The vector of Eq., (26) is seen to be the jth column of the Binomial matrix of

Eq. (35) sec (A), hence packaging Eq. (27)
g =31 g()

(28)

where the matrix of backward factorial functions S( ) is given by (definition

herein used is restricted to j = x integers)

{” o @ L (0
| . WL,
SN . L2 L@
dxd 0 i(3)
. (i)
; 0
or

s ;0
i, =0, 1, 2 ... (d-1)

For example, the 5x5 case is
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(0)
(1)
(2)

| A T

)

(@)@
(d—l)(l)
: | (29)

-

(30)



101

[ B b B R S

1
0
S( ) =190
5x5 v
Lo
The forward factorial
Lt | jIJJ
or _

and for the 5x5 case

~
i
i 0
3 O B
5%5 § 0
| 0
By Eq. (28)
s$)osp

hence we can now easily invert the backward factorial function matrix
| ¢ )]ul _ gLyl

where the inverse binomial matrix is given by Eq. (77) of appendix (A)

O OO P

OO NMNH

2
2

O W

1
4
12z
4
4

function matrix is defined as

L(0)
e

fon- o B u N (N

o801 4100
L
L0 N
Jgen
1 1
34
12 20
60 120
0 840

in terms of the Rutishauser matrix

~1

B~ = RI(-1)

hence

Ts )]'l = RI(-1) §*

Morrison ref (g) gives the generalization of Eq. (24) as
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(a-1) 101
(a-1y 411

(a-1) 4"

1

1

L.

(31)

(32)

(33)

(34)

(35)

(36)

(37

(38)



(13

-
&
i
[
\Y
o

[
[ N

'...1
s
[l
=

(39

0 , ig 0

for x any real number and i any interger.

We next seek a relation between powers of x and the backward factorial functions
of Eq. (5), which yields for the 5x5 case

x(o) i 0-!'

1 0 0 0 0! /1
<Y 1 0 o oif
2 Mo .1 1 0 o f AP (40)
P Jio 2 3 1 o\ K
4 o 6 11 -6 1 \&
. 4
or
x()}-=8bx> (41)

The matrix S, is called the Stirling Matrix of The First Kind and in this report
will be furtBer classified as the Backward Stirling Matrix.

If we partition Eq. (40) as

r
<O\ Ys
ey M, > (42)
(@) [izéb i

hence the row vectors of Eq. (40) are the elements of iﬁﬁ
case is given in Morrison ref (§1). Note by Eq. (42)

<) - jz_sb x> . (43)

b The eleven by eleven

If we now let x = j (the integers) we have the connection
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J.(O)\
;O
@Y - s 3>
' (3+1) (5+1)

;(i)

)

where

For j = 0, Eq. (44) becomes
1O = gO> 2 f©

0
0
0
For j =1
J(>1=l(> RO
11
0
0
0
For j = 2 .
> (> _
3>2'2 —Sb>
for j = 41

j(>. - 10 =sb>

and for j = d-1
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(44)

(45)

(46)

(47)

(48)



i = e )(j:>

or package-wise

o

o(® 1(® 29 @@ ‘j
0 1B My @
0 ,(2) -
0 ?
!
NG
n —
where by Eq. (51) sec (5)
11 1 1
} 1 0 1 2 3
e = {,QEE , et =0 1 22 42
dxd <11 23 33
0
jo 1 pd-1 4d-1

or by Eq. (29)

( )
= 8,05

Using Eq. (38) in Eq. (52)

_ T
¥B = 5,C
or
_ ~T
s, = ¥ BC;
and the inverse of the Sbmatrix is
-1 T -1 -1
5, =C.B F
and by Eq, (37)
-1
T -1
= CE RF "I(~-1)
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i

d-1

(a-1)°

(d-1)

d-1

| S

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)



The inverse of the Backward Stiriing Matrix also called Stirling Matrix of the
First Kind is called the Stirling Matrix of the Second Kind and its matrix
factors are given by Eq. (56). Morrison on page 25 of ref (61) gives the 11xl11l
table to construct the matrix, (he does not obtain the matrix factors of

Eq. (56}, they are derived here for the first time to my knowledge). The
first five are

1 0 0o o0 0
-1 0 1 0 0 0
S, =] 0 1 1 0 0 (57)
0 1 3 1 0
0 1 7 6 1
we see also by Eq. (54) the inverse of the CE matrix can be obtained as
-T -1 j-1
G =E s, (58)

In a similar manner by Eq. (7) we can formulate the forward factorial vector
in terms of the monomial base for the 5x5 case as

SAN T1o0 0 0 o /1
LYY 0 1 0 0 o f
ey % o 1 1 o0 o & (59)
L0 10 2 5 1 o\ B
L4 Lo 6 11 6 1 x*

or

™~

AN
v =
X / Sfy {60)
If now we let x = § we have the connection

.
1y Sf> (61)

and the vector of integer powers is

. . 2, | .d-1
Li=@, 1, 1% 3% o5h % h (62)

for

il
[
it
%]

L'
»*

*
[l
I
}._I

J
The matrix of Eq. (59) and Eq. (60) is called the Forward Sterling Matrix in
this report (it is the tramspose of the matrix of Morrison p. 85 which he
calls the asseciate Sterling matrix of the First Kind.

The 5x%5 case is
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f_ b
1 0 0 0 0 |
} 0 1 0 0 0
S¢ = |0 1 1 0 Qi (63)
Lo 2 3 1 0 :
%3 0 6 11 6 1|
.If we package Eq. (61) into a row of column vectors for j =0, 1, 2 ... we obtain
the left hand side matrix by Eq. (33) as
s Sf CE (64)
in analogy with Eq. (50), or
R g s
Sf = § CE (65)
By Eq. (52) in Eq. (64)
{1_ -1 ()
] = Sf Sb S (66)
which connects the forward and backward factorial function matrices.
The inverse of the forward Sterling matrix of Eq. (65) is
-1_ .7, 0711
Sf = CE (8 ) (67)

The inverse of the forward Sterling matrix is called by Morrison the associate
Sterling matrix of the Second Kind (he uses the transpose matrix): the 5x5
elements gre

1 0 0o o0 o
1 O 1 0 0 o
s;7 = 0 -1 1 o o (68)
s 0 1 -3 1 ciI

0 -1 7 -6 1

Many other relations between the Binomial, Rutishauser and these matrices can
be obtained but are not pursued further here. One obvious one is by Eq. (38)

R =15 ?}‘1 f 1(-1) (69)
and by Eq. (81) appendix (&)

RZ = 1 =[s( )} “lg 1(-1) [s( )j'l F I(~1) (70)
or o

s¢ ) - F I(~1) Ls( )]'1 T 1(-1) (71)
and
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13( )] 1. ﬁ'l I(-l)S( ) -1 ¥t (72)

which provides the factors of the inverse of the backward factorial function
matrix.

If we have a polynomial in the monomial base

f(x) = [xal (73)
by Eq. (41)

£ = Lx{ 5T 2\ (74)
or

£(x) = <'x( ) b (75)
where

b> = 570 a> - (76)

Pol¥n?mials in the factorial function base are called Newton Polynomials and
[ x will be referred to as the Backward Newton Base, connected to the monomial
base via Eq. (4).
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APPENDIX C

FORMULAS FOR THE SUM OF THE dth POWERS OF THE FIRST N INTEGERS

L. 8. Levy in Reference (52) shows that for each positive integer d

there is exactly one polynomial Sg(N) in N such that

sd(N) =

d

D

1+ 2% 437 4 e

Nd

whenever N is a positive integer.

Equation (1) can be written as an inner product

5,0 = 4 D

where the row-vector <§d is

and the column vector %> is an N dimensicnal vector of ones

D -

The following formulas are gilven in Reference (52 for d=1,2-*

1

1

44

H

. Nd)

beyond this can be obtained from the papers.

SlCN)
82(N)

Ss(N)

11

I
na =

;| =

:‘z

2

%‘(N+l) (2N+1)

2
N _ N
5= = 3 (N+1)
A
2 3 -
L w
2 4

2
_ N 2
= n-“ (N-I*l)
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(1)

(2)

(3)

(1)

Powers

(5)
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_ N N N N N
Sq(N) =gt T tE S5 (N+1) (2N+l) ( SN +3N-1) (8)
2 y 5 6 2
N 5N N N N 2
Sg(M) = -5+ 75—t 5+ 5 = 73 (042)° (2N7421-1) (9)
3 5 3 7
NN N N N L 3
SG(N) ST ettt i N(N+l)(2N+l)(3N +BN"-3N+L) (10)
2 &
g (N) "H_—zﬁq.?N_-yiq‘ﬁ
7 1z 72 i 7 B
(1D
2
= o (L7 (e een N7 -4 2)
The span width in points
wp=2M+l=N+l (12)
oM = N
W -1=N (13)
p
and
Wo-1
_%_— = M (14)
The summations of Equations {5-11) in terms of Wy,
- N 1
5,00 = Qep = 8, () = 3 (W) = 5 (W -1) ) (15)
~ 2\ . N
5,0 = (e’ D= 3 (r1) (201) (16)
(W _-1)
S.(N) = —E— (W) (2W -1) (17)
2 5] D P
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2 (W -1
5,(N) = <J_03> = E—(Nﬂ)2 S IR (18)

Sq(N) = <lc”> = %T-(—)— (N+1) (2N+1) (3N2+3N—l)
(19)

W
= =2 (W -1) (oW -1) (aWP-3W -1)
S0 "'p P P P
The summations of Equatioms (5-11) in terms of M

5, (M) = <lc> = % (M+1) (20)

DU
T B R A

W -1rW +1
=[]

m 2

1{2
8 [wpﬁl]
<lc2> = % (M+1) (2M+1)
i (WD—].) [WPH_:I .

6(2) 2 P

<lc2® = %Tf A (W;-»l)

I

SQ(M)
(21)

2
5,00 = (@ = I 1) (22)

(W -1) (W +1)° (W ~1)(W +1)°
P P - Y P

16 L 64

767



5,00 = %6-(M+l) (2M+1) (3M°+3M-1) (23)
__,fﬂa___ 2
8, (1) = (307(18) (wp+1) (Wp—l) (_3wp—7) (2u)
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Appendix (D) INTEGRATION BY PARTS OF“ft e°hat

This appendix derives some classical integrals by integration by parts.
Consider the integral where n = o, 1, 2 . . . d-1,

ftneatdt = fu dv

where

u=th
or

du = nt™ ldt
and

dv = €24
ar

v =featdt = eat

a

The integration by parts comes from

d{uv) = du v + u

or

il

d(uv)

and

dv

uv:fduv+fudv

qudv = uv - _[vdu

Hence using Eq. (2) through Eq. (4) in Eq. (8)

| ftn eatdt = (tgat
a

In the same manner one can

ftne_atdt _

If we apply the end points
beccmes

f t8 e 3tgr =
tl

n jln'l e?tat

a
show
_Ene—at +n ftn-le-atdt
a a

of integration the definite integrals Eq.
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(7)

(8)

(9)
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As the first case comnsiders the interval (o, ®), then Eq. (11) becomes for n =
fe_atdt - . g“at — l (12)
a 0 a
forn=1
o £ t ca vl —at
ft e = -tg 72 *J_Ieadt (13)
0 a 0 a 0
5]
__1 [:‘Eam +£ fe atdt (14)
Ta | B a “ 0

The occcurance of w/® necessitates the use of L. Hospitals' rule taken from
Schaum's Series "Differential and Integral Calculus" page 114 reference (78)

L. Hospitals' Rule: If b = + o, -, or o, if f (x) and g(x) are differentiable
and g(x) = 0 for all % or some interval 1 x 1 > M, if

lim f(x) = «
Py

and
lim g(x) = =
x+b

then when

lim fl(x) exists

x+h 1
g (x)

or is infinite

lim (£()\ = 1im /£1(x) (15)
x»b \g(x) x>b -
1
g (x)
as an example
lim X2 = 1lim/2x\ = 1lim/ 2 \= 0 (16)
X0 ex X500 ex x»0\e%

applying Eq. (15) to Eq. (13) we see

o
+ ¢ g @t = lint = 0 (17)

0 00 at
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and likewise by repeated applications; the nth degree term Eq. (11) is

243
- R T A (18)
] =00
which is a repitition of the example of Eq. (16).

Using Eq. (17) in Eq. (13)
f te 2% = 1, (19)
a

Continuing in this recursive manner one can show that

o
f t"e @t = (20)
0 an+1
- Clearly if one replaces the interval of integration by {0, - ®) the term
are bounded for

-0 O

[ e atdt _ _g at - (21)
0 a 0

However the positive exponential power of Egq. (9) is finite in the interval
(0, -~ ®), for n = 0 we have

—Ca -
fe Tae =3 | = o (22)
0 a 0 a
and for the nth term
~ t +1
f t"€2%ge = aron® (23)
o an+1

Contrast this alternating sign result with Eg. (20).
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Appendix (E) BASE AND METRIC RELATIONS

Consider two bases connected via Eq. (1) where T is known

<= <:ET (1)

and suppose cne performs a G-~$ process as the<<i vectors such that BU is

known
{o = <B_ (2)
where
S OLCER! | (3)
and

Mtt = t>®<£ = Mtt - TTMIIT (4)

We desire to find the G-S connection matrix BS where

s = <t (5)

under the constraint

SOG = 1= DO g

By Eq. (2) and Eq. (5) in Eq. (6)

T- - T~ -
Bst>®<j:Bs = 1301:><D<IB(j | (7
or
T T
BSMttBS = BGMHBU (8)

a "quadratic algebraic equation" in BS the unknown.

Using Eg. (4) in Eq. (8)

T.T T '
BT MIITBS = BGMHBG (9)
a solution is given by
= 10
B, =T B (10)
where

gl = 7T (11)
5 g

and substituting Eq. (10) and Eq. (11) in Eq. (9)

T ~T.T -2 T
_ 12
BT °T M_TT “B_ BUMUBG (12)

However Eq. (10) is not a unique solution for example another solution

B = LT !B (13)

S o
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and

gl = ple Ty T (1)
5 ag
and using Eq. (13) and (14) in Eq. (9)
Br Tty yrr 2 = 8TM 3 (15)
a TT o O TT O

for all L and T such that

Tt = g (16)

Note that Eq. (9) is a special case of the steady-state matrix Riccati
differential Equation and many studies and papers have been published along
this line but will not be pursued further here.

Note that we have the further relation using Eq. (1) in Eq. (5)

<:§ = T1TB (17)

5

and

NI L N
I = s>(1)<s = BT D (D)<ATB, (18)
The metric factors were derived in Eq. (348) of Section (1) as
_ - - T,-1
M= DEXKT = (BB,) (19)
or Eq. (19) in Eq. (8)
R Y & T.-1
1 =BT (Bng) TB (20)
and
-T_~1

_ _ T,-1
Mtt = Bs BS = (BSBS)

T T, -1,
T (BOBG) T (21)
and inverting

-1 T -1, .T
M, = BB, =T BB (22)

Equating factors we find

|
B5 =T BG (23)
but we know from standard matrix theorems that triangular factors (for full
rank matrices) are only unique when they are in unit triangular factors with
a diagonal matrix.

As an example of a third solution

|
B, =T BT (24)
gl = pIgTym1 (25)
b a
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and one obtains

T, T LT
T (BM_ BT = BM B (26)

hence for all T that realize the congruent automorph relation of Eg. (26)
one has Eq. (24) as a solution to Eq. (9).
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APPENDIX F
GRADIENTS OF TRACES OF MATRIX FUNCTIONS

Some well known trace properties of matricies are

tr M = tr MT (1)

and the cyclic property of products. For example

tr R '§ T =t»r T R S =t § T R (2)
pXm mxg Lxp 2Xp p¥m mx4 mx% 2xp pxm

A. LINEAR CASES. Consider the %% matrix function of the rectangular
ratrix X of size p m, that is

L. = A X B (3)
1 2Xp pxm mxg .
(23]

with trace
tr Ly = & = tr A%B  (Note this 2 is not the matriz size,) (%)

the mxm matrix L2

L, = B A X : (5)
mXm mXL 2Xp pxm 4
with 1race
to L, = tr L =2 (6)
and the pxp mat-ix
L3 = X B A (7)
PXD pxm mxg EXP

and by Equation {(2)

£ = tr AXB = tr BAX = tr XBA : (8)

The differential of the trace is

d? = d tr (AXB) = @ tr (BAX) = 4 1ir (XBA) (9)
Cr.
dg = tr A d4 B = tr BAdYX
' £Xp pxm mxg mXm
= tp (dXBA) (10)
pxp
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The differential of the mxn matrix can be written as

oL

dL, = BA dX = ~% d¥ (11)
oxm  TXP pXm 3% pxm
WXp

and the differential of the p*p matrix can be written as

dL. = dX BA = aX 3’-%? (12)

3
Xm mx Xm X
pXp P P P
mxp

The differential of the traces are

L = tr 3‘% ax |= tr|ax 2%, (13)
9X~ mxp pxm 3X
*m mXP

and by Equatioen (10) and Equation (13)

9% _
“e= B A ' (14)
9X"  mx% 4xp

or
-§--;Etr (4XB) = —iftr (BAX) = % (XBA)= B A - (15)
8X XL X m<m 3X"  PpXp mxfL Lxp
For the specizl case when the Lji are scalers, i.e.: A and B are vectors
a - ~
Setr p)a X b @ = bmxpla (16)
8X pxm
3tr b (M ¢pra X :I:b(m Ya a7
A EOT S REOX:
and
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d
-—T-tr

. ol b(@@a] = bG)a

(18)
By Equation (3) for m=f and B=Im
if-,lll( A x\= a (19)
X" \ mxp pxm mxp
mXp
By Equation {3) for %=p and A=I
SR x )= (20)
X" \ pxm mxp mXp
mXp
In the above equation if m=1
atr .
~r | %(D p)b]= p)b (21)
ST DR =G
1xp
Since the trace of the dyadic product is the inner product
tr GO =D = g (22)
one has
9 _ sof \ 9%
£<3x ToNaw Q) >>_<8x B <b (28)
where the matrix
o 17 [ s 8 1.
><§'§“ % [axl“"ax :] . (2)
2| 1= P
®

when the coordinates are all independent.
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One can verify all of the previous results via the tedious process
of partitioning. For example consider Equation (20)

L = X B (25)
Pxp me ‘mXP

and partition X into its column vectors and B into its row vectors to
obtain

XB = I:x(p l,..-x(;>m] l<p)b =I§ x(p>ii<p)b (26)
. i=1

pb
the trace of Equation (26) is’

tr XB=tr(>>l%)+ tr(x>22<b)+°“ +tr(x>mm<b) (27)

or

=t xB = oo+ L+ et r'ﬂ<b>>m (28)

IPERAE PUR SERENE I W (29)

The differential of ¢ is
= 2 o en
dy = 4 | Far, tar (30)
where each of the 23 is a function of the vector €>i or by Equation (13)
ab. :
iN
des g 975 (31)
i ,
Repackaging Equation (31)

aﬁi 3£m
af = l.éh}?" dX(P>l +omee +m<"a—}—{—- d:{(p>m (32)

718



By Equation (31) in Equation (28) ’

a8 '
%
% = é‘x \ (33)
1 1 .

Consider the product of the matrix of gradient vectors with the
matrix of dX vectors that is

e i—r
]

e . A T

- Qx d'>>l <x dx>m ' (35)
1 1
LN

Go - o,

= 22— dX (36)

..J.

Clearly

I:m dx:[ ds (37)

The other results can be shown by similar partitioning and can be
found in detail in reference [4].
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B. QUADRATIC CASES. Consider the £x{ matrix product

Q, = A X ¢ X B (38)
2] £Xp pXm mxm mXp pxL

,Q.Xm_l[: mxL :I )

Form the new matrix of size mxm from Equation (39) c;cllcally permuted
via parentheses

= [b X' 3]. AX - (40)
mxg Lxm

mxm

or

Form & third matrix of size pxp by cyeclically permuting the A matrix of
Equation (39)

Q= X ¢ x* B A : (41)
PXp PXM mXm mxp pxL 2Xp '

The differential of Equation (40) is
T T ,
sz = O 4X BAX + CX BAd¥ 42
X

The first matriz on the right of Equation {42) under the trace
transposition and permutation rules becomes _

tr (CAX BAX) = tr C X ATB ax - (43)
Using Equation (43) in the trace of Equation (42) yields
tr dQ, = tr (CTXTATBT+CXTBA) ax {4y

XM

The gradient factors of dQ2 can be taken to be
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BtrdQ2

O = e
XTI P
mxp

s

and by Equation (45) and Equation {(44)

335-(xcx BA) = CX'ATBY + oX'BA (46)

T

By Equation (38), Equation (40) and Equation (#3) the traces are all
equal, that is

tr Ql = ir Q2 = *tr Q3 a7

and the

{(48)
i=1, 2,3
hence
¥l s x ¢ %" B = AT woxTra (49)
X" { LXp pxm mXm mXp pxz '
mXp
and
. T
Elg-fbx‘BAﬁ] CTXTATBT+ cx BA (50)
X

If C is square and equal to I, we obtain by Equation (46), Equation
(48) and EBquation (50)

gr B\c BA] ar CaxxTs |

= iﬁ%i:%TBAgj = X (AR +BA)

(51)
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1f
BA = I (52)

then Equation (51) becomes

i (%] - e L] = 2T (53)
X N RXp

For the special case when Equation (48) is a scalar, one obtains
3 T T, T T
;’FIK&XCX ‘:>] =cx b+ X D& (54)
and for C=I
3 [ TN - 5T
~F <aXX 1:> = X Ea><b+b>é:[ (55)
X mxp
For p=1 by Equation (51)

wilr "<xBA>§ = <x(e><b+1><a) ' (56)

oX

For C=I in Egquation (54)
e [T 'x:[ = % (a B )
T & D@ (57)

As a final quadratic case consider the (full rank) grammian-matrix

XX =06 _ (58)
and its inverse .

T...~1 -1
(X'%) " =¢ (59)
where

G'6=1I (60)
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The differential of Equation (60) is

ac" e + 67%a6 = o (61)

Qr
ac™t = —g7lage™? (62)
= -G ax xex ax] ¢t (63)

or
ac™ = axxe ™ - 6 axe ™ | (64)

The generalized inverse, for the full-rank case, 1s defined as

X% = (xTx)'l K= gL (865)
TRXP

and its Transpose is

oI 1

X X 6 (663
pxm  p¥m mxm
Using Equation (65) and Equation (86) in Equation (64)
ae™t = - 67t axtxeT - xeaxg™ (67)
The trace of Equation (67) is
tr a6t = -t @CRET) - w (TTREX)

Using the trace transpose property on the first right hand side term
of Egquation (68)

L 1

tr 4G

- tr (6" xiaxs T xtAX) : (69)

- 2 (e Txrax)
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AT ¢TIyl = -2 (X0 Ther (71)
3X°  mxm
mXp

Using Equation (85) in Equation (71)

33§_(XTX)‘1 - 2 (X072 KT (72)
D4 m>m mxp

¢. "CUBIC" CASE. The following cases do not involve cubics but the

matrix ¥ and X' appear three times in the generalized inverse relation
(full rank)

g = (XK (73)
nxp m=m mxp
Consider the linear form in X* that is
Q = X% B (74
MM WXP PXD
and
aQ = d¥*B (75)
aq = a [(X'x)™x"1 B
= atot T+ oot axs (76)
py Bquation (62) in Equation (78)
ag = - 671 raxTxexax1 a7 x"s + ¢ rax" B ¢717)

or by Equation (73} in Equation (77)
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4 = - 6 ax xexTaxIxsn +¢ tax'n
Using the relation for the projector

X X = p = PT = P2

PXm MXp  DPXp
in Equation (78)

1

n

aQ = - ¢t ax’ PB - X*AXX“B + oL axTs

or
"'l T 1, Y,
30 = G dX" (I-P) B - X% 4AXX"B

The orthogonal compliment projector is

Uéing Equation (82} and Equation (81)

“L axTPB - x%axes

Q= G
The trace relations yield
~ -1
tr 4Q = + tr(dX PBCTY) - tr (XEBKHAX)
and transpose-wise
"l T""‘ ) )
tr dQ =  tr ( 6 "B'PAX) - tr X#BX%:dX
or "
_l T" KX te
tr dQ = tr [{ G "B P-X*BX¥)dX]
Expressing dQ as
aQ = QEE%Q.dX

mXm 3X"  pxm
mXp
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(80)

(81)

(82)

(83)

(84}

(85)

(86)
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one obtains

3t¥ (X*B) - G_l BT§ - X% BY*® (88)

aX mm

D. POWERS OF (x*B)". The following cases are of higher degree than
third. Consider n=2 then the Q of Equation {74) has square

Q2 = X*BX*B (89)

and

dQ2 = dX#BX¥B + X*BAX*B (90)
By Equation (75)
dQ = dx*B (91)

henvs Equation (91) in Equation (90)

Fl

aQ” = 4QRFB + XHBAQ (92)

By Equation (89) let

Q, = tr Q2 (93)
+hen
o 24, | ) ‘
aqg” = i d¥ = dQQ + QdQ _ (ou)
ax

The trace of Equation (92} is

e dQ2 = tp 2X%BdQ (95)

By Equation {(94) and Equation (95)
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% tr dQ2 = tr Q dQ = tr X%BdQ
Using 4Q given by Equation (83) in Equation (96)

7.

tr X*BAQ = tr (X¥3 (@ ldx BB-x*d#B)}
- s _l T = e o ot
= tr X*BG TAX'PB - tr X#BX%AXXTB
— T = L - l e M KR
=ty dX° (PBX®BG ) - tr XUBXURY¥4X
-1.T,.T
= tp (G TBX% BTP)dx -tr Q X*dX
2 1T, T T
L tr dQ° = it {(G "B X T Q Xy dxl
on
aq?
3 e —F = =G Q BT - Q 2y
X
that is,
3q
2 -1 T T.
— = 2 (G Q"B P-Q x )
¥
‘Let n=3 and
3
Q QQQ
with i
3
r Q = Qs

The differential of Equation (103) is

3

aQ® = aqq® + adqq + 9%dQ

n

L}
£
s
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(87)

(98)
(99)

(100}

(101)

(102}

(103)

(2.04)

(105)

(106)



and the trace of Equation (105} is

tr an = 3 tr QQdQ (107)
By Equation (83) in Equation {107)

T

3 - -
tr d@ = 3 tr Q2 {a ldx PB-X"*dXQ] (108)

Using the commuting and permuting properties of trace one obtalns
3g
3 -1 ,. 1.2 T« 3 :
-—-—-—BT=3[G. (Q)BP—QX‘-'EI (109)
%L

nxp

For n=1,2, and 3 by Equation (88), Equation (101) and Equation (109),

3

-—-J,f— = ¢718%E - ou (110)
3¥ :

°q -

_._%_ = ?_Eg lQTBTf: - QQX'-‘:] ' (111)
ax

®ag P-1, 7.2 T. 3

—y =36 7(Q)" BP - Q¥ (112)
X =

This gives the inductive step, therefore for

- X% B (113)

Q =
mMXm  WXp pXm .

¢ = (xTx)"1 - {11s)
mxm mxm

%t = g ixL (115)
MXp
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P = yy% (115)

DXp
P=I-p (117)
: n )
Q, Qs n= 1,2, ‘ (118)
we have
8q
11 - ﬁl rI"" dy o
;;T‘“ n [671QN)y B EogPxe] (119)

A number of special cases follow from Equation (119). Suppose X 1is
square and full rank, then

W _ ool
X4 =¥ (120)
mXm
and
-1
Q=X"B (121}
Then
~1 .
P=XX"=71 : {122)
and
ﬁ =0 (123)
hence
. n ‘ - -
33%-(x"15)n R (124)
ax

Suppose now that B=I then

oty -] - -
;“T (xH% = - q (X l)n %t (125)
X
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or

9 -
-PT- (X l)n =
83X

nX—(n+l) (126)

E. POWERS OF (XB)". The powers of

11

Q" = (xB)" | (127)

PXp

can be cbtained in a similar manner. By Equation (20)

Bql . (
= B 128)
X mxp
Let
2 2 :
Q" = (¥B) : {129)
_ 2
q, = tr Q _ {(130)
and
2 _
dQ™ = ¢nQ + QdQ ) (131)
w d0% = 2 tr (QaQ) , (132)
= 2 tr QdXB = 2 tr (BQ3X) ' (133)
or ;
3q2
~%= 2 30 _ - (13u)
axX

Repeating the arguments as before one obtains

_fir [tr (xB)™] =n B (xB)™* (135)
X mWXp  pXp
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For X square, full rank, and

B=1

Equation (135) becomes

F.

eyt n-1
T = n¥X
aX

TABLES OF GRADIENTS

Linear Forms:

3
3353% A X B)
X LXp pXm mxL
gﬁ%_ B A X ) = BA
aX" \ mx2 &xp pxm
3l v 3 o4 )J
aX pXm mxg 8xp
Ity |
— an>
oa
+r N
jtjf [b(@){é)a X1p= b(gp(@ﬁa
X pXm
2y b(Dpa |
X" pxnm
BEE.[ A b'e ] = A
¢X”  mxp pxm mXp
3t .
% [ % Bl= B

X" pxm mxp mxp

2= @n) = o
X
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2. Quadratic Forms:

s x ¢ xF B3

X" RXp pXm mXm mxp px%

. iy : !
e o x B oA X1V =cTx AT 4 cxTea

39X mXm mXp PXL Xp pxm

Brx o xX¥ B a7

X' pxXm mxm mxp pxL g£xp

EXXTBA]
\ T, T.T

= X' (A B +BA)

[xT

BAX ]

L

tr
axi

i r T
— [AX¥ B]
3x

dtr

axi

m
[X*'x] = ox’

? T
=T (Gxx )

= %7 (B>EDE)

333-(XT§><§X)

L (o) = GeD Gid

Tt = 2(xTxy™? x°
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3. M"Cubic" Forms and Others: The generalized inverse

3 oxx By = (xTx)"L AT

83X  mXp pxm

f) - NEBYE

where the projectors are

-

P=71-P
P o= XXt

XTX

[
}]

2 x#)® = n [67H(QDH" T BB - QPxnl

- . | -
---T-(XlB)n= —n(X“’B)nxl

v (Tl‘f'l)

= - 60N A

8t (Xﬂl)n
n n-1
3tr (XB) = nB{XB)

(Xn ) - an—l

Ny . T + ",
ITI. SOME FUNCTIONS OF CGELNERALIZID HMATRIX PRODUCTS THNVOLVING (¥, ¥ ,X“Lff_‘f)

QF FINITE ORDER. 1In this section we will be colcerned With Matrix TUNCTLONS
of the form

Y = Blszl.BQ.ZQ. . .Bnnzn.Bn+l

n>0, n an integer and the B;i scalar matrices. Tunctions of Y, the argu-

ment, will be examined, such as £(Y)=Y, and certain transcendentals
identified below. The algorithms to be developed are divided into three
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APPENDIX G

KRONECKER MATRIX PRODUCTS

If A:(aij) is an m*n matrix and B is an sxt matrix then the Kronecker
matrix product ARB is an msxnt matrix

AzB = (a,.B) (1)
1]

or in open form

AmB = allB alQB - alnB (2)
321B a22B
fmlB amn?d

Lancaster in reference (9 calls this operation direct product, thus
he says if AePpxy (note A is square in his treatment) and BeFpxp, then the

direct product of A and B, written AmB is defined to be the partitioned
matrix

- - "1
AmB = allB al2B . almB (3)
ale a22B
EmlB asz . ammEJ

Lancaster states that a certain degree of arbitrariness_is apparent
in the definition, that we may ask why AmB is not defined to be

~

- 1= i
Abll Ale Abln [Abij] (4)

_ﬁbnl ce Abnnq

Lancaster states that the answer is (for his purposes) that parallel
properties can be obtained using the two possible definitions and so Ffar

as the applications are concerned, both definitions would be equally
useful,
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Chen in his applications to Walsh functions defines the Kronecker
product as in Equation (4). Conlisk points ocut that Neydecker's papers
are the only published papers he had found which formalized the operations
of & and the "stacking operator! L{A), or as used by many vec A where if
A is mxn and partitioned into its column space [note L{a) notation will
not be used] :

ho=[aty,a0) ] (5)
1 n

M*T1
then the column of column vectors 1s

- i
vee A ={a(m | = v (mn> (6)
P <

L almy
2

|

v
I

i a(@)
e n

Hartwig in his paper calls vec X col X, that is for (note xi are column
vectors)

X = [xl,x2,"‘xn]

then
T T T,T
col X = [xl,XQ,--°Xn3 = vec X

The Kronecker preduct and the vac X definitions of Neudecker will be
used in this report since so much published literature is available which
has referenced his work.

The matrix Apxn can be partitioned into a row of column vectozrs or a
column of row vectors
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2(,(,...(]:— - | (7)
A [a @i, a @% a @2 1 | 7

mx1

and the transpose of A is

. .
AT - or m - (,(’...(] (8)
XM (@)a’ [u ﬁi * ﬁé * @%
2
o
n
L <ma ]
hence
T i \} |
vec AT = a(g/ (9)
2

m
| a(ny ]

It is clear from the for-going, that how the column vectors of Equa-
tion (6) are packaged in terms of the partitioning of A is guite arbitrary,

for example one could build up an algebra by working with large row vectors
made up as a row of the rows of Equation {7).
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Ben Israel and Creville in thelr hook define the matriz Kronecker
product as in Equatioh (2) but define the corresponding vectors by Equa-
tion (7) as a row of the row vectors

-1 2 '
v = | &a, <n)0t,"'m<n)d]

ar

vix) = [ 17 {10)
a(%}

2

a(@}

-

a(ﬁg-#

which we see by Equation (9) is vec X as used by Neudecker.

In Ben Israel's notation via page (42) of reference ({0); for any
¥=[x351eC™ R, Jet the vector v(X)-[viJeCn be the transpose of the row
vector obtained by placing the rows of X end to end with the first row on
the left and the last row on the right. In other words for X

L

vn(iwl)+j = xij (i=1,2,...m33=1,2,...0)

Using this system (or partitioning and packaging procedure) Ben Israel
and Greville then invite the energetic reader to verify their relation
(page 42 of their book)

v(AXB) = (AmB’) v(X) (11)

Clearly the results of Equation (l11) will be different from the Equation
42 results of Neudecker, thus the user should be wary of blindly using
formulas from various books and papers.

The relationships between the indices for vec ¥ are (r X

T,
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vec ¥ = [_vl = [ Vi 3 {12)
2 mnx1
v
3
v
mii
hv |
where
(13)

%35 T Ya3-1)+i
(i=1,2,.,..m3; §=1,2,...n)

The Kronecker product of Equation (3) can be written in terms of
indices for the square matrix case of Alm,m) and B(n,n) we have

A m B =¢C (14)

mxm nxn  {(mn)x(mn}

[a .1 = Ebsj] = [c, ] (15)
where

r,i =1,2,...m

s, = L,2,...n
or element-wise

Chg ™ s bsj (16)
where

k=(r-1)n+s (17)

= 5 mod n

and

798



and

(1-1) n + § (18)

=
fi

J mod n

The dyadie product of a row and a column vector is a simple example of a
Kronecker matrix product, e.g.

vy —

A mB = aﬁ@)(ﬁﬁb = _él<§)b = albl - alb {19)
(mx1) {1xn) ' - .
a (@)b
—ambl ambn
a?{é)b

and we see that the size is mxn.
Consider the usual inner product of a column and row vector

= + o
(@)b a(g/ b, &, bgag + bnan

and the corresponding Kronecker product
< =z ey
(1«n) (nx1)

[bjar, boad,.. b a>]

(b, &b, ... a>bn3
(é)b & a(%} = a(%><3ﬂb (20)

or for m#n, the inner product is not defined but for Equation (20) we
have

(%)b o a(é} = [bla(ﬁ>, v bna(@>J

(Ixn) (mx1) mxn,
)b = Z(@ = a{m><n)b = a@m@)b (21)

which ig the same as Equation (19).
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The following pages will derive a number of Kronecker product rela-
tionships and then summarize the bulk of those to be used in the report.
Consider an (mxn) matrix X

X = T X = [Ix(m,I O e T ox(my] (22)
L 2 T

m»n mXm mXn

or
- —_ r — l oy
vee X = [ I x»)=1 1 1 (23)
>l mXm X&?
2
I % 0 I X(%>
2 mXm
n
I %} T x(é>
|_ n_| L. mEmy L =
or
vec ¥ =( I » I ) vee X (24)
nXn  mXm
since
T m I =11 i (25)
nXm  mXm mXin
171z G
mxm
L 0 17 _
mxm
Equation (22) can also be written as
X = X I (26)

mxn MXT TIXTL
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o

X=X Lo, el@ + e(n)] (27)
1 2 n
= [X e(D, X e(n> "** A e(nd]
AR 2
and
vee X = ‘FX Opﬂe(1>- (28)
mxn 1
% efn
%
0 X
e(r>
L 4 0 o _
vec X =( I = X ) vee I (29)
nXn  mXn nxn

Consider the product

L = A ¥ (30)
£xm Axm mXn

or partitioning

L = [A x(@), A x(@) see A x(@)] (31)
1 2 n
vecL = | A x (> (32)
£xm i
0]
A (
0 ‘ :
A x(ﬁ)
-t L. n -
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or

vecA}{:(I = A)vec}( (33)
nxXn AXm

Another expression for vec AX can be cbtained from Equation (32), as
follows

vec AX = [ A T1 1 x(®_ {(34)
9 X L
A
0 i X(Tﬂ L m
- S O S 5
[ 1l 2 ..., m ‘-
=| A c>x.1+e X'l+ +e x.l (35)
o 1 2
A
1 2 m
%)X.2+e x.2+ +ey % o
1 2
O L]
. A" .
1 2 m
Sk 1l ar il
__l 2 m B!
£ -A[§>X% +%>x? +"'+§>XT ]” {386)
1 1 i
1 2 it
N m
A£e>x. +ayx’ +---+e>x ]
. m n n
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= X%1A§>+X?1A§>+...+XT1A§> (37)

— 2 —
Nt 2 mo [N ]
=|x A xTa 2 A e(@z (38)
1 2
% QA X-QA X.QA e(@é
2
x.nA x.nA X nA €>
_ - .....m .,
or
vec (AX) = (XTEA) vec Im (39)

Consider the product of three matrices

L = A X B (40)
kxs kxm mxn nxs

and partition B Into a row of column vectors as

L = Ax[b(@>, b(@), ver b(@)] (41)
i 2 3
or
= [AXb{(n), s 1 (4+2)
L = [AXb ﬁ% AX@E Axgz

803



Consider the first column vector of Equation {42}

AXb(ﬁi = ﬂ[%i, %z ce xtﬁij L] - (43)
12
L ° 1,
AXb(§> = A[%}bll+x +%>b ] (44)
4 _
= bllA%i+b21A%§+b3lA%%+--°+bn§%i | {15)

and similarly for each of the other column vectors, we have

- N ]
vec L blle +b21A%>+ +bnlA%z (48)

leA%i+b22A%z+"-+H?QA%i

blsA%i+b2sA%>+.'.+bnsA%Z

M
=T b A bya b@iA 2 (m) f (47)
b, A b, A b A X(H>2
|
| Pigh bapt T bn%ﬁ | x(@z
-5 ; - =
:
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and using Equation (2) {413 47

vec {AXB) = (BTEA) vec X o (48)
By Equation (48) when B=I we obtain Equation (33).

By Equation (48) for A=I1 we obtain

vec (XB) = (BT&I) vec X (49)

Consider next the vrelations

A C @ B D =(A aB)(CauD) (50)

(kxm) (mxp) (sxm}{nxt) (lm} sxn mxy nxt

or
AC mBD = (AmB) (CaD) (51)
kxy sxt {(ksxmn) (mnxrt)

o
AC®BD = (AmB)(C=zD) (52)
ksxpt ksxrt

where the matrix sizes are indicated at each step.

The proof of Equation (50) will be demonstrated for 2x2 matrices by
construction

(AR ){C=D) = a,,B alZB CllD leD (53)
3oy B 85,81 16218 CooP
= [ (8118197215051 )BD  (a; €y 4@, ,C, 0 )BD
L (8910111250001 )BD  (a,,C oA, ,C,,)BD
=1ty a8t 0o,
=Bl
1201501802001 39815735,0,
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or
(A=B)(CaDl) = ACaBD (54)

The relations of Equation (50) will be used to prove (Lancaster
page 258)

(AEB)_l = A lap™t (55)

Note the inverse matrices are not commuted as in the standard product
inverse where

1.-1

(ma)'l = B A (56)

or the full-rank-factor case for the generalized inverse
A LI (57)
mxf &xn nx{ fxm

where * means generalized inverse and the rank of A and B is 2.

By Equation (55)

(AEB)(A&B)_l = (AEB)(A_lﬂB_l) (58)

By Equation (54} for square invertible matrices

- =1 - -
(AmB) (A lEB Ty = AA lEBB 1. I ml =1 {59)

mN (mn){(mn)

where A 1s mxm and B is nXn square matrices.

Using Equation (59) in Equation (58)

(AaB)(AaB)“l =Lal =1 {60)

which establishes Equation {(55).

The inverse of the Kromecker product of two matrices of Equation (55)
can be derived in other ways, some of which are of interest, e.g. consider

806



AmB = allB alnB
_anlB ann i
AmB = [a ;T ... a, T][3 . (1)
0
ﬁanlI nn B
= (AmI)(Ia=B) (62)
and by Equation (56)
teB) " = (TaB) L (AmI) (63)
It is obvious that.
(1e8) Y =3B Lo gt (64)
B gt
0 .0
0 0
B 5t

It is not obvicous what the inverse of AsI is where in open form

(AmI) = ap I e ag I (65)

%HI %ml

1
Define

_l _ o= _ % b
AT =A =la;, ay, (66)

% &

a‘ﬂ'l am

1 m
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Then

AA = T (67)
mxm

Applying Equation (55) to Equation (65)

-1 _ -1 _ ] % |
(AwI) — = A @l = allI “en almI (68)
a; I a; I

Using Equation (68) and Equation (65)

(AEI)(AEI)_l

; b £9

a Iover Ayl allI vee @y T (°9)

b %
a I a. I a I a I
1 m 1 M
b % W
= (allall'{'azlt . n+al am ) I .
mo 1 mxm
B3
. . . (am a

Note that by BEquation {gg) the biorthogonal relations are

AA* = m%a‘ [a=> - a"'>] = ] (71)
1

m
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Using Equation (72) in Equation (70)

(A1) (4%RT)

<a a='>I
L_m L

=T
T
0
since by Equation (71)

i i=3
i
e = 5if =

J
0 i#]

Consider next the relation

(AEB)T': ATEBT
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m

&
m

1
G a%il fé a%éz

Ti

<a aﬁ>I

1 m

m<a a“z I‘J

{(72)

{73)

(74)

(78}

(76)



which should be contrasted with the standard matrix product

(AB)T = BA

T T

where commuting takes place as in Equation (56).

By Bquation (61) and Equation {62)

AgB = {AmI)(IgB)
= allI al2I
anI
LamlI

Using Equation (77) concept in

(amp)" =[38T
o B
0
T T
= allB anB
T
L.al‘ﬂlB

(77)
(78)
. almIﬂ B
o]
0 3
B
a 1
B[ -
Equation (78)
allI 1211 amlI“ {79)
a. L
0 12
T
B a, I a I
- lm II'ITf'l—l
T
. e a B 1 (80)
. a B
n'ﬂ'ﬂ.—
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= allI a2lI . amlI B
I
a12 B
| almI . . . amm$- |

T
(amB)' = (ATmI )(I_sB')
m n
and by Equation (54)

(AmB)’ = AlgBl

(8L)

(82)

(83)

Now that the flavor of the partitioning is established it is easy to

establish the following additional properties.

(A+B) m (C+D) (A =m C) + {AmD) + (BaC) + (BmD)

and also

A & (BaC) (AmB) m C

alsc by Equation {(87)

(A+B) & C

(4=C) + (BaC)

and

Ba (C+D) = {(BxC) + {(BaDd)
By Equation (78)

A @ B
{(mxm)} nxn

i

(AmIn)(ImmB)

We will show that (Aml,) and (IgmB) commute,
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AaB =[a . T ... a I B 1 (s9)
mXm 7X7 1l n Imn nxn
. B
: nxn
a I ‘e a a I .
ml n me n |
B
| nxn |
= allInBDXn Tt almBan {(90)
hamanXn e ammBan~
=T Tr I - 1
B all n a1mIn (91)
B
’ B I
L 1| %l n * m n
or
AgB = (ImEB)(AﬂIn) (92)
and by Equation (88) and Equation (92)
AaB= (AgI }(I @B) = (I =B)(AmI ) (93)
jul m m ]
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Summary of Relaticons

AmB = (ai.B)

mXn sXt J
msxnt
L P ]
m*1 1 n

e [%(@)l,---x(€> ]

XM m

1
vec X = x(é) = X(m%>
mixl 2

vece X = I m X veac
m=1 X7 mXn

I
nxn

vec A X :( Iwg A ) vec X

AXm mXn

vec AX = (XTEA) vec '_I'm

nxn 4&xm

vac X B :( BTmIm) vee X

mxn TIXs sXn

veo A X B = BTE A )‘Vec X
sxn kxm

kx¥m mxpn nxs

A C = B D=(A
kexm mxr sxXn nxt

(AmB)}(CmD) = AC ® BD

mXn

m B )( CmD )
kxm sxn mxn nxt
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(hsB) T = At m Bt

(A=B)T = A" & BT

(A+B) g {(C+D) =AmC+Aa@D+B&wC+BgD
A = (BeC) = (A=B) = C

{(A+B) & C (AmC) + (B=C)

(i) = ' g 1

Tor C% =((:Tc)_l ol case.
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Appendix (H) Dirac Delta Function

The Dirac Delta Function is used to obtain the variance Riccatti E-
quations for the continucus case; hence some considerations are given to
this function in this appendix.

The mean value theorem and the fundamental theorem of the intergral
Calculus are stated without proof from rvef (78).

Mean Value Theorem. If the function f(t)

(i) is continuous in the closed interval a< t <b
(ii) has a derivative at every interior point;
then at some interior point £ of the interval

fF(b) - £(a)
b -a

= £°(g) (1)

Fig (1)} Graph of mean-value Theorem.

The simple geometric interpretation of the mean value thecrem is rep-
resented by the curve of Fig (1). The straight line chord from the point
to the tangent to the curve at same polnt (§, £(I)).

1f
b=a+h (2)

then one can write

£=a+0h (3
where

<8<l
the mean value theorem now takes the form

f(a+h) -~ f{a) = h £f7(a+0h) (4)
0<0<1

Fundamental Theorem of The Integral Calculus,

If £(t) is integrable in (a,b) and F(t) is any function having f(t) as
derivative, thenb b

FF(B)at = F(b) - Fla) = F(v)|] (s)
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Dirac Function

Consider the Dirac Tunction (t) defined to be zerc if t=0, in such
a way that o
o (odt = 1 (6)

Equation (8) is a conclse manner of expressing a functlion that is
very large in a very small region and zero ocutside this region and has

a unit integral.

Consider a function §(t-a) that has the following values

fB t<a
§(t-a) =31 a<t<a+th (7)
h
0 ath<t

where h may be made as small as we please. The function 8(t-a) has the
property of Eq (6) for

- ath
f__8(t-a)dt = fé(t-a)dt (8)
=1
ath ath
" lg = L b
Jar =t s el (9)
a a

Congider next the integral of the Ffunction

JTE(E) 6 (t-a) dt

a+h

= f f{t) 8§ (x-a) dt {10)
a

1 ath 1 ath

== F(t)dt = = F(t)] (11)
=1 a

where
F7(t) = 4 F(t) = £(1) (12)

dt

Evaluating Eq (11) at the limits

ath 1
S oIt) 8(t-a)dt = E{F(a+h) - Fla)] (13)
a
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By the mean-value theorem of Eq (1)

Fla+h) - F(a)} = h F~(a+8h)
0«<B«1

By Eq (12) in Eq (14)
ath

S £ty 6(t-a)dt =
=1

f(a+oh)

=l PR

in the limit for £{t) continuous

lim f£f(a+8h) = f(a)
h=0

hence Eq (16) in Eg (10)

fﬁ:f(t) §(t-a)dt = f(a).
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